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ABSTRACT 


The paper gives an account of the author’s work on a new form of quantum 
theory. §1. The Hamiltonian analogy between mechanics and optics. §2. The 
analogy is to be extended to include real ‘‘physical’’ or ‘‘undulatory’’ mechanics 
instead of mere geometrical mechanics. §3. The significance of wave-length; 
macro-mechanical and micro-mechanical problems. §4. The wave-equation 
and its application to the hydrogen atom. §5. The intrinsic reason for the 
appearance of discrete characteristic frequencies. §6. Other problems; intensity 
of emitted light. §7. The wave-equation derived from a Hamiltonian variation- 
principle; generalization to an arbitrary conservative system. §8. The wave- 
function physically means and determines a continuous distribution of electric- 
ity in space, the fluctuations of which determine the radiation by the laws of 
ordinary electrodynamics. §9. Non-conservative systems. Theory of dispersion 
and scattering and of the “transitions’’ between the “stationary states.” 
§10. The question of relativity and the action of a magnetic field. Incomplete- 
ness of that part of the theory. 


1. The theory which is reported in the following pages is based on 
the very interesting and fundamental researches of L. de Broglie’ on 
what he called “‘phase-waves”’ (“‘ondes de phase”) and thought to be 
associated with the motion of material points, especially with the motion 
of an electron or proton. The point of view taken here, which was first 
published in a series of German papers,’ is rather that material points 
consist of, or are nothing but, wave-systems. This extreme conception 
may be wrong, indeed it does not offer as yet the slightest explanation 
_ of why only such wave-systems seem to be realized in nature as corre- 
spond to mass-points of definite mass and charge. On the other hand 
the opposite point of view, which neglects altogether the waves dis- 
covered by L. de Broglie and treats only the motion of material 
points, has led to such grave difficulties in the theory of atomic mechanics 

1 L. de Broglie, Ann. de Physique 3, 22 (1925). 


2 E. Schrédinger, Ann. d. Physik 79, 361, 489, 734; 80, 437 81, 109 (1926); Die 
Naturwissenschaften 14, 664 (1926). 
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—and this after century-long development and refinement—that it 
seems not only not dangerous but even desirable, for a time at least, 
to lay an exaggerated stress on its counterpart. In doing this we must of 
course realize that a thorough correlation of all features of physical 
phenomena can probably be afforded only by a harmonic union of these 
two extremes. , 

The chief advantages of the present wave-theory are the following. 

a. The laws of motion and the quantum conditions are deduced 
simultaneously from one simple Hamiltonian principle. 

b. The discrepancy hitherto existing in quantum theory between the 
frequency of motion and the frequency of emission. disappears in so far 
as the latter frequencies coincide with the differences of the former. 
A definite localization of the electric charge in space and time can be 
associated with the wave-system and this with the aid of ordinary 
electrodynamics accounts for the frequencies, intensities and polariza- 
tions of the emitted light and makes superfluous all sorts of correspond- 
ence and selection principles. 

c. It seems possible by the new theory to pursue in all detail the 
so-called “transitions,” which up to date have been wholly mysterious. 

d. There are several instances of disagreement between the new theory 
and the older one as to the particular values of the energy or frequency 
levels. In these cases it is the new theory that is better supported by 
experiment. 

To explain the main lines of thought, I will take as an example of a 
mechanical system a material point, mass m, moving in a conservative 
field of force V(x, y, z). All the following treatment may very easily 
be extended to the motion of the “image-point,” picturing the motion 
of a wholly arbitrary conservative system in its “configuration-space”’ 
(q-space, not pg-space). We shall effect this generalization in a somewhat 
different manner in Section 7. Using the usual notations the kinetic 
energy T is 


T= pm(x*+ 92+?) =(1/2m)(p2 + pi + P?). (1) 


The well-known Hamiltonian function of action W, 


we=f (r- 2 
fa V)dt, (2) 


taken as a function of the upper limit ¢ and of the final values of the 
coordinates x, y, z satisfies the Hamiltonian partial differential equation, 


OW /at+(1/2m) [(@W/dx)*+ (AW /ay)?+ (@W/dz)/?]+V(x,y,2,) =O. (3) 
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To solve this equation, we put as usual 


W =—Et+S(x,y,2), (4) 


E being an integration constant, viz., the total energy, and S a function 
of x, y, z only. Eq. (3) may then be written 


| gradW | = [2m(E—V)]}. (5) 


In this form it lends itself to a very simple geometrical interpretation. 
Assume ¢ constant for the moment. Any function W of space alone can 
be described by giving geometrically the system of surfaces on which 
W is constant and by writing down on each one of these surfaces the 
constant value, say Wo, which the function W takes on it. On the other 
hand, we can easily construct a solution of Eq. (5) starting from an 
arbitrary surface and an arbitrarily chosen value Wo, which we ascribe 
to it. For after having chosen starting surface and starting value and 
after—still arbitrarily—having designated o:.e of its two sides or “‘shores”’ 
as the positive one, we simply have to extend the normal at every point of 
the chosen surface to the length, say 


dn=dW/|2m(E—V)]}*. 


The totality of points arrived at in this way will fill a surface to which 
we obviously have to ascribe the value Wo+dWp . The continuation of 
this procedure will supply us the whole system of surfaces and values 
of constants belonging to them, i.e. the whole distribution in space of 
the function W, at first for ¢ constant. 

Now let the time vary, Eq. (4) shows that the system of surfaces 
will not vary, but that the values of the constants will travel along the 
normals from surface to surface with a certain speed u, given by 


u=E/(2m(E—V)]*. | (6) 


The velocity u is a function of the energy-constant E and besides, since 
it contains V(x,y,z) is a function of the coordinates. 

Instead of thinking of the surfaces as fixed in space and letting the 
values of the constant wander from surface to surface, we may equally 
well think of a certain numerical value of W as attached to a certain 
individual surface and let the surfaces wander in such a way that each 
of them continually takes the place and exact form of the following 
‘one. Then the quantity u, given by Eq. (6) will denote the normal- 
velocity of any surface at any one of its points. Adopting this view 
we arrive at a picture which exactly coincides with the propagation of a 
stationary wave-system in an optically non-homogeneous (but isotropic) 
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medium, W being proportional to the phase and u being the phase- 
velocity. (The index of refraction would have to be taken proportional 
to u~'.) The above-mentioned construction of normals dn is obviously 
equivalent to Huygens’ principle. The orthogonal curves of our system 
of W-surfaces form a system of rays in our optical picture; they are 
possible orbits of the material point in the mechanical problem. Indeed 
it is well known that 


pr=mx=dW/dx (7) 


(with two analogous equations for y and z). It may be useful, to remark, 
that the phase-velocity u is not the velocity of the material point. 
The latter is, by (7) and (5) 


v= (<?+ 9?+2)!= [2(E—V)/m]}. (8) 


Comparing (6) and (8) we see, that u and v vary even inversely to each 
other. The well-known mechanical principle due to and named after 
Hamilton can very easily be shown to correspond to the equally well- 
known optical principle of Fermat. 

2. Nothing of what has hitherto been said is in any way new. All 
this was very much better known to Hamilton himself than it is in our 
day to a good many physicists. Indeed, the theory of the propagation 
of light in a non-homogeneous medium, which Hamilton had developed 
about ten years earlier, became, by the striking analogy which occurred 
to him, the starting-point for his famous theories in pure mechanics. 
Notwithstanding the great popularity reached by the latter, the way 
which had led to them was nearly forgotten. Stress must now be laid 
on the fact, that though in our above-stated reasoning such conceptions 
as “‘wave-surfaces,” “Huygens’ principle,” ‘“Fermat’s principle’? come 
into play, nevertheless the whole established analogy deals rather with 
geometrical optics than with real physical or undulatory optics. Indeed 
the chief and fundamental mechanical conception is that of the path or 
orbit of the material particle, and it corresponds to the conception of rays 
in the optical analogy. Now the conception of rays is thoroughly well- 
defined only in pure abstract geometrical optics. It loses nearly all 
significance in real physical optics as soon as the dimensions of the beam 
or-of material obstacles in its path become comparable with the wave- 
length. And even when this is not the case, the notion of rays is, in| 


3 See F. Klein, Jahresber. d. Deutsch. Math. Ver. 1 (1891); Zeits. f. Math. u. Phys. 
46 (1901); (Ges. Abh. II, 601, 603); E. T. Whittaker, Analytical Dynamics, Chap. 11. 
A. Sommerfeld, Atombau, German ed., p. 803. Thg analogy has been rediscovered in 
relativistic mechanics in the paper of L. de Broglie, quoted above. 








UNDULATORY DYNAMICS 1053 


physical optics, merely an approximate one. It is wholly incapable of 
being applied to the fine structure of real optical phenomena, i.e. to the 
phenomena of diffraction. Even in extending geometrical optics some- 
what by adding the notion of Huygens’ principle (in the simple form, 
used above) one is not able to account for the most simple phenomena of 
diffraction without adding some further very strange rules concerning 
the circumstances under which Huygens’ envelope-surface is or is not 
physically significant. (I mean the construction of “Fresnel’s zones.’’) 
These rules would be wholly incomprehensible to one versed in geometri- 
cal optics alone. Furthermore it may be observed that the notions which 
are fundamental to real physical optics, i.e. the wave-function itself 
(W is merely the phase), the equation of wave-propagation, the wave- 
length and frequency of the waves, do not enter at all into the above 
stated analogy. The phase-velocity u does enter but we have seen that 
it is not very intimately connected with the mechanical velocity v. 

At first sight it does not seem at all tempting, to work out in detail 
the Hamiltonian analogy as in real undulatory optics. By giving the 
wave-length a proper well-defined meaning, the well-defined meaning 
of rays is lost at least in some cases, and by this the analogy would seem 
to be weakened or even to be wholly destroyed for those cases in which 
the dimensions of the mechanical orbits or their radii of curvature be- 
come comparable with the wave-length. To save the analogy it would 
seem necessary to attribute an exceedingly small value to the wave- 
length, small in comparison with all dimensions that may ever become 
of any interest in the mechanical problem. But then again the working 
out of an undulatory picture would seem superfluous, for geometrical 
optics is the real limiting case of undulatory optics for vanishing wave- 
length.‘ 

Now compare with these considerations the very striking fact, of 
which we have today irrefutable knowledge, that ordinary mechanics 
is really not applicable to mechanical systems of very small, viz. of 
atomic dimensions. Taking into account this fact, which impresses its 
stamp upon all modern physical reasoning, is one not greatly tempted to 
investigate whether the non-applicability of ordinary mechanics to 
micro-mechanical problems is perhaps of exactly the same kind as the 
non-applicability of geometrical optics to the phenomena of diffraction 
or interference and may, perhaps, be overcome in an exactly similar 
way? The conception is: the Hamiltonian analogy has really to be 
worked out towards undulatory optics and a definite size is to be at- 


4 A. Sommerfeld and I. Runge, Ann. d. Physik 35, 290 (1911). 
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tributed to the wave-length in every special case. This quantity has a 
real meaning for the mechanical problem, viz. that ordinary mechanics 
with its conception of a moving point and its linear path (or more 
generally of an “‘image-point’”’ moving in the coordinate space) is only 
approximately applicable so long as they supply a path, which is (and 
whose radii of curvature are) large in comparison with the wave-length. 
If this is not the case, it is a phenomenon of wave-propagation that 
has to be studied. In the simple case of one material point moving in an 
external field of force the wave-phenomenon may be thought of as taking 
place in the ordinary three-dimensional space; in the case of a more 
general mechanical system it will primarily be located in the coordinate 
space (q-space, not pg-space) and will have to be projected somehow into 
ordinary space. At any rate the equations of ordinary mechanics will 
be of no more use for the study of these micro-mechanical wave-phe- 
nomena than the rules of geometrical optics are for the study of diffrac- 
tion phenomena. Well known methods of wave-theory, somewhat 
generalized, lend themselves readily. The conceptions, roughly sketched 
in the preceding are fully justified by the success which has attended 
their development. 

3. Let us return to the system of W-surfaces, dealt with in Section 1 
and let us associate with them the idea of stationary sinusoidal waves 
whose phase is given by the quantity W, Eq. (4). The wave-function, 
say W, will be of the form 


¥=A(x, y,2)sin(W/K) 
=A(x,y,2)sin[—Et/K+S(x,y,2)/K], (9) 


A being an “amplitude” function. The constant K must be introduced 
and must have the physical dimension of action (energy X time), since the 
argument of a sine must always be a pure number. Now, since the fre- 
quency of the wave (9) is obviously 


_ v= E/2eK (10) 


one cannot resist the temptation of supposing K to be a universal con- 
stant, independent of E and independent of the nature of the mechanical 
system, because if this be done and K be given the value h/27, then the 
frequency v will be given by 


v=E/h, (11) 
h being Planck’s constant. Thus the well known universal relation be- 


tween energy and frequency is arrived at in a rather simple and unforced 
way. 
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In ordinary mechanics the absolute value of the energy has no definite 
meaning, only energy-differences have. This difficulty can be met and 
a zero-level of energy can be defined in an entirely satisfactory way by 
using relativistic mechanics and the conception of equivalence of mass 
and energy.! But it is unnecessary to dwell on this subject here. While 
the frequency v of our waves by Eq. (10) or (11) is indeed dependent 
on the zero-level of energy, their wave-length is not. And after what has 
been said above, it is the wave-length that is of greatest interest. The 
comparison of this quantity with the dimensions of the path or orbit 
of the material particle, calculated according to ordinary mechanics, will 
tell us whether the latter calculation is or is not of physical significance, 
whether the methods of ordinary mechanics are approximately applicable 
to the special problem or not. The wave-length \ by (11) and (6) is 


A= u/v=h/[2m(E—V)]} (12) 


Here E— V is the kinetic energy 3mv* which indeed is independent of the 
zero-level of the total energy. Inserting its value we have 


= h/mv. (13) 


To test the question whether an electron, moving in a Keplerian orbit of 
atomic dimensions may, following our hypotheses, still be dealt with by 
ordinary mechanics, let a be a length of atomic dimensions and compare 
X with a. 


d/a=h/mva (14) 


The denominator on the right is certainly of the order of magnitude of 
the moment of momentum of the electron, and the latter is well known 
to be of the order of magnitude of Planck’s constant for a Keplerian 
orbit of atomic dimensions. So \/a becomes of the order of unity and, 
following our conceptions, ordinary mechanics will be no more applicable 
to such an orbit than geometrical optics is to the diffraction of light by 
a disk of diameter equal to the wave-length. Were a physicist to try to 
understand the latter phenomenon by the conception of rays, with 
which he is acquainted from macroscopic geometrical optics, he would 
meet with most serious difficulties and apparent contradictions. The 
“rays’’ (stream lines of the flow of energy) would no longer be rectilinear 
and would influence one another in a most curious way, in full contradic- 
tion with the most fundamental laws of geometrical optics. In the same 
way the conception of orbits of material points seems to be inapplicable 
to orbits of atomic dimensions. It is very satisfactory, that the limit 
of applicability of ordinary mechanics is, by equating K (essentially) 
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to Planck’s constant (Eq. 11), determined to an order of magnitude, 
which is exactly the one to be postulated, if the new conception is to 
help us in our quantum difficulties. We may add, that by Eq. (13) for 
a Keplerian electronic orbit of the order of magnitude of a high quantum 
orbit, the relation of wave-length to orbital dimensions becomes of the 
order of magnitude of the reciprocal of the quantum number. Hence 
ordinary mechanics will offer a better and better approximation in the 
limit of increasing quantum number (or orbital dimensions), and this 
is just what is to be expected from any reasonable theory. 

By the fundamental equation v= E/h (Eq. 11) the phase velocity u, 
given by Eq. (6) proves to be dependent on the frequency v. Therefore 
Eq. (6) is an equation of dispersion. By this a very interesting light is 
thrown on the relation of the two velocities (1) velocity v of the moving 
particle, Eq. (8); (2) phase-velocity u, Eq. (6). v is easily proved to be 
exactly the so-called group velocity belonging to the dispersion formula 
(6).5 By using this interesting result it is possible to form an idea how 
ordinary mechanics is capable of giving an approximate description of 
our wave motion. By superposing waves of frequencies in a small interval 
v; v+dy it is possible to construct a “parcel of waves,’”’ the dimensions 
of which are in all directions rather small, though they must be rather 
large in comparison to the wave-length. Now it can be proved, that the 
motion of—let us say—the “center of gravity” of such a parcel will, 
by the laws of wave propagation, follow exactly the same orbit as the 
material point would by the laws of ordinary mechanics. This equivalence 
is always maintained, even if the dimensions of the orbit are not large 
in comparison with the wave-length. But in the latter case it will have 
no significance, the wave parcel being spread out in all directions far over 
the range of the orbit. On the contrary, if the dimensions of the orbit 
are comparatively large, the motion of the wave parcel as a whole may 
afford a sufficient idea of what really happens, if we are not interested 
in its intrinsic constitution. As stated above this “motion as a whole”’ 
is governed by the laws of ordinary mechanics. 

4. We shall not dwell on this question further, but proceed to the far 
more interesting applications of the theory to micro-mechanical problems. 
As stated above, the wave-phenomena must in this case be studied in 
detail. This can only be done by using an “equation of wave propaga- 
tion.”’ Which one is this to be? In the case of asingle material point, 
moving in an external field of force, the simplest way is to try to use the 
ordinary wave-equation 


5 This important theorem is due to L. de Broglie, l.c. The relation is: »=dv/d(v/u) 


- 
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Ay —y/u?=0 (15) 


and to insert for u the quantity given by Eq. (6), which depends on the 
space coordinates (through the potential energy V) and on the frequency 
E/h. The latter dependence restricts the use of (15) to such functions 
y as depend on the time only through the factor e*?**2/*, (A similar 
restriction is always imposed on the wave equation, as soon as we have 
dispersion.) So we shall have 


v= —49° Ey /h? 
Inserting this and Eq. (6) in Eq. (15) we get 
Ay+8x?m(E—V)y/h?=0, (16) 


where ¥ may be assumed to depend on x, y, z only. (We omit changing 
the notation of the dependent variable, which we really ought to do.) 

Now what are we to do with Eq. (16)? At first sight this equation 
seems to offer ill means of solving atomic problems, e.g. of defining 
discrete energy-levels in the hydrogen atom. Being a partial differential 
equation, it offers a vast multitude of solutions, a multitude of even a 
higher transcendent order of magnitude than the system of solutions of 
the ordinary differential equations of ordinary mechanics. But the 
deficiency of the latter in atomic problems consisted, as is well known, 
by no means in that they supplied too small a number of possible orbits, 
but quite on the contrary, much too many. To select a discrete number 
of them as the “real’’ or “‘stationary”’ ones is, according to the view hither- 
to adopted, the task of the ““quantum-conditions.”” Our wave equation 
(16), by augmenting the possibilities indefinitely, instead of restricting 
them, seems to lead us from bad to worse. 

Happily because of the very interesting character which Eq. (16) 


takes in actual atomic problems, this fear proves to be erroneous. Putting 
for instance 


V=—e?/r, (17) 


(e=electronic charge, r = (x*+y?+-2*)', we get for the simplified hydrogen 
atom or one body problem: 


Ay+8x2m(E+e?/r)y/h?=0. (18) 


Now this equation for a great part of the possible values of the energy 
or frequency constant E, proves to offer no solution at all which is con- 
tinuous, finite and single-valued throughout the whole space; for the 
E-values in question, every solution y, that satisfies the two other 
conditions (viz. continuity and single-valuedness) grows beyond all 
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limits either in approaching infinity or in approaching the origin of co- 
ordinates. The only E-values, for which this is not the case i.e. for which 
solutions exist, that are continuous, finite and single-valued throughout 
the whole space are the following ones 


(1) E>0 


19 
(2) E= — 2x*me*/h?n? (n=1,2,3,4 — +) ( ) 


The first set corresponds to the hyperbolic orbits in ordinary mechanics. 
It is the general view, that according to ordinary quantum theory the 
hyperbolic orbits are not submitted to quantization. In our treatment 
this turns out quite spontaneously from the fact that every positive 
value of E leads to finite solutions. The second set corresponds exactly 
to Bohr’s stationary energy levels of the elliptic orbits. 

Though I cannot enter here upon the exact and rather tiresome proof 
of the foregoing statements, it may be interesting to describe in rough 
feature the solutions belonging to the second series of E-levels. The 
solution may be performed in three-dimensional® polar coordinates, by 
assuming y to be a product of a function of the polar angles and a function 
of the radius r only. The former is a spherical surface harmonic whose 
order, increased by unity, corresponds to the azimuthal quantum num- 
ber. The functions of r, which come into play, somewhat resemble (in 
rough feature) the Bessel functions, though with the difference that they 
have but a finite number of positive roots, and this number exactly 
corresponds to the radial quantum number. These roots lie within a 
region from the origin of about the same order of magnitude as the 
corresponding Bohr orbit. After having passed the last root with in- 
creasing r and a maximum or minimum not far away from it, the function 
tends to diminish exponentially as r approaches infinity. So the whole 
of the wave-phenomenon, though mathematically spreading throughout 
all space, is essentially restricted to a small sphere of a few Angstroms 
diameter which may be called “the atom” according to undulatory 
mechanics. Any one of the above mentioned solutions (consisting of a 
product of a spherical surface-harmonic and a function of r only) greatly 
resembles a fundamental vibration of an elastic sphere, with a finite 
number of (1) spheres, (2) cones, (3) planes as “node surfaces.” But 
it is surely not permissible to think that the wave-motion constituting 
the atom is, in general, restricted to one of these solutions, the special 
selection and separation of which is very much influenced by the choice 


* It is of course not allowed to restrict the problem to two dimensions as in ordinary 
mechanics since the wave-phenomenon is essentially three-dimensional. 
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of coordinates. To every one of the discrete values of E belongs a finite 
number of special solutions. In forming a linear aggregate of them with 
arbitrary constant multipliers we get the most general solution of Eq. 
(18) for the particular value of E. The number of arbitrary constants 
entering into this aggregate is exactly equal to what is called the “‘sta- 
tistical weight’”’ of this energy-level, or in other words, to the number of 
separate levels into which it is split up according to Bohr’s theory (and, 
by the way, also according to the present theory) by the addition of 
perturbing forces, that do away with the so-called “degeneration” of 
the problem. It will perhaps be remembered, that in ordinary quantum 
theory the number of states that is supplied by the method alluded to, 
is not exactly correct. Definite experimental evidence compels us to 
exclude by additional reasoning, more or less convincing from the 
theoretical point of view, a definite number of states, viz. those which 
have the equatorial quantum number zero. It is gratifying to be able to 
state, that according to the present theory the above mentioned number 
of arbitrary constants or, in other words, the number of separate levels 
or frequencies into which a degenerated E-level is split up by a per- 
turbing potential is quite correct from the beginning. The theory needs 
no supplementation since it precludes a vibrational state corresponding 
to a Bohr-orbit with equatorial quantum number zero. 

To complete this description we may add, that to the lowest E-level, 
or from the wave-motion point of view its “fundamental tone” which 
corresponds to the normal state of the atom, there belongs but one mode 
of vibration, and this is a very simple one; the function y shows complete 
spherical symmetry and there are no node surfaces at all. Both the radial 
quantum number as well as the order of the spherical surface harmonic 
vanish. 

5. I should like to discuss in a few words the question, why Eq. (18) 
possesses finite solutions only for certain selected values of the constant 
E. The whole behavior described on the foregoing pages would be quite 
familiar to every physicist, if the problem were a so-called “boundary- 
condition problem,” i.e. if the function y were required only in the 
interior of a given surface, let us say a sphere of given radius and had to 
fulfill certain conditions on the boundary of this sphere, e.g. to vanish. 
Now though this is not the case, the problem is indeed equivalent to a 
boundary-condition problem, the boundary being the infinite sphere. 
Thus the selected values (19) are quite properly to be named “char- 
acteristic values” and the solutions, that belong to them, “characteristic 
functions” of the problem connected with Eq. (18). The mathematical 











1060 E. SCHRODINGER 


reason,’ why no boundary conditions in the proper sense of the word are 
neither needed nor allowed at the infinite boundary, is that a singular 
point of Eq. (18) is approached when we recede in any direction in space 
toward infinity. This can easily be seen by splitting up the equation 
in the way described above, using polar coordinates. The resulting ordi- 
nary differential equation with the variable r has two singularities, at 
r=0 and at r=. It offers (for negative values of EZ) but one solution 
that remains finite at r=0, and but one that remains finite at r=. 
These two solutions are in general not identical, but they are for the 
selected values of E given by (19). 

But instead of dwelling on this purely mathematical side of the 
subject, I should like to present an idea why Eq. (18) shows such a 
queer behavior so as to make the matter clear to anyone who is ac- 
quainted only with the most general principles of wave theory. If 
E is negative*the bracket in Eq. (18) will be negative outside a certain 
sphere. Now remembering the way in which Eq. (18) was derived from 
Eq. (15), we see that a negative value of the bracket in (18) clearly means 
a negative value of the square of wave-velocity, or an imaginary value of 
wave-velocity. What does this imply? The Laplacian operator is well 
known to be intimately connected with the average excess of the neigh- 
boring values over the value of the function at the point considered. 
Thus the ordinary wave-equation (15) with a positive value of u? provides 
an accelerated increase (or a retarded decrease) of the function at all 
those points, where its value is lower than the average of the neighboring 
values; and, vice versa, a retarded increase (or an accelerated decrease) 
at those points where the function exceeds the average of its neighbor- 
hood. Thus the ordinary wave-equation represents a certain tendency 
to smooth out again all differences between the values of the function 
at different points, though not at the very moment they appear and not 
indefinitely—as in the case of the equation for heat conduction. It will 
however certainly prevent the function from increasing or decreasing 
beyond all limit. 

If the quantity u?, instead of being positive, is negative which we have 
seen to be sometimes the case with Eq. (18), then all the foregoing 
reasoning is just reversed. There is in the course of time a tendency to 
exaggerate infinitely all “humps” of the function and even spontaneously 
to form humps out of quite insignificant traces. Evidently a function 
which is subject to such a revolutionary sort of equation, is continually 


7 See e.g. R. Courant and D. Hilbert, Methoden der mathematischen Physik I 
(Berlin, Springer 1924), Chap. 5, §9, p. 1. 
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exposed to the very highest danger of increasing or decreasing beyond 
all limit. At any rate it is no longer astonishing, that special conditions 
must be fulfilled to prevent such an occurrence. The mathematical 
treatment shows that these conditions consist exactly in E having one 
of the second set of characteristic values given by (19), whereas the first 
set obviously prevents all accidents by making the square of the phase- 
velocity positive throughout the space. 

6. I will now give an account of some of the results that have hitherto 
been obtained with this new mechanics. Rather simple problems are 
offered by the harmonic oscillator and the rotator. The E-levels of the 
former prove to be 


(n+3) hyo ; n=0,1,2,3--- 


instead of mhvp according to the ordinary quantum theory. The E-levels 
of the rotator are 


n(n+1) h?/Sx2l 


(J=moment of inertia), the well known n? being replaced by n(m+1). 
If we are interested only in the differences of levels—as is actually the 
case—this amounts to the same as replacing n? by (n+4)?, for 


(n+4)2?—n(n+1) =}, 


independent of m. It is well known that so-called half-quantum numbers 
are actually supported by the experimental evidence on most of the 
simple band spectra, and are probably contradicted by none of them. 
Mr. Fues, whose valuable help I owe to the Rockefeller Institution 
(International Education Board), has worked out® the band theory of 
diatomic molecules in detail, taking into account the mutual influence of 
rotation and oscillation and the fact, that the latter is not of the simple 
harmonic type. The result is in exact agreement with the ordinary 
treatment except that the quantum-numbers become half-integer also 
in all correction-terms. It would hardly have been possible to attack the 
problem just mentioned, as well as many similar ones, by direct methods, 
since the differential equation (16) is in general of a very difficult type. 
In many cases, however, this difficulty is overcome by the theory of 
perturbations which the writer has developed together with Mr. Fues. 
This theory, though much simpler, yet shows an interesting parallelism 
to the well known theory of perturbations in ordinary mechanics. It 
allows the calculation by mere quadratures of the small modification 
of characteristic values and characteristic functions, that are caused by 


8 E, Fues, Ann. d. Physik 80, 367 (1926); another paper in press. 
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introducing an additional small term (function of the independent vari- 
ables) in the coefficients of an equation whose characteristic values and 
characteristic functions are known. 

An interesting example of the application of this mathematical theory is 
afforded by the perturbation of the hydrogen-atom caused by an external 
homogeneous electric field (Stark-effect). The discrete Balmer levels, 
shown in Eq.(19-2) are, as characteristic values, not simple but many 
fold. Each of them corresponds to n* characteristic values that coincide 
by chance or, more properly speaking, because of the high symmetry or 
simplicity of the coefficients of Eq. (18). The addition of an external 
electric field, small in comparison with the atomic field, does away with 
this symmetry and splits up every one of the Balmer-levels into a set of 
near neighboring leveis, though not into as many as m?, because the 
splitting up in this case is not thorough. The writer has been able to 
show that these levels exactly coincide with those given by the well 
known formula of Epstein, a rather severe test of our undulatory me- 
chanics, since experimentally no deviation whatever, at least in the limit 
of a weak field, would have been allowed from this famous formula. 

But not only the levels, i.e. the frequencies, but also the intensities 
and polarizations of the emitted lines in the Stark effect can be calculated 
from undulatory mechanics in very fair agreement with experiment. 
Hitherto we have not attached a definite physical meaning to the wave- 
function y. It is possible, however, to give it a certain electrodynamical 
meaning, which will be discussed in detail in Section 8 and which con- 
verts our atom into a system of fluctuating charges, spread out con- 
tinuously in space and generating a resultant electric moment, that 
changes ‘with time with a superposition of frequencies, which exactly 
coincide with the differences of the vibration-frequencies E/h, i.e. 
coincide with the frequencies of the emitted light. This in itself is highly 
satisfactory. But in addition it is possible to calculate the amplitudes of 
the harmonic components of the electric moment for any direction in 
space, e.g., in the case of the Stark effect, parallel to the electric field 
or perpendicular to the field. If the theory is correct, the squares of these 
amplitudes ought to be proportional to the intensities of the several line 
components, polarized in either direction. The rather laborious cal- 
culations have been performed and the result is shown in Fig. 1.° In 
comparing theory with experiment it must be born in mind that the 
calculations have been performed only in the limit of a very weak external 

* The experimental data were taken from I. Stark, Ann. d. Physik 48, 193 (1915). 


In these figures theoretical intensities that are too small to be indicated by a line of the 
proper length are marked by a dot. 
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field and that in the region of field-strength used in experiments (about 
100,000 volts/cm) a very marked influence on the intensities is found 
both by experiment and by theory. In particular the very weak or 
vanishing components are enhanced with increasing field. The sum 
of the intensities of all the perpendicular components of one Balmer 
line turns out exactly equal to the sum of the parallel components of the 
same line. This is in full agreement with Stark’s statement that no 
polarization of the emitted light as a whole is produced by the field. 

I ought to emphasize here, that I was led to the foregoing nearly 
classical calculation of intensities by noticing a posteriori, i.e. after the 
main features of undulatory mechanics had been developed, its complete 
mathematical agreement with the theory of matrices put forward by 
Heisenberg, Born and Jordan.’° The results shown in Fig. 1 may 
as well be called the results of the latter theory though they have not 
yet been calculated by its direct application. The connection of the 
two theories is a rather intricate one and is by no means to be observed 
at first sight. 

7. It was stated in the beginning of this paper that in the present 
theory both the laws of motion and the quantum conditions can be 
deduced from one Hamiltonian principle. To prove this it must be shown 
that the wave-equation (16) can be derived from an integral-variation 
principle; for this equation is indeed the only fundamental equation of 
the theory (in the case of a single material point, moving in a conserva- 
tive field of force, the only one considered in detail on the foregoing 
pages). 

The connection of Eq. (16) with a Hamiltonian principle is very simple 
and almost exactly the same as in ordinary vibration problems. Further- 
more this connection affords the simplest means of almost cogently 
extending the theory to a wholly arbitrary conservative system. 

Suppose, the extreme values of the following integral extending over 
all space were required. 


n={f { h?[(dp/ax)?+ (dp/dy)?+ (dy /dz)?]/8x2m+Vy"} dxdydz, 
(20) 
all single-valued, finite and continuously differentiable functions 


being “admitted to concurrence’”’ that give the following “‘normalizing”’ 
integral a constant value, say 1: 


10 W. Heisenberg, Zeits. f. Physik 33, 879 (1925); M. Born and P. Jordan, ibid. 34, 
858 (1925); M. Born, P. Jordan and W. Heisenberg, ibid. 35, 557 (1926); M. Born and 
N. Wiener, ibid. 36, 174 (1926); W. Heisenberg and P. Jordan, ibid. 37, 263 (1926); 
W. Pauli, Jr., ibid. 36, 336 (1926); P. A. M. Dirac, Proc. Roy. Soc. 109, 642 (1925); 
110, 561 (1925); 111, 281, 405 (1926). 
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i= { f fvasayie=t (21) 


’ 


In carrying out the variation under this “‘accessory condition’’ in the 
well known manner, Eq. (16) is found as the well known necessary 
condition for an extreme value of (20) the constant —E being the 
Lagrangian multiplier with which the variation of the second integral 
has to be multiplied and added to the first, so as to take care of the 
accessory condition. Thus the normalized characteristic functions of 
Eq. (16) are exactly the so-called extremals of the integral (20) under 
the normalizing condition (21), whereas the characteristic values §i.e. 
the values, that are admissible for the constant E are nothing else than 
the extreme values of integral (20). (This property of the Langrangian 
multiplier is well known and is easily recognized by observing, that the 
non-conditioned, extreme value of J,— EJ; can be but zero, any other 
value being capable as well of augmentation as of diminution by simply 
multiplying y by a constant.) 

Now the integrand of (20) proves on closer inspection to have a very 
simple relation to the ordinary Hamiltonian function of our mechanical 
problem—in the sense of ordinary mechanics. The said function is, 
(cf. Section 1): 

(1/2m)(p2 +p3 +p2)+V(x,y,2). (22) 
Take this function to be a homogeneous quadratic function of the 
momenta p, etc. and of unity and replace therein p,, py, p:, 1 by (h/2m) 
(Oy/dx), (h/2r) (OW/dy), (h/27) (Of/dz), W, respectively. There results 
the integrand of (20). This immediately suggests extending our varia- 
tion problem and hereby our wave-equation (16) to a wholly arbitrary 
conservative mechanical system. The Hamiltonian function of such will 
be of the form 


N N 
$2 DS aupipitV (23) 

l=1 k=1 
with a@4=a,:, the ay, and V being some functions of the N generalized 
coordinates q, - -- gv. Take (23) to be a homogeneous quadratic function 
of p - - + py, 1 and replace these quantities by (4/27) (@~/dq), - - - 


(h/2mr) (O~/dqn), W respectively. Writing A, for the determinant 
Ay= | 3 tit | 
we form the integral 


dyn f or f [(e/8e*) Lawl /9q0) (0/090) 


: (24) 
+Vy?]A,-#dq, - - - dgw 
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taken over the whole space of coordinates and seek its extreme values 
under the accessory condition 


i= f- ‘ fear -++ dqy= (25) 


This leads to the generalization of Eq. (16), viz. 


A, b s(a Dandy/aqe) + (8e4/H*)(E- V)y=0, (26) 
l i k 

—E being, as before, the Lagrangian multiplier of (25). The double 
sum appearing in (26) is a sort of generalized Laplacian in the N-dimen- 
sional, non-euclidean space of coordinates. The necessary appearance of 
A,~ in an integral like (24) or (25) is well known from Gibbs’ statistical 
mechanics; A,~ dq: - - - dgn is simply the non-euclidean element of 
volume, e.g. 7? sin 6d@d¢dr in the case of one material point of unit mass, 
whose position is fixed by three polar coordinates r, 0, ¢. (In omitting 
the determinant the integrals would not be invariant relative to point 
transformations; they would depend on the choice of generalized co- 
ordinates.) It is Eq. (26) that has been used in all problems mentioned 
in Section 6. 

8. The question of the real physical meaning of the wave-function 
yW has been delayed (see Section 6) until now for the sake of discussing 
it but once in full generality for a wholly arbitrary system. Eq. (16) 
or in the more general case, Eq. (26) gives the dependence of the wave- 
function ¥ on the coordinates only, the dependence on time being given 
for every one particular solution, corresponding to a particular char- 
acteristic value E=E;, by the real part of 


exp|(2rEt/h + 6,)i], i= /-1 


the 6, being phase constants. So if u, (l=1, 2, 3---) be the char- 
acteristic functions the most general solution of the wave-problem will 
be (the real part of) 


v= > camexp|(2eEt/h + 6))i]. (27) 
e) 
(For simplicity’s sake we suppose the characteristic values to be all single 
and discrete.) The c; are real constants. Now form the square of the 
absolute value of the complex function Y. Denoting a conjugate complex 
value by a bar, this is 


yy=2 os CiCypuyuy Cos [2x(E.— Ey)t/h+0:—6r ] ; (28) 
1 
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This of course, like y itself, is in the general case a function of the gener- 
alized coordinates g: - - - gy and the time,—not a function of ordinary 
space and time as in ordinary wave-problems. This raises some difficulty 
in attaching a physical meaning to the wave-function. In the case of the 
hydrogen atom (taken as a one-body problem) the difficulty disappears. 
In this case it has been possible to compute fairly correct values for the 
intensities e.g. of the Stark effect components (see Section 6, Fig. 1) 
by the following hypothesis: the charge of the electron is not con- 
centrated in a point, but is spread out through the whole space, pro- 
portional to the quantity y y. 
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It has to be born in mind, that by this hypothesis the charge is never- 
theless restricted to a domain of, say, a few Angstroms, the wave- 
function wy practically vanishing at greater distance from the nucleus 
(see Section 4). The fluctuation of the charge will be governed by Eq. 
(28), applied to the special case of the hydrogen atom. To find the 
radiation, that by ordinary electrodynamics will originate from these 
fluctuating charges, we have simply to calculate the rectangular com- 
ponents of the total electrical moment" by multiplying (28) by x, y, 2 
respectively, and integrating over the space, e.g.” 


f f fr¥basayde=2 >> cwcvcos[2n(E,—Ey)t/h+0:—6r | 


i 


1 This procedure is legitimate only because and as long as the domain to which the 
charge is practically restricted remains small in comparison with the optical wave-length 
that corresponds to the frequencies (E;— E,’)/yh. 

12 In the sum ).;,:’ each pair of values of /,l’ is to be taken but once and the terms 
with /’=/ are to be halved. 
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ff ff smvdsayas (29) 


Thus the total electric moment is seen to be a superposition of dipoles, 
which are associated with the pairs of characteristic functions which 
vibrate harmonically with the frequencies (E;— E,)/h, well known from 
N. Bohr’s famous frequency-condition. The intensity of emitted radia- 
tion of a particular frequency is to be expected proportional to the 


square of 
cee f ff sumvdsayds. 


The supposition made on the ¢;, in calculating the intensities of the 
Stark effect components, Fig. 1, is, that the c; be equal for every set 
of characteristic values derived from one Balmer level (Eq. 19-2) by the 
action of the electrical field. The relative intensities of the fine structure 
components will then be proportional to the square of the triple integral. 
This is found to be in fair agreement with experiment. 

The triple integral may be shown to be equal to what in Heisenberg’s 
theory would be called the “element of matrix 2z(/, l’)”’. This constitutes 
the intimate connection between the two theories. But the important 
achievementof the present theory—imperfectas it mayin many respects be 
—seems to me to be that by a definite localization of the charge in space 
and time we are able from ordinary electrodynamics really to derive 
both the frequencies and the intensities and polarizations of the emitted 
light. All so-called selection principles automatically result from the 
vanishing of the triple integral in the particular case. 

Now how.are these conceptions to be generalized to the case of more 
than one, say of N, electrons? Here Heisenberg’s formal theory has 
proved most valuable. It tells us though less by physical reasoning than 
by its compact formal structure that Eq. (29) giving a rectangular com- 
ponent of total electric moment has to be maintained with the only 
differences that (1) the integrals are 3N-fold instead of three fold, extend- 
ing over the whole coordinate space; (2) z has to be replaced by the sum 
>-e:2; ie. by the z-component of the total electrical moment which the 
point-charge model would have in the configuration (x1, 1, 21; X2, Ye, 22; 

- + Xn, Yn, 2y) that relates to the element dx, - - - dzy of the integra- 
tion. 

But this amounts to making the following hypothesis as to the physical 
meaning of y which of course reduces to our former hypothesis in the 
case of one electron only: the real continuous partition of the charge is 
a sort of mean of the continuous multitude of all possible configurations 
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of the corresponding point-charge model, the mean being taken with 
the quantity y ¥ as a sort of weight-function in the configuration space. 

No very definite experimental results can be brought forward at present 
in favor of this generalized hypothesis. But some very general theoretical 
results on the quantity y y persuade me that the hypothesis is right. 
For example the value of the integral of y y, taken over the whole co- 
ordinate space proves absolutely constant (as it should, if y W is a-reason- 
able weight function) not only with a conservative, but also with a 
non-conservative system. The treatment of the latter will be roughly 
sketched in the following section. 

9. Eq. (16) or more generally (26) which is fundamental to all our 
reasoning has been arrived at under the supposition that y depends on 
the time only through the factor 


et2rikt/h (30) 
But this amounts to saying, that 
v= +20iky/h. (31) 


From this equation and from Eq. (26) the quantity E may be eliminated 
and so an equation be formed that must hold in any case, whatever be 
the dependence of the wave-function y on time: 


A,' >> = (a. Tandy /age) — 8x27 /H*F (4ni/ h)a4/at=0 (32) 
l qi k 

The ambiguous sign of the last term presents no grave difficulty. Since 

physical meaning is attached to the product y y only, we may postulate 

for y either of the two equations (32); then y will satisfy the other and 

their product will remain unaltered. 

Eq. (32) lends itself to generalization to an arbitrary non-conservative 
system by simply supposing the potential function V to contain the time 
explicitly. A case of greatest interest is obtained by adding to the 
potential energy of a conservative system a small term; viz., the non- 
conservative potential energy, produced in the system by an incident 
light wave. We cannot enter here into the details, but shall only present 
the main features of the solution. The effect of the incident light wave is, 
that with each free vibration of the undisturbed system, frequency 
E,/h, there are associated two forced vibrations with, in general, very 
small amplitudes and with the two frequencies E,/h+v, v being the 
frequency of the incident beam of light. Following the same principles 
as in the foregoing section we find every free vibration, cooperating with 
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its associated forced vibrations to give rise to a forced light emission 
with the difference frequency 


E,/h-—(E,/h+v)= Fv 


i.e. with exactly the frequency of the incident beam of light. This forced 
emission is of course to be identified with the secondary wavelets that 
are necessary to account for absorption, dispersion and scattering. In 
calculating their amplitudes one finds them, indeed, to increase very 
markedly as soon as the incident frequency v approaches any one of the 
emission frequencies (E,— E,)/h. The final formula is almost identical 
with the well known Helmholtz dispersion formula in the form presented 
by Kramers.'* 

The case of resonance cannot yet be treated quite satisfactorily, since 
a damping-term seems to be missing in our fundamental equation, even 
in the case of a free conservative system. (The radiation, which accord- 
ing to the assumptions of Section 8 is emitted by the cooperation of 
every -pair of free vibrations, must of course in some way alter their 
amplitudes. This it does not do according to the assumptions hitherto 
made.) But it is quite interesting to observe that also with that damping 
term still missing, we do not encounter the accident of infinite ampli- 
tudes in the case of resonance, well known from the classical treatment 
of the subject. The only thing that happens is that an incident light 
wave of ever so small an amplitude will raise the forced vibration of the 
system to a finite amplitude. And furthermore if, for example, from the 
beginning only one free vibration was set up, say that belonging to 
Evy and if 

hy = Ev om E, ’ 


then the forced vibration, raised to finite amplitude, is in shape and 
frequency identical with the free vibration belonging to E;. At the same 
time the amplitude of the vibration E; is markedly diminished. The 
sum of squares of all amplitudes remains constant under all circum- 
stances. This behavior seems to afford an insight (though incomplete) 
into the so-called transition from one stationary state to another which 
hitherto has been wholly inaccessible to computation. 

10. In the foregoing report the undulatory theory of mechanics has 
been developed without reference to two very important things, viz. (1) 
the relativity modifications of classical mechanics, (2) the action of a 
magnetic field on the atom. This may be thought rather peculiar since 
L. de Broglie, whose fundamental researches gave origin to the present 


13H. A. Kramers, Nature, May 10 (1924), Aug. 30 (1924); H. A. Kramers and 
W. Heisenberg, Zeits. f. Physik 31, 681 (1925). 
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theory, even started from the relativistic theory of electronic motion 
and from the beginning took into account a magnetic field as well as an 
electric one. 

It is of course possible to take the same starting point also for the 
present theory and to carry it on fairly far in using relativistic mechanics 
instead of classical and including the action of a magnetic field. Some 
very interesting results are obtained in this way on the wave-length 
displacement, intensity and polarization of the fine structure components 
and of the Zeeman components of the hydrogen atom.'* There are 
two reasons why I did not think it very important to enter here into 
this form of the theory. First, it has until now not been possible to extend 
the relativistic theory to a system of more than one electron. But there 
is the region in which the solution of new problems is to be hoped from 
the new theory, problems that were inaccessible to the older theory. 

Second, the relativistic theory of the hydrogen atom is apparently 
incomplete ; the results are in.grave contradiction with experiment, since 
in Sommerfeld’s well known formula for the displacement of the natural 
fine structure components the so-called azimuthal quantum number 
(as well as the radial quantum number) turns out as “half-integer,”’ i.e. 
half of an odd number, instead of integer. So the fine structure turns 
out entirely wrong. 

The deficiency must be intimately connected with Uhlenbeck-Goud- 
smit’s theory of the spinning electron. But in what way the electron 
spin has to be taken into account in the present theory is yet unknown. 


ZURICH, SWITZERLAND, 
September 3, 1926. 


144 V, Fock, Zeits. f. Physik 38, 242 (1926). 
18 G. E. Uhlenbeck and S. Goudsmit, Physica (1925); Nature, Feb. 20 (1926). 
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NATURAL IONIZATION IN SPHERICAL CONTAINERS; 
THEORETICAL CONSIDERATIONS 


By JAMEs W. Broxon 


ABSTRACT 


Theory of the variations with pressure and size of container of the natural 
ionization in gases in spherical containers.—The variations with pressure and 
size of container of the natural ionization in gases in spherical containers 
are explained in terms of simple radiations. These radiations differ chiefly 
with regard to their origin and range. Radiations with equal propagation in 
all directions, uniform ionization along a path, and with ranges either greater 
or less than the diameter of the sphere, are considered with origin either 
throughout the volume or at the inner surface of the container. Radiations 
are also considered with origin at the inner surface of the sphere, direction 
normal to the surface, and absorption exponential with the distance traversed. 
The observed pressure variation of the natural ionization in air is given ac- 
curately by the formulas derived, upon assuming the ionization to be due 
entirely to the secondary and tertiary radiations excited in the gas and its 
container by a primary penetrating radiation. The volume variation is given 
qualitatively but not quantitatively in this instance, and the constants are 
interpreted. The pressure variation in the case of carbon dioxide is also 
closely approximated. 


INTRODUCTION 


N a recent experimental investigation,! it was found by the writer 

that the natural ionization in gases in closed spherical vessels increased 
with the pressure to 70 or 75 atmospheres, but that the pressure rate of 
increase became very small at high pressures. With certain gases, 
pressure-ionization curves became practically straight lines at high 
pressures, while with others the curvature persisted throughout. Meas- 
urements made with spheres of different sizes showed that at pressures 
above a few atmospheres the ionization did not vary unidirectionally 
with the size of the container, but passed through a minimum. 

In view of the facts mentioned above, it was thought worth while to 
determine as a function of the size of the container and the pressure of 
the gas, the ionization which would be produced in a gas in a spherical 
container by a few very simple radiations. 


RAYS WITH ORIGIN THROUGHOUT VOLUME 
Rays of Range C=2a. Entirely for facility of mathematical derivation, 
we shall separately consider radiations of certain restricted ranges. 


1 J. W. Broxon, Phys. Rev. 27, 542 (1926). 
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Therefore, we shall first consider the ionization due to rays of very long 
range which may be supposed to travel in straight lines until they reach 
the walls of the container, whatever be the pressure, i.e., rays of range 
> 2a, where a is the radius of the spherical ionization chamber. We shall 
assume that the ionization per cm of path of these rays is constant (for a 
fixed pressure), and that the rays are emitted uniformly in all directions 
from their sources. If we imagine such rays to originate in a uniform 
manner throughout the volume of the container, then if 47ry, is the num- 
ber of rays emitted per sec. from unit volume, y47 is the number of 
rays emitted per sec. in unit solid angle from the volume element, dr. 





Fig. 1. Fig. 2. 


If C. be the number of ions produced per cm of path by one “ray,” 
y-C.drdQds represents the number of ions produced per sec. along the 
element, ds, of their path by the rays emitted within the solid angle, 
dQ, from the volume element, dr. 

Let us now proceed to determine JN ,’, the total number of ions pro- 
duced per sec. within the spherical chamber by the rays emitted from a 
particular volume element, dr, situated at P (Fig. 1), distant x, from 
O, the center of the chamber. 

The number of ions produced per sec. inside a sphere of radius (a—x,) 
with center at P, is seen to be 


Nai =49ryCdr(a— x0). 


To find N.2’, the number of ions produced per sec. outside this sphere 
but within the chamber, let us note that the number produced per sec. 
in the region between the two spherical surfaces with centers at P and 
of radii r and (r+dr), cut off by all radii of the latter which make angles 
6 or (6+d6) with OP, is | 

2rr*sin6dé 


dN. =yC.drdQds = yCdt———dr. 
r 
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Therefore, 


r=a+ zy xe +r?—aq? 


N.f =2eyCdr f 


=a—IZo 


pI=¢ 
i) sinéd@dr, where cos¢= 
60 : 


2xor 





a? — x¢ a+x 
= Ctr : dog + 4x9— 20 | 


Xo a— Xo 





a’—xe) atx 
Ni =NAtN2s =xyl- ‘ : log “+24 |ar 


Xo a— Xo 


The first term in the above bracket approaches 0 as x,—<a, and 2a as 
x.—0. We are therefore justified in using the value found for N,’ in 
calculating N., the total number of ions produced per sec. by all the 
rays of range 22a produced throughout the volume of the sphere. 

We have assumed that the rays originate uniformly throughout the 
chamber, which is the equivalent of assuming that y, is the same for all 
volume elements. We shall also consider C, to be the same for rays from 
all volume elements. Therefore, the number of ions produced within the 
ionization chamber by rays emitted from the region between spherical 
surfaces of radii r, and (r,+dr.) with centers at O, is given by 








a’—r? a+r 
inane : og i 2a |rréaro 
To a-?To 
Therefore, 
N. T= a+r 
— = f | (a'r —ne)log——""-+-20r8 |dro=at, 
4n*yC, ro=0 a—To 


as is seen after proper evaluation of the first term. Hence V,=47°*y.C.c*. 
The number of ions per cc per sec. produced by rays of this range originat- 
ing throughout the volume of the sphere is therefore given by 


n.=myC(3a). 


Rays of Range B, where a<B<2a. We shall now proceed to find 
expressions similar to the preceding, for ionization due to radiations 
resembling the ones first discussed but of definite range of a magnitude 
between that of the radius and the diameter of the sphere. Let us note 
that the longest path of the radiations from any volume element at a 
distance x, from the center of the chamber is B, providing BS(a+x,), 
or x,2(B—a); whereas the longest path is (a+ x,), in case B2 (a+), 
or x,<(B—a). 
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The number of ions produced per sec. by rays originating in a certain 
volume element, dr, situated inside a spherical surface concentric with 
the chamber wall and of radius, (B—a), is therefore 


r=at+2Z 


Ng =4rysCp(a—xo)dtr+ arya uds f 


r=a— Zo 


_ xf +r?—a? 
f sinéd@dr, where cos¢ =—————_—— 
6=0 2xor 





(a?— xe ) a+ Xo 
log 


Xo a— Xo 


=rrCxir| +20|=dNm, 
where yz and Cz, correspond to y, and C,, respectively, and where Np: 
represents the total number of ions produced per sec. by rays originating 


within the sphere of radius (B—a) concentric with the chamber wall. 
Then 





ru=B-or(q?—rf) a+r 
Ne=e70Cp f [“ “log “+20 Aare dro 
ro=0 


ro a—Tfo 

a@—re)? a-r 

\ ) log 4-3 (a%r9+ on) | 
a+ro 


ry>=B-—a 








= 4r*7;Cp | 


To=0 


The number of ions produced per sec. by rays originating in a volume 
element, situated without the designated spherical surface of radius 
(B—a) but within the chamber, is given by 


Nz? iat nen, LO sinédédr 
r=a—Zo 6 


(a?— a) B a? 
=mrypC pdr | Sa _ = 3xo/2+2B+0 | =dNz:2, 


Xo + onotms 2x0 








where Nz: represents the total number of ions per sec. due to rays 
originating in the entire region within the chamber and outside the 
surface of radius (B—a). Therefore, 


roma 1 
Wax f iN gy=4n*ruCs| (BYo—BYat——B') og(20—B) 


ro= B—a 


1 2 1 BS 
+(;2++B%!— 52) lo B+o'——Bat+ Btot—— Brat — |. 
t ’ 3 2 48 


The total numbei of ions per sec. produced by rays of range B originat- 
ing throughout the volume of the chamber in the manner described, is 
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16 1 
Ne =NpitNpe=r'y2Cp | Bat 2Bt+—B*] ° 
Therefore, the number of ions per cc per sec. due to these rays is 
3 1 
Np=mrysCp| 4B— “Btot+— Bie 
B>TYs »| 5 16 


Rays of Range A, where 0S Aa. To find expressions similar to the 
preceding, for ionization due to similar rays of range not greater than the 
radius of the chamber, let us note that all such rays which originate 
within a sphere concentric with the container and of radius (a—A), 
will complete their range. Hence the number of ions produced per sec. 
by rays of range A from a volume element within this region is Na,’ = 
4ayaCaAdr, and the total number of ions produced per sec. by rays 
originating inside this sphere is Nai=4mryaCaA -42(a—A)', where 
ya and Cy, correspond to previous similar symbols. 

Let us next determine the number of ions produced per sec. by rays 
originating in the region outside the designated sphere of radius (a—A). 
The number of ions produced per sec. by rays originating in a volume 
element, dr, in this region at a distance, x., from O, where (a—A) <x,Sa, 
is 


r=4 
Naz = 4rrysCa(a— we)dr+2eyaCadr f 


es af +r?—a 
f sin6dédr , where cos¢ = —————— 
6=0 2xor 


) A a?— A? 
log 


Xo a—Xo 2X0 


_— xé 





a? 
=r1sCuir| — 3xo/2+2A +0] =<Nax 
where Naz represents the number of ions per sec. due to all rays of 
Range A originating outside the sphere of radius, (a—A). Therefore, 
satis rm —a a—ro a?—A? 

‘ : og ~/ — 3ro/2+2A +0 |derdr 


To A To 





Na2= rca f 


roma—A 
=4,2 t8/9 — atta At 
4n*y4Ca| 7A2a*/2 —4A ot+7A 


The number of ions per sec. due to all such rays originating throughout 
the spherical container is therefore 


Na=NasrtNao= 2*yaCa[16A 08/3—2A2a*+A4/12] 


and the number of ions per cc per sec. due to these rays is 
ng = wyaCa[4A —3A2a-1/2+A4a-*/16] 














1076 JAMES W. BROXON 


RAYS WITH ORIGIN AT SURFACE OF CONTAINER 


Rays of Range C22a. Let us next consider the effect due to rays of 
the same range and ionizing ability as those first considered, but which 
are supposed to originate uniformly over the interior surface of the 
chamber and to be emitted radially and uniformly in all directions from 
their sources. If 477.’ represent the total number of rays of this range 
(effective and otherwise) which originate from unit area of the surface, 
and C,’, the number of ions produced per cm of path by one of these 
rays, then the number of ions produced per sec. along the element, ds, 
of their path by the rays emitted within the solid angle, dQ, from the 
surface element, dS, is y.’C.’dSdQds, providing dQ and ds be within the 
chamber. 

The total number of ions produced per sec. within the spherical 
chamber by the rays emitted from a particular element, dS, situated at 
P’ (Fig. 2), is 

r=2a pl=¢ 


ef w2eyiCi dS sinédédr, where cos@=r/2a 


r=0 O=0 


=2ryiCiadS. 


The total number of ions produced within the chamber in one second 
by rays of this type emitted from the entire surface is therefore N,’’’= 
82*y.'C.'a*, and the number of ions per cc per sec. produced by these 
rays is n,’=67ry.'C,’. 

Rays of Range B, where a<BS2a. Let yx’ correspond to y,’, and 
Cz’ to C.’, and as in the case of the long range radiations, let us proceed 
to find a value for mg’, corresponding to ”,’. The number of ions produced 
per sec. by rays from an element of area, dS, is given by 


r=B (=o 
Ng’ =2rys Cy dS f { sinédédr, where cos¢=1r/2a 
r=0 6 


=0 


=2rys Cy (B—B*/4a)dS. 


The number of ions produced per sec. by the radiation from the entire 
surface is therefore N,’’’ =87*yz'Cp’(Ba?—B’a/4) and the number of 
ions per cc per sec. due to these rays is 


ny = O6ryz Cx (Ba-!—} Ba-). 


Rays of Range A, where 0SA<a. Exactly as in the case of rays of 
range B, the number of ions per cc per sec. due to rays of range A, 
originating at the inner surface of the container is found to be m4’= 
6mya'Ca'(Aa—}A%a-*), 
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It will be noticed that the expressions found for “n” and “n’” exactly 
correspond in the two cases of ionization due to radiations of definite 
range less than the diameter of the ionization chamber. The only reason 
for considering the two sets of ranges separately was to facilitate the 
choosing of the proper definite limits of integration. We may therefore 
sum up these two cases by noticing that if 0< D< 2a, the number of ions 
per cc per sec. produced by radiations of range D originating uniformly 
throughout the volume, proceeding uniformly in all directions from the 
volume elements in which they originate, and ionizing uniformly along 
their paths, is given by 

np = wypCp(4D— 3D?a-!/2+ D*a-*/16) ° 


The number of ions per cc per sec. produced by such rays originating 
uniformly at the inner surface of the container is 


np =6mryp Cp (Da~'— D*a-?/4). 


RAYs OF EXPONENTIALLY DECREASING IONIZING ABILITY 


Proceeding as does W. Wilson,” we may. derive an expression for the 
ionization which would result from a radiation given off normally and 
uniformly from the interior surface of the container and being absorbed 
according to an exponential law with the distance traversed. 

If dI’ represents the number of ions per sec. produced in a layer of 
thickness dx at a normal distance x, by the rays originating on an element 
of area, dS, of the inner surface of the sphere, the total number of ions 
produced per sec. within the spherical chamber by the radiation from 
this element is given by 


z=2a I 
I'= f dI'= f Toe *ddS =—(1 —e-2") gS, 
z=0 


Then the total ions per sec. due to the rays from the entire surface is 


A4nly 


Nr= ~ a?(1—e-22>”) 





and the number of ions per cc per sec., 
To , 
Np = 3—-a~"(1— 29’) 
»? 


Assuming J,«x\’«P, we may write 
np = Ba“'(1—e-?4?), 


2 W. Wilson, Phil. Mag. 6, 216 (1909). 
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where B is a constant, P the pressure (in atmospheres) and A the coeffi- 
cient of absorption at atmospheric pressure. 

In the above, no account has been taken of the possibility of the 
emission of the radiations in various directions or of their production 
within the metal beneath the inner surface of the container. The method 
of procedure in that case, as well as a certain justification for not con- 
sidering the case here, may be found in a paper by Campbell.* 


DEPENDENCE UPON PRESSURE 


The ionization formulas derived are collected in the following table: 
Radiation 
Number. Origin. Range. Ions per cc per sec. 
C throughout volume 22a mn, =2y7-C.(3a). 
D throughout volume 2a mp =mypCp(4D—3D*a-'/2 


+D*a-*/16). 
ng at surface 22a n,’ =62y7.'C,’. 
D’ at surface <2a np’ =67yp'Cp'(Da"—D*a*/4). 
F at surface - — mp =Ba-(1—e7?) 


The above expressions show how the ionization would depend upon 
the radius of the container if it were due to any of the radiations con- 
sidered, and the dependence upon the pressure also is shown in the 
case of mp. It is now desired to arrive at a conclusion as to how the 
remaining expressions may be expected to depend upon the pressure. 
With this in view, the following suggestions as to the possible causes 
of the radiations are made: (1) a very penetrating radiation from a 
considerable distance ; (2) spontaneous ionization of the gas; (3) a radio- 
active substance admitted with the gas; (4) chemical action between the 
gas and the walls of the container; (5) chemical action between two 
component gases; (6) radioactive contamination of the walls of the 
container ; (7) disintegration of the walls of the container. Other possi- 
bilities readily suggest themselves, of course, but it is desired to restrict 
attention to a few simple ones. 

Resulting y’s would probably be proportional to P if the ionization 
were due to causes (1), (2) or (3), and to P? if due to (5). If the ionization 
were due to (4), the resulting y’ would probably be proportional to P, 
while constant ’’s would be expected to result from (1), (6) or (7). 

In all cases of uniform ionization along the paths of the rays, it seems 
reasonable to suppose that the ions per cm of path (the C’s) would be 


+N. R. Campbell, Phil. Mag. 9, 531 (1905). 
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proportional to the pressure, and that the ranges would be inversely 
proportional to the pressure. We therefore might have any y«P, or 
«x P?; y’«P, or constant; C«C’«P; D«1i/P. The corresponding 
expressions for » would then become: 


n.= K,P*a , or n,=KeP*%a : 
np=K;P—K,a"+K;P—*a*, or nmp=KeP?—Kia"P4+ KyP—'c" ;y 
ni =KyP , or me =KyoP? . 
np = K,,a~!— K,2P-'a-? , or mp = K,3Pa'— Kya? : 


where the K’s are constants. 

Primary effects due to (1), (2), (3) and (4), apart from resulting radia- 
tions, would probably result in ions per cc per sec. proportional to the 
pressure at constant volume, and independent of changes in volume at 
constant pressure. Due to a similar primary effect of (5), the ions per 
cc per sec. might be proportional to the square of the pressure for constant 
volume, and vary directly with the volume at constant pressure. 


APPLICATION TO EXPERIMENTAL OBSERVATIONS 


Let us now attempt by means of the formulas we have derived, to 
approximate the variation of the natural ionization with volume of 
chamber and pressure of gas as already determined experimentally.' 

As a specific example, let us consider the ionization in air in the 9-inch 
sphere. Suppose this ionization is due entirely to a very hard radiation, 
the primary effect of which is negligible in comparison to its secondary 
and tertiary effects, so far as its contribution to the total ionization is 
concerned. Let us further suppose that the electrons ejected by the 
penetrating radiation from the gas itself have very long ranges (C- 
number), and that these in turn produce tertiary rays of short range 
(D-number) ; and that those electrons ejected by the penetrating radiation 
at the surface of the container are of two sorts, one emitted normally 
and being absorbed exponentially along its path (F-number), and 
the other being emitted diffusely and ionizing uniformly along its path 
which we shall consider to be 24 ft. in air at atmospheric pressure. This 
last radiation would then be termed C’-number at pressures below 32 
atmospheres and D’-number at pressures above 32 atmospheres. 

Apparently mp and hence B must be proportional to S, the intensity 
of the primary penetrating radiation. 

Let us suppose that the number of long-range or C-number rays pro- 
duced per sec. is proportional to S, but not to the pressure, P, being 
independent of the latter. This might be the situation if they arose 
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almost entirely from certain nuclei (as unremoved dust particles) dis- 
tributed throughout the volume of the sphere, no new nuclei being 
admitted with additional gas. Thus we may assume y.« S and: C, « P. 

If the D-number rays are almost entirely of tertiary origin, we might 
expect their rate of production to be proportional to , and also to the 
pressure. It might conceivably be, however, although we are postulating 
that the C-number rays ionize uniformly along their paths, that the 
fraction of its ions which result in D-number rays decreases in some 
manner with the distance from its origin along the path of a C-number 
ray. The effective paths of the latter increase, in general, with the size 
of the sphere. We shall therefore assume that yp « Pn./a and for the 
D-number rays, D«1/P and Cp«P. 

Concerning the D’-number rays we shall simply assume yp’ « S and 
independent of P, Cp’«P, and D«1/P. 

Since the D’-number rays become C’-number rays at pressures below 
32 atmospheres, we must likewise have y.’=7yp’ and C,’=Cp’. 

In accordance with the foregoing hypotheses, we may now write our 
ionization formulas in the forms: 


(1) nrp=Ba"(1—e-?), (2) n.-=G,aP, 

(3) np =G2P?—G;a"P+G,aP—, (4) np’=G;a-!—G,a-P, 
(5) n.’=G;P, 

where 

(6) Gi=32rK.2K;5, (7) Ge=47G,K,K;Keg, 

(8) G3;=37G,K,K;K,?/2, (9) Gg=7G,K,K;-K,'/ 16, 
(10) G;=67K7K3K,S, (11) Gy=3rK7K3K¢°S/2, 
(12) G;=67K;K,S, 

where 


(13) S represents intensity of the primary penetrating radiation. 

(14) A is coeff. of absorption of F-number rays in air at atm. press. 

(15) B(i—e-*)/S gives the ionization due to F-number rays per unit 
intensity of the primary radiation in air at atm. press. in a sphere 
of unit radius. 

(16) 42Kz is no. of C-number rays per unit vol. per sec. per unit S. 

(17) 42K; is no. of C’- or D’-number rays per unit area per sec. per unit S. 

(18) 42K, is no. of D-number rays per unit vol. per ion of the C-number 
at atm. press. in a sphere of unit radius. 

(19) Ks is no. of ions produced by a C-number ray per cm path at atm. 
press. ' 

(20) Ks is no. of ions produced by a D-number ray per cm path at atm. 
press. 
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(21) Kg is no. of ions produced by a C’- or D’-number ray per cm path 
at atm. press. 

(22) Ke is range of D-number rays in air at atmospheric pressure. 

(23) Kg is range of D’-number rays in air at atmospheric pressure. 

In Eqs. (1)-(5), let us put A=.081; B=34.0; G,;=.552—; G.=.0001; 

G;= .458; Gs=7.0; G;=66.7; Gs=1057.8; G7=1.066. We have then 
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Fig. 3. In these curves (excepting curve C): 
B=3; 2AP=10. 


as our pressure-ionization formulas (approximately) : 
(for 15 P<32) 


n=np+nz +n.+mp=34(1—e- 1?) +1.16P+7P+ .0001P?, (24) 
(for P> 32) 
3 
n=Nnp+np +n.+np= 3A4(1 ae a 


+ .0001P?+66.7—1050.8P-', (25) 


where the radius, a, has been chosen as unity. With the same values of 
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the above \, B, G’s, we have as the relation between the ionization and 
the radius of the chamber at a pressure of 61.73 atmospheres, the ap- 
proximate equation 


n=np+ny +ne+np = 340-11 —e-°*) +38. 430-14 34a— 17. 13607? 
+.38+.1130-%. (26) 


In Fig. 4 (Air—9-in. S.) as given: by Eqs. (24) and (25) has been 
plotted as a function of P. It is seen that the observed pressure variation 
is very closely approximated. 

In Fig. 3 (Curve C) n as given by Eq. (26) is plotted as a function of a. 
An inspection of this curve shows that by using the same constants 
(G’s, etc.) as in the n—P formulas, we were able to predict that the 
ionization at a given high pressure would pass through a minimum as the 
radius of the sphere was varied, and in fact this minimum is so situated 
that we should have less ionization in the 9-inch sphere than in either the 
7-inch or the 12-inch sphere. Also, this difference is greater at higher 
pressures. However, this agreement is not quantitative, as the observed 
' jonizations in the 7-inch and 12-inch spheres were much greater than our 
formula indicates. Thus according to Fig. 3 we should have »=91.97, 
89.78, and 90.44 for the 7-, 9-, and 12-inch spheres respectively. The 
observed values, however, were approximately 100.0, 89.8 and 126.0— 
in the three cases, respectively. The difference here mentioned is so 
large that we must consider our n-a formulas quantitatively inadequate 
in spite of the fact that observations were taken with only three different 
spheres. It is possible that there were other variables such as the con- 
dition of the surfaces of the particular spheres used, which served to 
accentuate the variation in this instance. The matter could be deter- 
mined definitely, of course, only by making observations with a con- 
siderable number of spheres of various sizes, care being taken that they 
should be very similar in all other respects. In this regard it is worth 
noting that the volume variations were much smaller when the spheres 
were lined with aluminum, although the ionization was still least in the 
9-inch sphere. 

Let us now turn to an inspection of our constants and their interpreta- 
tion in terms of the fundamental phenomena. We have already assigned 
the value 0.081 to \ which gives the coefficient of absorption of the 
F-number radiation at atmospheric pressure, and the value 34.0 to B 
which with \ is a measure of the intensity of the F-number radiation in 
terms of the intensity of the penetrating primary radiation under specific 
conditions. 
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According’ to Eq. (6) we may choose K». which is a measure of the 
intensity of the C-number radiation, and K; which is a measure of the 
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ionizing ability of the C-number radiation, in any way we like so long as 
we make 37K.K3;S=0.552—. 

It is seen that Eqs. (10), (11) and (12) are not three equations defining 
three different K’s, but that each pair defines Ky if we assign values to 
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the G’s. Luckily there is no conflict with the values we have had to 
assign to G;, Gs and G;, and we are only required to let Ky=63.44—. 
Then K; and Kgs may be chosen as we like so long as K;K3S=0.056. 
It is very comforting to note that Ky which represents the range of the 
D’-number rays at atmospheric pressure is very nearly 64 in terms of the 
radius of the sphere as unity. In accordance with our assumption, the 
D’-number radiation would therefore change to C’-number radiation 
at pressures below 32 atmospheres. 

Turning to Eqs. (7), (8) and (9), we observe that we have here the 
same sort of relation as that existing among the group (10), (11) and (12). 
Here, however, we are not so fortunate. With the values we have found 
it advisable to assign to Gz, G3; and G4, there are no constant values for 
K,, K; and Kgs which will satisfy the three equations simultaneously. 
We are led to conclude, therefore, that the D-number or tertiary radia- 
tions are themselves produced (and probably ionize) in a manner more 
complicated than we initially assumed. Ky, K; and Ks may then be 
regarded not as constants, but as more complicated functions of the- 
experimental conditions, which functions are so constituted that the 
G-functions of these may be regarded as constants. It should be noted 
that putting G.=.0001 merely indicates that the term in P? has very 
little significance in the P—n formulas. 

By way of summary, we may recall that we have derived ionization 
formulas by assuming the ionization to be due to a single penetrating 
primary radiation and its consequent effects. These formulas give the 
pressure variation in air quite accurately, and at the same time they give 
the volume variation qualitatively. With the exception of those per- 
taining ‘to the tertiary radiation, all the constants occurring in these 
formulas have been found capable of simple interpretation in terms of 
characteristics of the radiations at atmospheric pressure. 

Oxygen was found to behave in much the same way as air. P—n 
curves for carbon dioxide and nitrogen were found to differ from those 
for oxygen and air in that they became straight lines at their high 
pressure ends. In Fig. 4 is included an approximation for the case of 
carbon dioxide. It is seen that the observed pressure variation could be 
approximated closely throughout by the assumption of radiations of 
the F-, C’-, and D-numbers. The volume variation was not investigated 
in this case, nor was it determined experimentally. In Fig. 3 are included 
several curves which show how the ionization might, in general, be 
expected to depend upon the size of the spherical chamber if due to the 
various radiations considered, or to certain combinations of these. 
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ATOMIC RADII. If! 


By Maurice L. Huceins 


ABSTRACT 

X-ray data show that the two assumptions usually involved in previous 
calculations of atomic radii from crystal structures—namely (1) that the 
distance between adjacent atomic centers in crystals equals the sum of the two 
atomic radii, and (2) that the radii of atoms of the same element in different 
crystals are equal—in many cases cannot be correct. Assuming that a valence 
electron pair can be assigned a definite position and defining the atomic radius 
as the distance from the nucleus to a valence electron pair, it is evident that (1) is 
only true when there is a valence pair on the straight line joining the centers of 
the adjacent atoms, and (2) should be true, or nearly so, only when the atoms 
of the given element are structurally similar and similarly surrounded in the 
two crystals. The probable arrangements of valence electrons in crystals, as 
deduced elsewhere by the author, are used in deciding as to the validity of the 
above assumptions in particular cases. 

Comparable values of atomic radii have been calculated for a number of 
elements, in crystals in which atoms of these elements are each surrounded by 
four electronpairs at tetrahedron corners. Approximate radii of other elements 
similarly surrounded are obtained by interpolation and extrapolation. Radii 
are also calculated for certain elements in crystals in which each atom of these 
elements is surrounded by two, six, or eight electron pairs. The diameters of 
the hydrogen atom in six crystals are computed. 


I. INTRODUCTION 


N 1920 W. L. Bragg? computed values for what he termed “atomic 

radii” and “atomic diameters” from crystal structure data. The 
chief assumptions underlying his calculations were: (1) that each atom 
of a given element is surrounded by a “‘sphere of influence” of the same 
size in different crystals; and (2) that the “spheres of influence” of 
adjacent atoms in crystals are tangent to one another. 

Authors making similar calculations more recently,’ realizing that 
these assumptions cannot both always be correct (Cf Table I), have 
assumed, in order to explain the x-ray data, atoms of irregular shapes or 
of different sizes (even though of the same element). They have, however, 
offered no criteria to use in determining when these assumptions are 

1 This is a revision of a paper written in 1922-23, while the author was a National 
Research Fellow at the University of California and Harvard University. Cf. Phys. 
Rev. 21, 205 (1923). ; 

2 W. L. Bragg, Phil. Mag. 40, 169 (1920); W. H. Bragg and W. L. Bragg, “X-Rays 
and Crystal Structure,” G. Bell and Sons, London (1924). 


* For references to work in this field, see Lunnon, Proc. Phys. Soc. London 38, 
93 (1926) or Davey, Chem. Rev. 2, 349 (1925); Gen. Elec. Rev. 29, 274 (1926). 
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near enough correct to warrant their use in calculating radii. Some such 
criteria are obviously necessary if atomic radii calculations are to be of 
much value. 








TABLE I 
Interatomic distance differences (A) in crystals of certain metallic halides 
M Lit Nat Cs* Cu® Cu® Ag’ 
(M-C1)—(M-F) .56 .50 
(M-Br )—(M-C1) .18 15 15 14 17 11 
(M-I )—(M-Br) .26 26 .23 .12 14 -.07 





It has been shown by the writer® that if the valence electrons in the 
diamond and similar crystals are in constant orbital motion, in all 
probability they do not enclose whole atoms or pairs of atoms within 
their orbits but are in rotation about the atomic center-lines. With this 
picture (or with a picture of stationary or vibrating electrons®) we can 
evidently speak of an electron “position” in space, meaning the center 
of the orbit or the point about which the electron is oscillating. 

It is generally accepted now that the valence shells of electronegative 
atoms in most chemical compounds contain eight electrons. A careful 
analysis'® of known crystal structures has verified this conclusion and 
has also shown, what had already been shown to be very probable from 
chemical considerations," that in many of these crystals, at least, the 
valence electrons are distributed in pairs at tetrahedron corners rather 
than singly at cube corners. 

In view of the above, it is obvious that the “‘atomic radius,” at least 
in so far as applied to crystal structure calculations, may be defined” 
as “‘the distance between the nucleus and the position occupied by a val- 
ence electron pair” (which we may designate as a point midway between 
the “positions” of the single electrons constituting that pair). With 
this definition, the interatomic distance equals the sum of the two atomic 
radii only when there is a valence pair on the straight line joining their 
centers. So if we know the distribution of these pairs in the crystal 
we can determine whether or not a given interatomic distance is suitable 
for the calculation of the atomic radii. 

* Davey, Chem. Rev. 2, 349 (1925); Gen. Elec. Rev. 29, 274 (1926). 

5 Wyckoff and Posnjak, J. Am. Chem. Soc. 44, 30 (1922). 

6 Davey, Phys. Rev. 19, 248 (1922). 

7 Wilsey, Phil. Mag. 46, 487 (1923). 

* Huggins, Phys. Rev. 21, 379 (1923); 27, 286 (1926). 

* Cf. Urey, Phys. Rev. 27, 216 (1926). 

10 Huggins, Ref. 8. 

11 Lewis, ‘‘Valence and the Structure of Atoms and Molecules,” Chemical Catalog 


Co., New York (1923); Huggins, J. Phys. Chem. 26, 601 (1922). 
2 Huggins, Phys. Rev. 19, 346 (1922). 











1088 MAURICE L. HUGGINS 


As regards the constancy of size of an atom of a given element in 
different crystals, it is evident from a consideration of the forces involved 
that the distance of a valence pair from the nucleus will depend on a 
number of factors'’*—the number of valence pairs around the kernel of 
the atom in question; the number and arrangement of electrons within 
the kernel; the number, kind or kinds, and arrangement of the sur- 
rounding atoms. In deciding whether the atoms of a given element are 
sufficiently similar in two crystals to make the assumption that the 
corresponding atomic radii in the two crystals are the same seem reason- 
able, use may again be made of the electron distributions shown else- 
where to be most probable, doubtful distributions being specifically 
mentioned as such. In general, these electron distributions depend on the 
following assumptions: (1) that the distribution of atomic centers as 
determined by x-rays is correct, (2) that the number of valence electrons 
per atom is as usually assumed by chemists and physicists, (3) that each 
electronegative atom (except in a very few crystals in which such an 
arrangement is impossible) has a valence shell consisting of four electron- 
pairs at tetrahedron corners, (4) that the valence tetrahedra are oriented, 
when possible, so as to place electron pairs on or near the centerlines 
between electropositive and electronegative atoms. 

The author has shown'® that in many cases the valence tetrahedra 
must be so oriented, while in all others (where the arrangement of atoms 
is known) the electron distribution around the kernels of the more positive 
atoms is at least as reasonable (usually more reasonable) with such an 
orientation as with any other orientation. 

If we are to adhere to the limitations imposed by our definitions 
and the assumed structures, many crystal structure determinations are 
valueless for the calculation of accurate atomic dimensions. In fact, 
with no more data than are at present available, it is necessary, in 
order to get comparable values for more than a very few elements, to 
make approximations and assumptions which we know cannot be 
strictly true, but the attempt will be made, in this paper, to make these 
as few and as reasonable as possible, and to state definitely each assump- 
tion as it becomes involved in the calculations. Then, if later and better 
data show that some of these assumptions are in error, corrections 
can easily be made. 


II. Rap or Atoms HAviING Four ELECTRON PArrs 
IN THE VALENCE SHELL 
Our first calculations will deal only with crystals in which each atom 
of the element whose radius is being considered has a valence shell 
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consisting of four electron pairs at tetrahedron corners, these bonding 
it to four other kernels, the net charge on each of which is (8—n) where n 
is the charge on the kernel of the central atom. 





A 











LZ 
S\N 














Fig. 1. The unit cube of the diamond—cubic ZnS type of structure. The large dots 
and circles represent the centers of Zn and S atoms respectively, or all C atoms. The 
small circles represent valence electron pairs. In crystals of the ZnS type these are 
closer to one kind of atom than to the other. 


In the diamond, silicon, germanium, and gray tin, (Fig. 1) each atom 
is surrounded by four others at corners of a regular tetrahedron. Each 
kernel has a charge of +4 and the four valence electrons per atom are 
in pairs,’ midway between adjacent atomic centers. The atomic radius 
is therefore in each case just half the interatomic distance. The values 
calculated are given in the last column of Table II. 


TABLE II 
Crystal Interatomic distance Atomic radius 
C (diamond) 1.54A8 0.77A 
Si 2.34%; 2.35 6; 2.3617 1.17;1.18 
Ge 2.4318; 2.4419 1.22 
Sn (grey) 2.8029 1.40 
SiC 1.904 C =0.77 (?);Si=1.13 (?) 


In crystals of silicon carbide, SiC, four silicon atoms are tetrahedrally 
distributed around each carbon, and four carbons are similarly disposed 


13 W. H. and W. L. Bragg, Proc. Roy. Soc. A89, 277 (1914). 

14 Gerlach, Phys. Zeits. 22, 557 (1921); 23, 114 (1922). 

% Hull, Phys.’ Rev. 9, 564 (1917); 10, 661 (1917). 

16 Kiistner and Remy, Phys. Zeits. 24, 25 (1923). 

17 Debye and Scherrer, Phys. Zeits. 17, 277 (1916). 

18 Kolkmeijer, Verslag. Akad. Wetenschappen 31, 155 (1922); Proc. Roy. Acad. 
Sci., Amsterdam 25, 125 (1922). 

19 Hull, Phys. Rev. 20, 113 (1922). 

20 Bijl and Kolkmeijer, Chem. Weekblad. 15, 1077, 1264 (1918); Proc. Roy. Acad. 
Sci., Amsterdam 21, 501 (1919). 

21 Ott, Naturwissenschaften 13, 76, 319, 644 (1925); Zeits. f. Krist. 61, 515 (1925); 
62, 201 (1925). 
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around each silicon. With valence electron pairs on the atomic center- 
lines, we should expect the Si-C distance (1.90A) to be equal to the sum 
of the carbon radius (0.77A) in the diamond and the silicon radius 
(1.17-1.18A) in elementary silicon, but we find this to be only approxi- 
mately the case. Part of the difference may be due to experimental errors, 
but some of it must certainly be attributed to lack of constancy of the 
radii. As in many of the calculations to follow, we shall find it necessary 
to assume constant radiifor a given element indifferent crystals when 
we have less reason to expect such constancy than in the substances 
just mentioned, we can obviously not expect our results to be in every 
case accurately correct. By means of various checks and calculations 
by different methods, however, we shall seek to make the errors as small 
as possible. 

In proceeding to the calculation of atomic radii in other compounds, 
others have followed several different procedures; all of them, however, 
involve objectionable assumptions. 

Pease” has assumed that all atoms having the same electronic arrange- 
ment (differing only in the charge on the nucleus) have practically the 
same radius. That this is not true is shown by a comparison of the 
interatomic distances in BeO (1.64-1.65A) and the diamond (1.54A), 
and in CuBr (2.49-2.52A) and Ge (2.43-2.44A), all of these substances 
having a similar arrangement around each atom in the crystal. 

Davey” has assumed that Rb*+ and Br~ have the same radius, that 
being half of the interatomic distance in crystals of RbBr. Defining the 
atomic or ionic radius as the distance from nucleus to an electron pair 
in the outermost shell of each atom or ion, it is impossible for the electrons 
to be so disposed that the sum of the two radii, atomic or ionic, be equal 
to the interatomic distance in this crystal. Also, if the difference be- 
tween the Cu and Ge radii is 0.05 to 0.09A greater or less than that 
between the Ge and Br radii, it would hardly seem likely that the Br- 
and Rb* radii would be equal. 

Wyckoff" prefers to start with the trihalides, such as CsCl.I, in 
which three halogen atoms are on a straight line. Since the distance 
from the central halogen to each of the outer ones is obtained by intensity 
measurements, interpreted by means of assumptions which are known 
to be only qualitatively correct, it is not accurately known. A more 
important objection to transferring radii values calculated from these 
crystals to others, however, is that the number and arrangement of 

% Pease, J. Am. Chem. Soc. 43, 991 (1921). 


*3 Davey, Phys. Rev. 18, 102 (1921); 22, 211 (1923); Ref. 3. 
™ Wyckoff, Proc. Nat. Acad. Sci. 9, 33 (1923). 
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valence electrons around the central halogen is unknown and cannot 
be the same as in ordinary halogen compounds; so even if the iodine 
radius in CsCl,I were calculable, it may be, and probably is, quite 
different from that in other iodine compounds. 

Another suggested procedure is to subtract the carbon radius, obtained 
from the diamond, from the carbon-oxygen distance in CaCO; or MnCO;,, 
to get the oxygen radius. Each carbon kernel in these compounds, 
however, is surrounded by three oxygen atoms, to which it is probably 
bonded by six electron pairs, none of which are on the atomic center- 
lines.!2 The carbon radius is therefore probably quite different in CaCO; 
from what it is in the diamond, and the sum of the carbon and oxygen 
radii cannot equal the interatomic distance. 

One might also consider subtracting half the interatomic distance 
in a crystal of one of the metals, say Zn or Fe, from the distance between 
atoms in a crystal such as ZnS, or FeS:, to obtain the sulfur radius; but 
the atomic radius, as here defined, is only calculable in the few metals 
in which the valence pairs are on the atomic centerlines, and in the 
compounds of these elements with non-metals for which the structures 
are known, the arrangements of electrons and atoms around each metal 
atom are quite different from what they are in crystals of the elements. 

Quartz (SiO-.) will not serve as a suitable basis for atomic radii calcu- 
lations, because the positions of the atoms are not known with sufficient 
accuracy, and because each oxygen is surrounded by two tetravalent atoms 
(instead of four divalent atoms). 

There is but one other alternative with the data now available. In 
FeS,.* each sulfur kernel we may assume to be surrounded” by four 
electron pairs, these serving to bond it to three adjacent iron atoms and 
one adjacent sulfur atom. The parameter defining the S-S distance has 
been determined?’ probably as accurately as is possible by present 
methods; although just how accurate that is we have no way of knowing; 
there are assumptions involved in the determination (e.g. that the atoms 
can be treated as point scattering centers) which are known to be only 
approximations to the truth. The best we can do under the circumstances 
is to assume the computed interatomic distance (2.088A) to be correct, 
and halve it to get the distance from each sulfur nucleus to the valence 
pair between sulfur atoms. Here we meet with another difficulty. This 
sulfur radius is certainly greater—how much greater we do not know— 


% W. L. Bragg, Proc. Roy. Soc. A89, 468 (1914). 

*% Huggins, Phys. Rev. 27, 286 (1926); J. Am. Chem. Soc. 44, 184 (1922). 

*7 Ewald, Phys. Zeits. 15, 399 (1914); Ewald and Friedrich, Ann. d. Physik 44, 
1183 (1914). 
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than the sulfur radius in a compound such as ZnS, where each sulfur is 
surrounded by four electropositive atoms. To emphasize the fact that 
it is necessary to make some assumption in regard to the magnitude of 
this difference, we shall arbitrarily assume it to be 0.024A in the calcu- 
lations in this paper. This gives us the value 1.02A for the sulfur radius 
in ZnS and crystals similar to it. If this value is too low, then all the 
radii of electropositive atoms computed directly or indirectly from it in 
this paper are too high, and those of electronegative atoms are corre- 
spondingly too low, (provided the other assumptions involved are 
correct). , 

There are two simple types of crystal structure which binary com- 
pounds can possess in which each atom of one kind is surrounded by 
four of the other at tetrahedron corners. One of these is like the diamond 
structure, except that there are two kinds of atoms; the other has 
hexagonal symmetry and is usually known as the “zinc oxide type.” 
X-ray analysis has shown that AIN, AlSb, ZnO, ZnS, ZnSe, CdS, HgS, 
BeO, CuCl, CuBr, Cul and AgI have one or the other (or both) of these 
structures.2* The electrons in all of the above crystals may, on the 
basis of evidence previously presented,* be assumed to be in pairs on the 
centerlines between atoms, forming a tetrahedron of four pairs around 
each. 

Comparisons of the interatomic distances in the sulfides, selenides and 
tellurides of zinc, cadmium and mercury (Table III) give us fairly con- 
cordant values (Table IV) for the radii of the component atoms. Too 
much faith must not be placed in tke accuracy of these values, both 
because of the lack of satisfactory data and because the assumption 
that the radius of an atom is practically the same in different crystals 
may perhaps be incorrect. The checks obtained, on comparing the zinc 
and mercury compounds for instance, mérely show that if the sulfur 
radius differs in ZnS and HgS, then the Se and Te radii in their com- 
pounds with Zn and Hg differ in the same way and about the same 
amount, and if the Zn radius changes in the series, sulfide, selenide, 
telluride, then the Hg radius changes similarly in the corresponding 
series of mercury compounds. 

In the spinels, the general formula for which is R’’R’’’,0, (R’’ being 
an electropositive divalent element and R’’’ a positive trivalent ele- 
ment), each R’’ atom is surrounded by four oxygen atoms at corners of 

*8 Crystallographic data and interatomic distance comparisons (Huggins, Phys. Rev. 
21, 211 (1923)) make it seem very probable that ZnTe, CdSe, CdTe, HgSe and HgTe 
also have one or both of these two types of structure. The interatomic distances in 


these compounds, calculated from the densities on this assumption, have been included 
in Table III. 
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a regular tetrahedron, each R’’’ by six oxygen atoms at corners of an 
octahedron, and each oxygen atom by one R”’ and three R’”’ atoms at 
tetrahedron corners. The valence electrons are in all probability in pairs 
on or very near the centerlines between adjacent atoms. In the zinc 
spinels the arrangement of electrons and other atoms around each zinc 
kernel is precisely the same, and that of electrons and other atoms around 
each oxygen kernel is very nearly the same, as in ZnO. The Zn-O dis- 


TABLE III 
Crystal Interatomic distance Sum of radii 
(Table IV) 
ZnO 1.967% 30; 1 O8A% 1.98A 
ZnS 2.33%; 2.34%; 2.35% 2.35 
ZnSe 2.45% 2.45 
ZnTe 2.54% 2.56 
CdCr20, (Cd-O) =2.16; 2.18% 2.17 
CdS 2.5237; 2.5438 2.54 
CdSe 2.61%° 2.64 
CdTe 2.75% 2.75 
HgS 2.53%; 2.54% 2.53 
HgSe 2.63% 2.63 
HgTe 2.73 2.74 
BeO 1 -64% ; 1.65% 1.64 
MgCr:0, (Mg-O) =1.94; 1.96% 1.95 
MnCr:0, (Mn’’-O) =2.04;2.06* 2.06 
FeFe.0, (Fe’’-O) =1.92; 1.94% 1.94 
CuFeS: (Cu’’-S) =2.23-2.25* 2.23 


29 W. L. Bragg, Phil. Mag. 39, 647 (1920). 

8° Aminoff, Zeits. f. Krist. 56, 495 (1921); 57, 204 (1922). 

3t Weber, ibid. 57, 398 (1922). 

3 Aminoff, ibid. 58, 203 (1923). 

83 Gerlach, Phys. Zeits. 23, 114 (1922). 

*% Davey, Phys. Rev. 21, 380 (1923). 

% From density = 6.34 (Groth, ‘“‘Chemische Krystallographie,”’ Engelmann, Leipzig). 

% Huggins, Phys. Rev. 21, 509 (1923). The first of the two figures given for Cd-O, 
Mg-O, Mn”-O, and Fe”-O is in each case that calculated on the assumption that Zn-O 
in corresponding zinc compounds = 1.96A; in calculating the other it was assumed that 
Zn-O =1.98A. The other assumptions involved are that the densities given by Groth 
(Ref. 35) are correct and that the R’”’-O distance in different spinels is the same if the 
R’” atom is the same. 

87 Ulrich and Zachariasen, Zeits. f. Krist. 62, 260 (1925). 

38 Davey, Phys. Rev. 19, 248 (1922). 

39 From density =5.80 (Groth, Ref. 35). 

‘© From density =6.20 (Margottet, Comptes Rendus 84, 1293 (1877)). 

*! Kolkmeijer, Bijvoet and Karssen, Proc. Acad. Sci. Amsterdam 27, 390, 847 (1924); 
Lehman, Zeits. f. Krist. 60, 379 (1924); Olshausen, ibid. 61, 463 (1925). 

* Buckley and Vernon, Mineralog. Mag. 20, 382 (1925). 

48 From density =8.20 (Groth, Ref. 35). 

_ “ From density =8.07 (Spencer, Mineralog. Mag. 13, 268 (1904)). 

4 Aminoff, Zeits. f. Krist. 62, 113 (1925). 

“© Zachariasen, Norsk geol. tidsskrift 8, 189 (1925). 

‘7 From density = 4.196 and c/a=0.9853 (Groth, Ref. 35), assuming (Fe’-S) =2.29 
—2.31A. 
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tances should therefore be practically equal in the two cases. If we 
assume this, the oxygen atoms can be more accurately located in these 
crystals with reference to the other atoms than directly by x-ray means, 
and we can calculate the R’’’-O distances. Then by transferring these 
to the Mg, Mn, Cd, and Fe spinels it is possible to obtain the R’’-O 
distances and so the radii of these divalent atoms. The Cd-O distance 
obtained by this roundabout route (involving two possibly inaccurate 
density determinations) checks well with the sum of the radii calculated 
from CdS and ZnO. 


TABLE IV 

Li Be B i N O F Ne Nat 
1.16 0.99 0.86 0.77 0.70 0.65 0.61 0.58 0.56 
Na Mg Al Si P S Cl A K+ 

1.41 1.30 1.22 1.14 1.08 1.02 0.97 0.93 0.91 
Cu Zn Ga Ge As Se Br Kr Rbt 
1.42 ie 1.26 | 1.16 we : 1.09 1.06 1.05 
Ag Cd In Sn Sb Te I Xe Cst 
1.62 | ey 1.43 1.36 1.29 1.23 1.19 1.16 1.14 
Au Hg Tl Pb Bi 

1.60 1.3! 1.42 1.36 1.3 


Mn”’, 1.41; Fe’’, 1.29; Cu’’, 1.21. 


Chalcopyrite, CuFeS2, has been assigned a structure*® similar to that 
of cubic zinc sulfide except for the replacement of half of the zinc atoms 
by copper and half by iron. From chemical considerations we should 
expect both copper and iron atoms to be divalent. Calculating the 
dimensions of the unit from the published density and axial ratio and 
assuming the iron-sulfur distance to be equal to the sum of the radii 
already computed (Table IV), we can calculate the copper-sulfur distance 
and from that obtain a value for the radius of the divalent copper atom. 

Because of the marked disagreement between different observers in 
regard to the distances between atoms in the cuprous halides (Table V), 
the probable inaccuracy of the data on gray tin, and the disagreement 
between the values for the silicon radius calculated from silicon carbide 
and from elementary silicon, we cannot safely calculate directly the 
magnitudes of the atomic radii in these crystals and expect the results 
to be accurate and comparable with those already obtained. The values 
given for these radii in Table IV have been chosen so as to give smooth 


‘8 Burdick and Ellis, J. Am. Chem. Soc. 39, 2518 (1917); Huggins, ibid. 44, 1841 
(1922). 
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curves when radii are plotted against atomic numbers (Fig. 2) and at the 
same time give Cu—X distances in fair agreement with the observed 
values. The silicon radius obtained from these curves agrees well with 
that from silicon carbide. The tin radius obtained by interpolation 
is not in good agreement with the experimental value. A discussion 
of possible reasons for this will bé postponed until the experimental 
results have been checked. 





6 


4 5 
Kernel Charge 


Fig. 2. Atomic radius—atomic number curves for atoms of kernel charge 
n bonded to four others of kernel charge 8—n. 


Subtracting our assumed iodine radius from what is probably the most 
accurately determined Ag-I distance in silver iodide, a figure is obtained 
for the silver radius which fits in well on the atomic radius—atomic 
number curve. 

The radii of the elements in columns 3 and 5 of the periodic table 
can probably best be obtained from the curves of Fig. 2. Adding the 
appropriate radii, however, we get only a rough check with the experi- 
mental value for the interatomic distance in aluminum nitride and still 
poorer agreement in the case of aluminum antimonide (Table VI). The 
experimental results should be checked in order to determine whether 
there is actually as much variation of the radii as is indicated by these 
figures. 

We can also obtain by extrapolation approximate values for the radii 
of the lithium, sodium, and fluorine atoms, in crystals comparable 
with the others discussed, as well as estimates of the distance from nucleus 
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TABLE V 
Crystal Interatomic distance Sum of radii 
: (Table IV) 
CuCl 2.32%; 2.38A5 2.39A 
CuBr 2.49%; 2.525 2.51 
Cul 2.6149; 2 .63®; 2.645 2.61 
Agl 2.817. 50; 2 838 2.81 
AuCl 2.56% 2.57 
TABLE VI 
Crystal Interatomic distance Sum of radii 
(Table IV) 
AIN 1 89 A® 1.92A 
AlSb 2.65% 2.51 


to outer shell in neon, argon, krypton and xenon. By further extrapola- 
tion we can very roughly estimate the magnitudes of the radii of certain 
of the electropositive ions (Table IV). 

Let us now turn to the study of crystals in which we can reasonably 
assume that the distance: between atoms equals the sum of the atomic 
radii (i.e. in which the valence electron pairs are probably on or near the 
atomic centerlines) but in which we should expect radii differing from 
those already computed. 

In Table VII are listed such interatomic distance data as are at present 
available for crystals of this kind. These data (as well as the data in 
Table VIII) all depend on the evaluation of one or more parameters. 
In general we should place less faith in their accuracy than in the ac- 
curacy of the interatomic distance determinations in crystals in which 
the atomic positions are fixed entirely by symmetry considerations 
and the dimensions of the unit cell. 


49 Aminoff, Geol. Foren. Férh. 44, 197 (1922). 

50 Aminoff, Zeits. f. Krist. 57, 180 (1922). 

5! From density =7.4 [Rose, J. Chem. Soc. 67, 905 (1895)]. There are available 
neither x-ray nor crystallographic data on the halides of monovalent gold. But if we 
assume this substance to possess one of the two structures possessed by ZnS, (or any 
other structure in which each ion is surrounded by four of the other kind at corners of 
a regular tetrahedron) the interatomic distance may be calculated from the density, 
and from this a tentative value for the Au radius. This comes out to be nearly the same 
as the Ag radius, just as the Hg radius was found to be practically equal to that of Cd. 
Such a result would seem to be quite improbable if the assumption in regard to the 
AuCl structure were incorrect. If a similar assumption were made regarding AgBr 
(which actually has the NaCl type of structure) for instance, the computed Ag radius 
would have been 1.44A, just 0.18A less than the value obtained from Agl. 

® Ott, Zeits. f. Phys. 22, 201 (1924). 

58 Owen and Preston, Proc. Phys. Soc. London 36, 341 (1924). 

4 In this connection it may be noted that if we define the radius of an atom or ion 
as the distance from the nucleus to an electron pair in the outermost shell of that atom 
or ion, the atomic radius is the same as the ionic radius in the case of an electronegative 
ion, but not in the case of an electropositive ion. 
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TABLE VII 
Crystal Interatomic Distance Sum of radii 
(Table IV) 

As 2.51 A® 2.32A 
Sb 2.87%; 2.9257 2.58 
Bi 3.1058 2.6 
Se 2.3259 2.24 
Te 2.86% 2.46 
As,O« 2.01% 1.81 
SbO-« 2.2280 1.94 
SnI, 2.63% 2.55 
Hgl, 2.78% 2.70 
SiO. (8-quartz) 1.62% 1.79 
CeHi2Na (C—N) =1.44 1.47 
BaSO, (S-O) =1.5% 1.67 
LiKSO, (S-O) =1.5-1.6% 1.67 
N:H,Cl. (N-N) =0.55-1.7%7 1.40 
C.H- (C-C) =1.5-1.6% 1.54 
Ag:MoO, (Mo-O) =2.00* — 


It might be expected that the distance from nucleus to valefice pair 
would be greater, other things being equal, the greater the kernel charge 
of the other atom holding to the valence pair in question; also that this 
distance would be greater the fewer other atoms surround the given 
atom, provided the number of electron pairs in the valence shell remains 
the same. So we should expect the radii of arsenic, antimony and bismuth, 
in crystals of the elements, in which each atom (having a kernel charge 
of +5) is bonded to three others of the same kind, to be greater than the 
radii obtained from the curves of Fig. 2. That this is the case is indicated 
by the experimental data (Table VII). Similarly in crystals of selenium 
and tellurium, in which each atom (having a kernel charge of +6) has a 
complete valence shell of four pairs, using two of them to bond it to other 
like atoms, the observed interatomic distances are considerably greater 
than twice the Se or Te radius in a crystal such as ZnSe or ZnTe. A 
similar situation exists in AssOg and Sb,Og, in which all the atoms have 

55 Bradley, Phil. Mag. 47, 657 (1924). 

56 James and Tunstall, ibid. 40, 233 (1920). 

57 Ogg, ibid. 42, 163 (1921). 

58 James, ibid. 42, 193 (1921). Recalculated by McKeehan, J. Frank. Inst. 195, 
59 (1923). 

89 Bradley, Phil. Mag. 48, 477 (1924). 

60 Bozorth, J. Am. Chem. Soc. 45, 1621 (1923). 

61 Dickinson, ibid. 45, 958 (1923). 

6? Huggins and Magill, from unpublished data. 

63 Wyckoff, Science 62, 496 (1925); Am. J. Sci. 11, 101 (1926). 

64 Dickinson and Raymond, J. Am. Chem. Soc. 45, 22 (1923). 

6 James and Wood, Proc. Roy. Soc. A109, 598 (1925). 

6 Bradley, Phil. Mag. 49, 1225 (1925). 

6? Wyckoff, Am. J. Sci. 5, 15 (1923). 

68 Mark and Pohland, Zeits. f. Krist. £2, 103 (1925). 

6° Wyckoff, J. Am. Chem. Soc. 44, 1994 <7922). 
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tetrahedral valence shells, the arsenic or antimony atoms (kernel charge 
+5) being bonded each to three oxygen atoms (kernel charge +6) and 
the oxygen atoms each to two arsenic or antimony atoms. In the same 
category are SnI4, in which each tin atom (kernel charge +4) is bonded 
to four iodines (kernel charge +7) and each iodine to but one tin, and 
Hg, in which each mercury atom (kernel charge +2) is bonded to four 
iodine atoms (kernel charge +7) and each iodine to two mercury atoms. 

In 8-quartz (SiOz) each silicon is tetrahedrally surrounded by four 
oxygens and each oxygen is equidistant from two silicon atoms, two of 
the four oxygen valence electron pairs being presumably near the Si-O 
centerlines. We might here also expect the Si-O distance to be a little 
greater than the sum of the radii from Table IV, but according to 
Wyckoff’s determination the reverse is the case. Possibly the valence 
pairs are far enough from the atomic centerlines to account for this. 

A similar but smailer discrepancy exists in the case of hexamethylene 
tetramine, CgHi.N,4, in which each carbon is bonded to one nitrogen 
and three hydrogen atoms and each nitrogen to three carbon atoms. 
The parameter determinations may perhaps be inaccurate enough to 
account for these results. 

Accurate determinations of the distances between adjacent atoms in 
BaSO,., LiKSO., NeHeCle, and C2Hs have not been made. 

The structure of silver molybdate, AgeMoQ,, is one in which each 
molybdenum atom is bonded to four oxygens and each oxygen to one 
molybdenum and three silver atoms. From the Mo-O distance, assuming 
the oxygen radius to be 0.65A, we get the value 1.35A for the radius of 
hexavalent molybdenum in this compound. 


III. RApit oF ATOMS HAVING Six ELECTRON Pairs 
IN THE VALENCE SHELL 


Data for calculating radii of atoms having six electron pairs in their 
valence shells are fairly numerous but usually quite inaccurate. They are 
collected in Table VIII, together with the radii calculated therefrom on 
the assumption that the more negative atoms (to which the atoms in 
question are bonded) have the radii given in Table IV. This assumption 
is undoubtedly not strictly true, but the resulting errors are probably 
much less than the errors in the measurement of the distances between 
atoms, and some such assumption is necessary if we are to calculate 
these radii at all. ; 

The figures in column 3 of Table VIII have been obtained directly 
by x-ray analysis, except in a few cases of which special mention is made 
in the footnotes. In many of the crystals listed the valence pairs are 
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TABLE VIII 
Crystal Interatomic distance Radii 
(observed) Assumed Calculated 
Na-F NaHF, 2.36A7° F=0.61A Na=1.75A 
Na-O NaNO; 2.417 O=0.65 Na=1.76 
Mg-O Mg(OH). 2.097 O=0.65 Mg=1.44 
Mg-O MgCO; 2.1078 O=0.65 Mg=1.45 
Al-F (NH,4)sAIF 6 1.667 F=0.61 Al=1.01 
Al-O ZnAl2O. 1.90; 1.927 O=0.65 Al=1.25;1.27 
Al-O Al,O; 1.84-1 .9976 O=0.65 Al=1.19-1.34 
Si-F (NH,):SiF « 1.7277 F=0.61 Si=1.11 
Ca-O CaCO; 2.3778 O=0.65 Ca=1.72 
Cr’’’-O ZnCr204 1.99; 2.007 O=0.65 ats 34; 
.35 
Mn’’-O MnCO; 2.1779 O=0.65 Mn’’=1.52 
Mn’’-O Mn(OH): 2.1980 O=0.65 Mn’’=1.54 
Mn’’- MnS: 2.598! S=1.02 Mn” =1.57 
Fe’’-O FeCO; 2.178 O=0.65 Fe’’=1.52 
Fe’’-S FeS: 2.25% S=1.02 Fe’’=1.23 
Fe’’’-F (NH,4)3FeF « 1.97 F=0.6 Fe’ =1.3 
Fe’’’-O ZnFe20.4 2.02;2.03% O=0.65 Fe’’’=1.37,1.38 
Ni’’-N Ni(NHs3) Cl, 2.29-2.47™ N=0.70 Ni’’=1.59-1.77 
Ni’’- Ni(NHs) ls <2.64* N=0.70 Ni’’<1.94 
Zn-O ZnCO; 2.1278 O=0.65 Zn =1.47 
Zr-F (NH 4) sZrF7 1.77% F=0.61 Zr=1.16 
Mo!Y-S MoS: 2.41% S=1.02 MolY = 1.39 
Mo%!-(O,F) (NH,4)sMoO;F; 1.97 (O,F) =0.63 Mo! =1.27 
Ag’-O Ag:MoO, 2.31% O=0.65 Ag’=1.66 
Cd-O CdCO; 2.31% O=0.65 Cd=1.66 
Cd-I Cdl: 3.0088 I=1.19 Cd=1.81 
Sn'V-Cl K2SnCl¢ 2.4489 Cl=0.97 Sn=1.47 
Sn'V-Cl (NH,4)2SnCl. 2.4689 Cl=0.97 Sn=1.49 
Cs-Cl CsCl,I 3.65% Cl=0.97 Cs=2.68 
Pt'V-Cl (NH,)2PtCle 2.16-2.36" Cl=0.97 Pt=1.19-1.39 


70 Rinne, Hentschel and Leonhardt, Zeits. f. Krist. 58, 629 (1923). 

7 From a=6.320, a=48°6’, u=0.25; Wyckoff, ‘‘The Structure of Crystals,”” p 349, 
Chemical Catalog Co., New York (1924). 

7 Aminoff, Geol. Féren. Firh. 41, 405 (1919); Zeits. f. Krist. 56, 506 (1921). 

7 In MgCOs;, ZnCO; and CdCOsy, the metal-oxygen distances have been computed 
from the densities and axial ratios given in Groth, Ref. 35, assuming the carbon-oxygen 
distance to be 1.26A. 

% Pauling, J. Am. Chem. Soc. 46, 2738 (1924). 

% The two figures given are based on assumed values of the Zn-O distance of 1.98 
and 1.96A, respectively. It is also assumed that the density given in Groth, Ref. 35, 
is correct. ; 

7 Pauling and Hendricks, J. Am. Chem. Soc. 47, 781 (1925). 

77 Bozorth, ibid. 44, 1066 (1922). 

78 From a =6.360A, a=46°6’, u=0.25 (Wyckoff, Ref. 71, p. 357). 

79 From a=5.836A, a=47°45’, u=0.27 (Wyckoff, Ref. 71, p. 358). 

89 Aminoff, Geol. Féren. Férh. 41, 405 (1919). 

81 Calculated from density =3.463 (Gmelin-Kraut, ‘Handbuch der anorg. Chem.,”’ 
(Winter, Heidelberg), 3 (2), 278) and u=0.400 (Ref. 27). 

8 From a =5.822A, a=47°45’, u=0.27 (Wyckoff, Ref. 71, p. 358). 

8 From a=5.38A (Ref. 25) and u=0.388 (Ref. 27). 

* Wyckoff, J. Am. Chem. Soc. 44, 1239 (1922). 

85 Hassel and Mark, Zeits. f. Physik 27, 89 (1924). 

% Dickinson and Pauling, J. Am. Chem. Soc. 45, 1466 (1923); Hassel, Zeits. f. Krist. 
61, 92 (1925). 
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probably not accurately on the centerlines between atoms, but the 
structures are such as to make it seem likely that the errors introduced 
on this account are small. 

Comparing the metal-oxygen distance in crystals in which each metal 
atom is surrounded by (and bonded by single bonds to) four oxygens with 
its value in crystals in which there are six oxygens bonded to each metal 
atom, we find the latter to be the larger, as would be expected. (Compare 
the Mg, Mn”’, Zn, and Cd radii in Tables IV and VIII.) 

The Na, Mg and AI radii, in crystals in which each is bonded to six 
oxygens, form a gradually decreasing series, due no doubt to the changing 
kernel charge. (The 1.01A, 1.11A and 1.16A values for Al, Si and Zr, 
respectively, are probably considerably too low.) 

Under corresponding circumstances we find the Ca radius considerably 
larger than that of Mg, and that of Cd larger than that of Zn. The Cs 
radius, in CsICl, is considerably larger than any of the others. These 
relationships are again as predicted from atomic theory. 

Whether the two radii obtained for Fe’’ are due to incorrect values 
of the interatomic distances, or to the difference between the arrangement 
around each Fe in FeS: and FeCOs, or are the result of two types of kernel 
structure must be left to the future to decide. 

The cadmium atom apparently has a greater radius when surrounded 
by six iodine atoms than when surrounded by six oxygens, probably 
chiefly because of the difference in the kernel charges of the iodine and 
oxygen. 

Hexavalent molybdenum seems to have a smaller radius than tetra- 
valent molybdenum, the larger kernel charge pulling the valence shell 
closer in. The data by themselves however are insufficient to make this 
certain. Similar reasoning in the case of the ferrous and ferric compounds 
would lead us to assume the larger value for the Fe’’ radius to be more 
nearly correct than the other, unless there are two kinds of Fe’’ atoms. 


IV. COMPOUNDS HAVING THE CALCIUM FLUORIDE 
TYPE OF STRUCTURE 


The calcium fluoride structure is pictured in Fig. 3. If we assume the 
fluorine valence tetrahedra to be oriented so as to point toward the 
calcium atoms, then each of the latter is bonded to eight fluorines and 








8? Wyckoff, J. Am. Chem. Soc. 44, 1994 (1922). 
88 Bozorth, ibid. 44, 2232 (1922). 

89 Dickinson, ibid. 44, 276 (1922). 

%© Wyckoff, ibid. 42, 1100 (1920). 

% Wyckoff and Posnjak, ibid. 43, 2292 (1921). 
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each fluorine to four calciums. In Table LX have been listed the distances ; 
between adjacent atoms in this and other crystals of like structure, as 
well as the radii of the electropositive atoms, calculated on the assump- 
tion that the electronegative atoms have the radii given in Table IV. 
The substances listed in Table X also have the calcium fluoride type 
of atomic arrangement, but in these each of the more negative atoms, 
































Fig. 3. Two adjacent eighth-unit cubes in the CaF, structure. The dots represent 


the centers of Ca atoms, the large circles F atoms, and the small circles valence electron- 
pairs. 





TABLE IX 
Radii 
Crystal Interatomic Distance Assumed Calculated 
CaF, 2.34%; 2.364; 2.374: 2.38A® F=0.61A Ca =1.73-1.77A 
SrF 2 2.53¢ F=0.61 Sr =1.92 
SrCl, 3.03” Cl=0.97 Sr =2 .06 
BaF ; 2.698 F =0.61 Ba =2.08 
CeO, 2.34% O=0.65 Ce =1.69 
ThO: 2.41% O=0.65 Th =1.76 
TABLE X 
Radii 
Crystal Interatomic Distance Assumed Calculated 
Li,O 2.00A" O=0.65A Li=1.35A 
Li,S 2.47% S=1.02 Li=1.45 
Na2S 2.83% S=1.02 Na=1.81 
Cu.2S 2.45% S=1.02 Cu =1.43 
Cu Se 2.49% Se=1.12 Cu=1.37 
Ag:S 2.6397 S=1.02 Ag=1.61 
Ag Se 2.7098 Se=1.12 Ag =1.58 
Ag2Te 2.8199 Te=1.23 Ag =1.58 
Mg:3Si 2.77% Si=1.14 Mg=1.63 
Mg.2Sn 2.92100. 2 4101 Sn =1.36 Mg =1.56;1.58 
Mg:Pb 2.93100 Pb =1.36 Mg =1.57 


® Mark and Tolksdorf, Zeits, f. Physik 33, 681 (1925). 


* Goldschmidt and Thomassen, Vidensk. Skrifter (1923) No. 2; Goldschmidt, 
Ulrich and Barth, ibid. (1925), No. 5. 


* Bijvoet and Karssen, Rec. trav. chim. 43, 680 (1924). 
% Claasen, ibid. 44, 790 (1925). 


% From density =5.8 (Mellor, ‘Comprehensive Treatise on Theoretical and In- 


organic Chemistry,” Vol. III, Longmans, London (1923)). 
87 From density = 7.27—7.32 (Groth, Ref. 35). 
*8§ From density =8.00 (Groth, Ref. 35). 
*® From density =8.32 (Groth, Ref. 35). 
100 Sacklovski, Ann. Physik 77, 241 (1925). 


10 Pauling, J. Am. Chem. Soc. 45, 2777 (1923). 
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if it has but four electron pairs in its valence shell, can be bonded to but 
four of the eight surrounding positive atoms (Fig. 4). The structure is 


at 


























Fig. 4. Two adjacent eighth-unit cubes in the LigO structure. The dots represent 
the centers of Li atoms, the large circles O atoms, and the small circles electronpairs, 
in their most probable arrangement. 


like that of cubic ZnS or CuCl with the insertion of a number of positive 
atoms equal to the number already present in such a way as to surround 
each by four of the more negative atoms. From Table X it may be seen 
that in the copper and silver compounds listed the distance between 
atoms is probably slightly less than the sum of the radii in Table IV, 
while in the similar lithium, sodium, and magnesium compounds the ob- 
served interatomic distances are considerably the greater. 


V. COMPOUNDS HAVING THE CAESIUM CHLORIDE 
TYPE OF STRUCTURE 

The caesium chloride structure (Fig. 5) may be thought of as being 
composed of two interlocking networks of the cubic ZnS type. Each 
atom, although surrounded at equal distances by eight others of opposite 
kind, is bonded by ordinary single bonds to but four of them. The inter- 
atomic distances and approximate radii of the component atoms are 
given in Table XI. 








a 
Oa 


Oo 




















Fig. 5. The unit cube of the low temperature form of NH,Cl. The large dot repre- 
sents the center of an N atom; the smaller dots denote H atoms, the large circles Cl 
atoms, and the small circles electronpairs. This figure will also serve to represent the 
CsCl structure, the large dot and large circles denoting centers of Cs and Cl atoms, 
respectively. 
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Ammonium chloride and bromide crystallize similarly. From the i 
interatomic distances and the halogen radii from Table IV we can 
calculate “radii” for the NH, group (d, Fig. 6) comparable with the 
atomic radii calculated for thallium and caesium. 


Cu 
a 
b wae 


d 


ez 





iT 











«——_ 


Fig. 6. The distribution of atomic centers and electronpairs along a 
N-Cl centerline in a crystal of NH,Cl (low temperature form). 


TABLE XI 
Radii 
Crystal Interatomic Distance Assumed Calculated 
CsCl 3.56'%; 3. 57A1% Cl=0.97A Cs=2.59;2.60A 
CsBr 3.712%; 3.72108 Br=1.09 Cs=2.62;2.63 
CsI 3.94108; 3.95106. 3 97107 I=1.19 os tai } 
2.78 7 
TICl 3.32108. 3 33109 Cl=0.97 Tl=2.35;2.36 é 
TIBr 3.44108; 3 45ue Br=1.09 Tl=2.35;2.36 ; 
NH.Cl 3.34%; 3,351; 3.3602 Cl=0.97 NH,=2.37; ; 
2.38; 2.39 { 
NH,Br 3.454; 3.50'@: 3.5212 Br=1.09 NH,=2.36; 
2.41;2.43 


VI. THE DIMENSIONS OF THE HYDROGEN ATOM IN CRYSTALS 


Subtracting the nitrogen radius (a, Fig. 6) obtained from Table IV, 
from the NH, radii (d) in NH,Cl and NH,Br, we obtain what we might 
call the diameters (+) of hydrogen in these compounds. Since we do not 
know in either case the position of the hydrogen nucleus relative to the 
two nearest electron pairs we obviously cannot calculate the hydrogen 
“radii,’’ nor can we calculate the radii (e) of the ammonium ion. 

The probable structure of ice, according to W. H. Bragg, is like that 
of ZnO, with zinc atoms replaced by more oxygen and with a hydrogen 
midway between each pair of adjacent oxygens. The oxygen valence 
tetrahedra in such a structure we should expect to be oriented so as to 
place a corner (an electron pair) on each O-H centerline. The hydrogen 





1@ Havighurst, Mack and Blake, ibid. 46, 2368 (1924). 
103 Davey, Phys. Rev. 21, 143 (1923). 

1% Davey, ibid. 19, 538 (1922). 

105 Wyckoff, J. Wash. Acad. Sci. 11, 429 (1921). 

10 Clark and Duane, Phys. Rev. 21, 380 (1923). 

107 Davey, ibid. 18, 102 (1921). 

108 Lunde, Zeits. f. Phys. Chem. 117, 51 (1925). 

109 Davey and Wick, Phys. Rev. 17, 403 (1921). 

10 Van Arkel, Physica 4, 33 (1924). 

11 Bartlett and Langmuir, J. Am. Chem. Soc. 43, 84 (1921). 
"2 Vegard, Zeits. f. Physik 5, 17 (1921). 
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diameter may then be obtained by subtraction, and from it the hydrogen 
radius in this substance. It is not surprising to find that in ice, which 
consists of but a single network of atoms (if the assumed structure is 
correct), the hydrogen diameter is somewhat less than in the ammonium 
halides, which are composed of two such networks interlocking with 


each other. 
TABLE XII 
Crystal Interatomic distance Assumed Calculated 
radii hydrogen 
diameter 
NH,Cl N-H-Cl =3 .34%; 3.351; N=0.70; 1.67; 1.68;1.69A 
3.36A'™ Cl=0.97A 
(H;N-NH;) N-H-Cl=3.14° N =0.70;Cl=0.97 1.47 
Cl, 
NH,Br N-H-Br =3.45";3.50'®; N=0.70;Br  1.66;1.71;1.73 
3.52"? =1.09 
H,0 O-H-O =2.76"'% O=0.65 1.46 
KHF, F-H-F =2.24+ .16' F =0.61 1.02+ .16 
NaHF; F-H-F =2.427° F=0.61 1.20 


Another approximate value for the hydrogen diameter can be obtained 
from hydrazine dihydrochloride (H;N-NHs3)Clz. The most probable 
hydrogen positions are near the N-Cl centerlines, each nitrogen being 
then surrounded tetrahedrally by four atoms. The N-Cl distance in 
Table XII has been calculated on the assumption that the N-N distance 
is 1.40A and that the parameter defining the chlorine positions has been 
correctly determined. If we postulate further that the N, H and Cl nuclei 
and the valence pairs between them are colinear (Fig. 6) and that the 
nitrogen and chlorine radii are as given in Table IV, we obtain a value 
(possibly quite inaccurate) for the hydrogen diameter which is prac- 
tically the same as that calculated for ice. 

In the structures which have been proposed for KHF, and NaHF:2 
there is a hydrogen midway between each pair of fluorine atoms. Assum- 
ing again the correctness of the parameter determinations we obtain 
two more values of the diameter of hydrogen. 

Some of the variability in the values calculated for this distance from 
different crystals results no doubt from inaccurate data and incorrect 
assumptions, but part of it must probably be attributed to a real differ- 
ence in size in different types of compounds. Surely we should expect 
such variation. 


8 W. H. Bragg, Proc. Phys. Soc. 34, 98 (1922). 
14 Bozorth, J. Am. Chem. Soc. 45, 2128 (1923). 
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VII. CoMPOUNDs HAVING THE CupROUS OXIDE ARRANGEMENT 


Cu,0 and Ag,O crystallize with a structure (Fig. 7) in which each 
oxygen atom is surrounded tetrahedrally by four metal atoms and each 
metal atom is midway between two oxygen atoms. If the oxygen valence 


MDnnat | 














fe, ae 
Fig. 7. The unit cube of Cu,0. The large dots and circles represent the centers of 


Cu and O atoms respectively. One of the possible distributions of valence electron pairs 
(small circles) is shown. . 














tetrahedra have their corners oriented toward the neighboring Cu or 
Ag atoms, we can calculate the radii of Cu and Ag atoms containing but 
two electron pairs in the valence shell. As would be expected, these 
(Table XIII) are much less than the corresponding radii in Table IV. 


VIII. ELEMENTS HAVING THE Bopy-CENTERED CuBIC STRUCTURE 


The probable structure of chromium, molybdenum and tungsten 
(Fig. 8) is one consisting of two interpenetrating simple cubic networks 


TABLE XIII 
Radii 
Crystal Interatomic distance Assumed Calculated 
Cu,0 1.84® 115; 1.86 Alls O=0.65A Cu=1.19;1.21A 
Ag:0 2.03%; 2.045; 2.0617 O=0.65 Ag =1.38;1.39;1.41 
































Fig. 8. Unit cube of the Cr, Mo or W crystal. 


5 Niggli, Zeits. f. Krist. 57, 253 (1922). 
16 W. H. Bragg and W. L. Bragg, Ref. 2; Greenwood, Phil. Mag. 48, 654 (1924). 
7 Wyckoff, Am. J. Sci. 3, 184 (1922). 
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of atoms, each atom being bonded by single bonds not to the eight 
nearest atoms but to the six others at a slightly greater distance. The 
radii obtained from such crystals (Table XIV) are comparable with 
each other but cannot reasonably be expected to agree with corresponding 
radii in other types of structure. 


TABLE XIV 
Crystal Interatomic distance Radius 
Cr 2.88ANs 1.44A 
Mo 3.089; 3. 14120 1.54;1.57 
W 3.15%; 3 .18'2 1.58;1.59 


IX. LEAD MONOXIDE 


In lead monoxide, PbO, each oxygen is tetrahedrally surrounded by 
four lead atoms and each lead atom is at the apex of a pyramid having 
four oxygen atoms at its base. The Pb-—O distance has been given’ 
as 2.33A. If the valence pairs are on the atomic centerlines the Pb’’ radius 
is then about 1.68A, considerably greater (as might be expected) than 
that extrapolated for Pb'Y from Fig. 2. 


TABLE XV 

Crystal Interatomic distance 

CO: (C =O) =1.05'; 1.252%; 1 59126 
CaCO; (C=O) =1.25"7 

MnCO; (C=O) =1.2718 

NaNO; (N =O) =1.29129 

N,0 (N =O)or(N =N) =1.15"° 
NaN; (N =N) =1.17%! 

KN; (N =N) =1.16" 

KCN (C=N) =1.15" 


18 Patterson, Phys. Rev. 26, 56 (1925); Davey and Wilson, ibid. 27, 105 (1926). 

19 Stoll, Arch. Sci. Phys. Nat. 3, 546 (1921). 

20 Davey, Phys. Rev. 25, 753 (1925); Fischvoigt and Koref, Zeits. f. Techn. Phys. 6, 
296 (1925). 

121 Davey, Ref. 120. Davey and Wilson, Ref. 118. 

122 Debye, Phys. Zeits. 18, 483 (1917); Fischvoigt and Koref. Ref. 120. 

23 Dickinson and Friauf, J. Am. Chem. Soc. 46, 2457 (1924). 

14 DeSmedt and Keesom, Proc. Acad. Sci. Amsterdam 27, 839 (1924); Zeits. f. 
Krist. 62, 312 (1925). 

2% McLennan and Wilhelm, Trans. Roy. Soc. Can., Sec. III (3), 19, 51 (1925). 

2% Mark and Pohland, Zeits. f. Krist. 61, 293 (1925). 

27 From a=6.360A, a=46°6’, u=0.25 (Wyckoff, Ref. 71, p. 357). 

28 From a=5.836A, a=47°45’, u=0.27 (Wyckoff, Ref. 71, p. 358). 

29 From a=6.320A, a=48°6’, u=0.25 (Wyckoff, Ref. 71, p. 349). 

180 DeSmedt and Keesom, Proc. Acad. Sci. Amsterdam 27, 839 (1924). 

181 Hendricks and Pauling, J. Am. Chem. Soc. 47, 2904 (1925). 

182 Bozorth, ibid. 44, 317 (1922). 
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IX. DOUBLE AND TRIPLE Bonps 


Table XV contains the various values calculated from x-ray data for 
the distances between atoms which are probably connected by double or 
triple bonds. These are all very approximate except perhaps the C=O 
and N =O distances in CaCO3, MnCO; and NaNO;. In these compounds 
each C or N is probably joined by double bonds to three surrounding 
oxygen atoms.” In CO: and N;O the central atom is probably connected 
by double bonds to the other two atoms. In KCN the CN groups 
(or “‘ions’’) are related to the potassium “‘ions’’ in the crystal only as the 
“ions” of chlorine are related to those of sodium in crystals of NaCl. So 
also in KN; and NaN; the structural units are the K+, Na+ and N;- 
ions. The twoend nitrogens of the N;~ ion seem to be equivalent; if 
each of the three has a valence ‘shell containing eight electrons the 
structure must then be (‘N “N “N:) 

Theory would lead one to expect smaller distances, in general, between 
two atoms joined by a double or triple bond than between the same 
atoms joined by a single bond. This seems to be the case. 

In conclusion the author wishes to point out again the tentative 
nature of the results given in this paper and their limited applicability. 
It is believed, however, that when properly used they will prove of greater 
value than atomic and ionic “radii” calculated without regard to the 
electronic structures of the crystals concerned. Helpful suggestions from 
Professor Wm. C. Bray of the University of California are gratefully 
acknowledged. 


STANFORD UNIVERSITY, 
March 19, 1926. 


483 Hendricks and Pauling, Ref. 131, prefer the structure (NeW) ** the 
trinitride ion. : oe 
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INTENSITIES IN THE STARK EFFECT OF HELIUM 
By JANE M. Dewey! 


ABSTRACT 

Theory of the intensity of combination lines in the Stark effect.—The 
quantum theory of dispersion may be applied to the Stark effect in a weak 
field by considering the atoms exposed to external radiation of zero frequency. 
This makes it possible to calculate the intensity of new lines appearing in the 
field (combination lines) from the intensity of lines appearing in the un- 
disturbed spectrum. The theory is applied here to the helium spectrum. 

Measurements of the intensity of combination lines of He in the Stark 
effect.— Measurements of the intensity of the helium lines 2P—nM, 2P—nm, 
2S—4M, where n=4, 5, 6, 7; M=P, D, F, etc., are given. The Lo Surdo 
method of obtaining emission in an electric field was used, with the cathode 
set with its surface parallel to the slit of the spectrograph. A photographic 
method of measuring the intensities, using a Moll photometer to measure the 
photographic density was used. The intensity of the combination lines in- 
creases as the square or higher powers of the electric field, as the theory 
demands. The ratio of the intensity of the combination lines to the nearest 
lines in the spectrum emitted by the undisturbed atom is in approximate 
agreement with that calculated from tne theory. 


INTRODUCTION 


NE of the first phenomena to receive an explanation on the basis 
of the quantum theory of atomic structure was the Stark effect. 
Epstein? and Schwarzschild* showed that the observed splitting up of 
the Balmer lines in an electric field‘ received a simple explanation on 
the basis of the Bohr theory of the atom. Later Kramers® was able to 
estimate the intensities of these lines from the correspondence principle. 
According to Stark’s* experiments the effect of an electric field on the 
spectrum of other elements is essentially different from its effect on the 
hydrogen spectrum. The lines of these spectra show, in general, no 
splitting up proportional to the first power of the electric field, but the 
spectra show new lines the frequencies of which are sums or differences 
of the frequencies of lines in the original spectrum. Bohr’ pointed out 
that these facts received a simple explanation on the quantum theory, 
1 International Fellow of Barnard College, Columbia University. 
2 Epstein, Ann. d. Physik 50, 189 (1916). 
§ Schwarzschild, Ber. Akad. Wiss., Berlin, 548 (1916). 
* Stark, Ber. Akad. Wiss., Berlin 47, 932 (1913). 
5’ Kramers, Det Kgl. Danske Videnskabernes Selskabs Skrifter 8, III, 278 (1919). 
* Stark, Monograph “Elektrische Spektralanalyse chemischer Atomen,” Leipzig, 


1914. 
7 Bohr, Det Kgl. Danske Videnskabernes Selskabs Skrifter 8, IV, 1. 
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and that the intensity of the new lines should be, in the first approxima- 
tion, proportional to the square of the field intensity. Pauli® has shown 
that for weak fields the appearance and intensity of these lines may be 
treated by the quantum theory of dispersion proposed by Kramers.®* 
He discussed the observations of Hansen, Takamine and Werner? 
on the spectrum of mercury in an electric field on the basis of this theory 
and showed that they were in substantial agreement with it. 

The Stark effect in helium has been subjected to careful examination by 
various investigators." Recently Takamine and Werner™ have given 
the results of measurements of the intensities of combination lines in the 
helium spectrum made in such a way as to obtain a direct check on the 
theory. Their measurements were carried out by photographic methods 
developed in the laboratory of the University of Utrecht. The research 
reported here is a continuation of their work. It is planned to give, in 
this and succeeding articles, measurements of the intensities of all helium 
lines which are of interest to the theory. 


THEORY OF THE INTENSITIES OF COMBINATION LINES 


The application of the theory of dispersion to the Stark effect allows 
the calculation of the intensities of combination lines from the amplitudes 
appearing in the quantum theory description of the undisturbed atom, 
or conversely the calculation of these amplitudes from measurements of 
the intensity of combination lines. 

We shall describe the spectrum with three quantum numbers, 1, R, j. 
The lines appearing in the absence of a field are described by n’—n"’ 
arbitrary, k’—k’’=+1, j’—j’’=0 or +1, where m’ is the value of n 
in the initial and m’’ the value of 7 in the final state and k’, j’ are similarly 
defined. This is to be expected from the correspondence principle if we 
represent the motion in the atom by a precessing Kepler ellipse and 
carry this description of the motion directly into the quantum mechanics. 
When the atom is exposed to an external field of force the correspondence 
principle predicts that new harmonic components will appear in the 
motion because of the disturbance caused by the field. These com- 
ponents correspond to transitions for which the rules of selection for k and 

8 Pauli, Det Kgl. Danske Videnskabernes Selskabs Medd. 7, 3 (1925). 

® See especially Kramers and Heisenberg, Zeits. f. Physik 31, 681 (1925). Cf. also 
Born, Heisenberg and Jordan, Ibid. 35, 567 (1926) where the dispersion formula is 
derived from the quantum mechanics. 

1® Takamine and Werner, Det Kgl. Danske Vidensk. Selsk. Medd. 5, 3 (1923). 

1 Stark, reference 5. Koch, Ann. d. Physik 48, 98 (1919); Tschulanowsky, Zeits. f. 


Physik 16, 300 (1923); Foster, Phys. Rev. 23, 667 (1924). 
12 Takamine and Werner, Naturwiss. 14, 348 (1925). 
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j do not hold. The intensity of lines whose frequencies are equal to the 
sum or difference of the frequencies of two lines in the original spectrum 
i.e., those for which k changes by 0 or 2, increases as the square of the 
field. The intensity of lines corresponding to a change of k of more than 
two increases as some higher power of the field. A quantitative determin- 
ation of the probabilities of transition may be obtained by comparison 
with the quantum theory of dispersion, since, according to the quantum 
mechanics, the action of an oscillating field on an atom must approach 
the action of a constant field as the frequency of the oscillating field 
approaches zero. 

To carry through the application of the dispersion theory it is con- 
venient to consider a non-degenerate system. We may remove the de- 
generacy with respect to orientation in space by imagining the atom 
exposed to a very weak magnetic field, of axis parallel to the electric 
field we are going to apply. The magnetic field is to be so weak that it 
does not change the motion in the atom nor affect the rules of selection. 
For a complete description of the motion we must now introduce a 
magnetic quantum number m, which describes the orientation with 
respect to the field and which may change by 0 or +1. In transitions 
involving no change of m the emitted radiation is polarised parallel to 
the field. The radiation emitted in transitions in which m changes by 
+1 is circularly polarised in a plane perpendicular to the field. The 
formula giving the polarisation and intensity of combination lines whose 
frequency is the sum or difference of two lines in the original spectrum is 


A(p,q)(EA(q,7r)) 
v(q,r) 
_ AQ.) (EA, p)) 
v(p ,g) 


where A(p, 7) is a vector, in general complex, which represents the 
so-called characteristic amplitude of the transition state p to state r. 
It is so defined that the real part of the expression on the left side of 
the equation is the electric moment we must ascribe to the atom to 
account for the radiation of frequency v(p, r) emitted. h is Planck’s 
constant, the amplitudes A(~, g) A(q, r) are defined similarly to A(p, 1) 
but refer to the amplitude of the corresponding transitions in the un- 
| disturbed atom. E is the field strength, considered asa vector quantity. 
The summation is to be extended over all states r for which the transi- 
tions, p, qg and gq, r are permitted by our rules of selection. The formula 
follows directly from the general formulas of the quantum theory of 





Ag nerrorrats| 





2h 
(1) 





| e2tilv(a,r)+v(p, @)]t 














INTENSITIES IN THE STARK EFFECT 1111 


dispersion if the frequency of the external radiation is set equal to zero." 
The energy emitted in the form of radiation of the frequency »(p, g) 
per atom per second is given by the formula 

o 


2rv(p,q) |* 
geese A(.)A(a,p) (2) 


A(q,b) =A (p, g) where A represents the vector conjugate to A. Because 
of the appearance of a frequency v in the denominator of both terms of 
formula (1) certain terms in the infinite sum represented by the general 
formula will be of a greater order of magnitude than all of the others 
and need alone be considered. 

In considering the new lines whose intensities vary as powers of E 
higher than the square we shall confine ourselves to those lines whose 
frequencies are combinations of three lines in the spectrum emitted in 
the absence of the field. In this case the polarisation and amplitude of 
the line are given by 


A(p,q)((EA(q,7))((EA(r,#)) 
v(q,t)v(r,t) 

A(q,7r)(EA(r,s))(EA(p,q)) ed 
v(p,q)r(r,s) v(q,7)v(q,t) 





1 
Qri, > 
A(p,s)e*i»(p ate [ 
(3) 





. ertily(p,a)te(a,ritv(r, a] 


This formula is obtained directly as the second approximation of the 
theory of perturbations of the quantum mechanics, as formula (1) may 
be obtained as the first approximation of this theory.“ Because of the 
appearance of two frequencies in the denominator, in making the sum- 
mation, only such states need be taken into consideration as give at 
least one term in which both »v values are small. 


APPLICATION OF THE THEORY 


In order to illustrate the application of formula (1) let us consider 
the calculation of the intensity of the parallel and perpendicular com- * 
ponents of the line 2P—4P in parhelium. In Fig. 1 the terms of the 
helium spectrum are represented by points in the usual way, the values 
of the terms being proportional to the distances of the points from the 
vertical line on the right. The transition 4P, 2P is shown by a dotted 
line, while the pairs of transitions by combination of which the transition 


13 Kramers and Heisenberg, ref. 9, formula (32). Cf. also Pauli, ref. 8, formula (5). 
4 See Born, Jordan and Heisenberg, ref. 9, p. 566. 
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4P, 2P can be obtained are shown by the solid lines. It is seen that the 
only terms to be used in formula (1) are those whose denominators are 
v(4P, 4D) and v(4P, 4S). But v(4S, 4P) is twelve times v(4P, 4D) and 
the numerator of the term of which it is the denominator is smaller than 
the numerator of the other term, so we may discard the term of which 
v(4S, 4P) is the denominator. In order to apply formula (1) we must 
remember that in the magnetic field the states 2P and 4P consist each 
of three states (m= —1, 0, +1) and the state 4D consists of 5 states 
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Fig. 1. The terms of the helium spectrum with the transitions giving 2P—4P. 


(m= —2, —1, 0, +1, +2). The only g, r transitions which contribute 
to the sum on the right side of formula (1) are those for which m remains 
unchanged, since for these transitions A and E are parallel, while for 
transitions in which m changes by one unit A and E are perpendicular, 
and their scalar product, appearing in the formula, is zero. Writing the 
m values as subscripts to the terms we obtain 


E A(4Dm ,4Pm)A(4Dm:,2Pm) 
A(4Pm,2Pax) =— (4) 
2h »(4D ,4P) 
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The ratios of the intensities of the transitions corresponding to different 
m’' and m”’ values for a given line are known from the formula of Kronig, 
Goudsmit and Honl.” Since it may be assumed that there are the same 
number of atoms in each 4P,, state and in each 4D,, state, we also know 
the ratio of the amplitudes to each other, and may express them all in 





Fig. 2. Transitions used in calculating the intensity of the line 2P—4P. 


terms of A(4Do, 2Po) and A(4Dp, 4Po). If we introduce the assumption 
that the number of atoms in a 4P,, state and a 4D,, state are the same, 
it is seen that the ratio 1*(4P, 2P)/I*(4D, 2P)"* which has been the 
subject’ of the measurements depends onJy on E, v(4D, 4P) and A(4Dp, 
4P,). Since we know the field this latter amplitude can be calculated 
from the intensity measurements and compared with the theoretical 
value. The numerical calculation follows. 


A(mP+1 ,4D41)?= 3A (mPo, 4D»)? (5) 
A (nPo,4D+1)?= 34 (nPo,4Do)? (6) 
A(nP+1,4Do)?= $A (nPo,4Do)? (7) 


E® A(4Po,4D,)2A(4Do, 2Po)? 
I*(4P ,2P) =Kv(4P,2P)4—- 
4h? »(4P 4D)? 


6 See, for instance, Kronig, Zeits. f. Physik 31, 885 (1925). 
16 J* represents the intensity of the parallel component of a line and J¢ of the per- 
pendicular component. 





[2(3)2+1] (8) 
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I*(4D, 2P) = Kv(4D,2P)*A(4Po,2Po)(2 - $+1) =1°(4D, 2P) (9) 


where K is a constant containing the proportionality factor of formula 
(2) and the number of atoms in the initial states (4P,, and 4D,,). Since 
v(4P, 2P) =v(4D, 2P) to a good approximation 


I*(4P,2P) E? A(4Po,4Do)? 17 











—- —_——_- — (10) 
I*(4D,2P) 4h? v(4P,4D)? 20 
Also 
E? A(4Po,4Dpo)?A(4Do,2Po)? 
I°(4P ,2P)=Kv(4P,2P)*— 2(2 - 3+4)(11) 
( ) v( ) 4h? »(4P 4D)? (7 s Ts 
So that 
I*(4P ,2P) 
—————_—-=2. (12) 
1°(4P ,2P) 

Similar calculations for the intensity of the line 2S—4D, give 
I*(4D,2S) E® A(4Po,4Do)? - 
17(4D,2P) 4h? v(4P,4D)? 

and 

I*(4D,2S 
E*(4D, 25) _ (14) 
I*(4D,25S) 

From calculations of the intensity of the line 2P—4F we obtain 
I*(4F,2P) E® A(4Fo,4Do)? 14 an 
I7(4D,2P) 4h? v(4D,4F) 15 

I4F ,2P 
nti on Be (16) 
I°(4F , 2P) 


If we apply the second approximation formula to the intensity of 2S—4F 
we obtain 


I*(4F,2S)  E* A(4Po,4Do)2A(4Do,4Fo)? (17) 
I*(4P,2S) 16h4 »v(4P ,4D)*»(4D,4F)? 





To deal with the orthohelium lines we shall assume that they are 
unresolved triplets. In Fig. 3 the resolution of the p and d terms into 
their j and m values is given. The ratios of the various A(mpm’j7, 4Dm”j"") 
to each other is found as for parhelium from the formulas of Kronig. 
The calculations are more complicated because of the large number of 
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transitions possible. Instead of going through the entire calculation 
for 2p—4p we shall give in detail only the calculation for 2,—4p, 
m’=Q—m''=0. The transitions used in this calculation are drawn in 
Fig. 3. The calculations for the other transitions are made in the same 
way and the squares of the amplitudes summed as for parhelium. We 


2p 4p 
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Fig. 3. Transitions used in calculating the intensity of 26,—4p,, 
m=0 >m=0. 


shall neglect the terms containing v(4s, 4p), v(5s, 4p) or (Sd, 4p) as this 
introduces only a slightly larger error than the neglect of corresponding 
terms in the calculation for parhelium. If we write the j values as sub- 
scripts following the m values, we have as gq states, 4do:, 4do2, 4do3, and 
the amplitude of the transition considered is 


E »)A(4do: .4 
A(4p0,2p0) =— A(4do1,2po2)A (4do1 , 4p 01) 
2h v(4d ,4p) 





(1+0+ 54) (18) 


The sum of the squares of the amplitudes of all the 2b—4) transitions 
gives 
1*(4p,2p) E® A(4po2,4do:)? 4675 


I*(4d,2p) 4h? v(4d,4p)? 9 





(19) 


For comparison with the amplitudes obtained from the intensity meas- 
urements by calculations similar to the above, calculations were made 
of the amplitudes of corresponding amplitudes in hydrogen by the 
method of Schrédinger. This author has shown" that the eigenfunktionen 


17 Schrédinger, Ann. d. Physik 79, 734 (1926). 
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given in an earlier paper'* give the Heisenberg matrices and can therefore 
be used to calculate amplitudes exactly, without the uncertainties of the 
older methods. The formulas used are: His formula for the eigenfunk- 
tionen in his first paper,'* formulas (5) and (6) in the paper discussing 
the relation between his quantum mechanics and the Heisenberg quantum 
mechanics.'!? Calculations were made for all amplitudes calculated from 
the dispersion theory and the intensity measurements, and also for the 
amplitudes needed to determine which terms must be included in 
formula (1) to give the desired approximation. The recent work of 
Heisenberg’® on the helium spectrum shows that the amplitudes calcu- 
lated for hydrogen will be correct for helium to a good approximation. 
The amplitudes calculated in this way follow, (they are all for m’= 
0—m’'’=0). 

Line: 2P—4D 2P—4S 2P—S5D 2P-—5S 4P—4D 4D-—4F 
Amplitude: 1.84 0.40a) 1.0ao 0.29a) 21a 16a 


Line: 4S—4P 5S—4P 5D-—4P 5P-—S5D 5S—5P 
Amplitude: 27a 9.1ao 17d 35a 42a 
where dy is the amplitude of the smallest orbit in hydrogen, 0.532 K 107° 
cm. 

In order to compare the amplitudes in parhelium with those in ortho- 
helium and the latter with the calculated amplitudes it is convenient 
to introduce a “‘total’’ amplitude defined by the relation 


2rv( p,q) |* 
1(p,9) = Pet a9, )3N() (20) 


Pele 


where ‘V(~) is the total number of atoms in the state p. From any ampli- 
tude for specific values of m’ and m’’ this total amplitude is easily ob- 
tained by the Kronig rules. 


EXPERIMENTAL METHOD 


The method of Lo Surdo, in which the electric field of the cathode 
dark space produces the Stark effect was used. The tube was set with 
the surface of the cathode parallel to the slit of the spectrograph, so that 
the light falling on the slit was all from a portion of the tube in which 
the field intensity was approximately the same. A cathode of molyb- 
denum, one-half centimeter in diameter, was used. This was enclosed 
in two quartz tubes fitting one over the other, the inner of which ended 


18 Schrédinger, Ann. d. Physik 79, 361 (1926). 
19 Heisenberg, Zeits. f. Physik 38, 421; 39, 499 (1926). 
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at the surface of the cathode, while the outer tube extended about two 
centimeters further. A small slit was cut in the outer tube close to the 
surface of the cathode where the glow is brightest and the image of this 
slit focussed on the slit of the spectrograph. A double image prism 
was used to separate the parallel components of the lines from the 
perpendicular. Two direct current generators, each capable of supplying 
4,000 volts, were used in series. The voltage supplied could be varied by 
varying the current through the magnets of the generator and was very 
constant. The helium used was purified by passing over charcoal at 
liquid air temperature, and a charcoal tube immersed in liquid air was 
always in the system when the discharge was passing. No impurity 
lines except the strongest lines of mercury, which appeared with low 
intensity, the carbon line at \=4267 and the Balmer lines showed on the 
plates. It was not found necessary to have the system of large volume 
when a charcoal tube immersed in liquid air was included in it. The tube 
usually ran so smoothly that there was no swinging of the needle of the 
voltmeter connected across it. A current of from 10 to 6 milliamperes 
with a voltage of from three to eight thousand volts was used, with 
exposures of from one to six hours. A plane grating spectrograph made 
in this laboratory and having a dispersion in the first order of 17 ang- 
stroms per millimeter was used. The blackening of the plate was meas- 
ured in a Moll microphotometer of magnification about 100. The 
method of obtaining the intensities of the lines from the blackening of 
the plate was the following: The spectrum of a Phillips Argenta lamp 
was photographed with a constant current flowing through the lamp. 
A large number of exposures were taken, each two minutes long, with 
varying slit width. The blackening of the plate was then measured at a 
constant wave-length and varying slit width and the photographic 
density plotted against the logarithm of the slit width. The curve 
obtained was a straight line for all except very low blackenings. The 
lower, curved portion of the curve was plotted from a large number 
of points and appeared to give as accurate results as the straight line 
portion. Such curves were made for a number of wave-lengths over the 
range of wave-lengths used in this investigation. All curves were taken 
from more than one plate and points from different plates fell on the 
same curve with the same accuracy as did points from the same plate. 
Blackening curves of wave-lengths between four and five thousand were 
of the same form except for small differences in the curved portions but 
for wave-lengths shorter than four thousand the slope of the curve 
dropped off rapidly with decreasing wave-length. To determine the 
intensity of a line in the helium spectrum the blackening of the plate 
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was measured in the photometer and the slit width corresponding to 
this blackening was read off the curve taken for a wave-length near that 
of the line. (It is assumed that the intensity of the light falling on the 
plate is for a continuous spectrum proportional to the width of the slit 
of the spectrograph.) It is obvious that this method of comparing in- 
tensities does not allow the comparison of intensities of lines whose 
wave-lengths differ appreciably from each other, unless the distribution 
of energy with wave-length is known for the lamp used, which was not 
the case in this work. It is hoped later to determine the sensitivity of the 
plate to different wave-lengths so that lines of different wave-lengths 
may be compared. Ilford Special Rapid Chromatic plates were used. 
They were developed in one part rodinol to twenty parts water at 18°C 
for four minutes. Any desired slope may be obtained for the blackening 
curve by varying the time of development. 

Where it was desired to compare the intensity of lines of very different 
intensities an exposure long enough to bring out the weak line with 
measureable intensity gave the strong line too greatly overexposed to 
measure its blackening. For this reason exposures of one-tenth and one- 
one-hundredth the time of exposure of the strong exposure were made. 
The blackening of as many lines as possible which could be measured 
on two exposures gave a value of the ratio of the intensities of the two 
exposures and from this ratio the intensity of the strong line on the 
strong exposure was calculated. Where the intensity of parallel and 
perpendicular lines is compared, the intensities of the exposures were 
compared by assuming that such lines as 2b—ms, 2p—4d, etc. were 
unpolarised. As these lines all gave the same value for the ratio of the 
intensity of the parallel to the intensity of the perpendicular exposure 
the assumption was justified by the results. 

We cannot a priori expect the blackening curves to be of the same 
form for exposures of different lengths so that the procedure used here 
is open to obvious theoretical objections. The results show, however, 
that no large error was introduced by using blackening curves taken 
with two minute exposures to determine the intensity of lines in exposures 
of times up to six-hours. Where a number of lines were measured in a 
two minute and in a twenty-five minute exposure and the ratio of the 
energy which had fallen on the plate during the two minute exposure 
to that which had fallen on the plate in the half hour exposure deter- 
mined from each of these lines the values obtained from the different 
lines agreed fairly well with each other. The same thing was true for 
the twenty-five minute and four hour exposures. That is, the measured 
ratio of the different lines to each other was the same for a two minute, 














INTENSITIES IN THE STARK EFFECT 1119 


a twenty-five minute and a four hour exposure. The largest a.d. obtained 
in measuring the ratio of the intensity of two exposures to each other 
‘was thirty percent and the a.d: was usually between ten and twenty 
percent. For the ratio of the intensity of the parallel to the intensity 
of the perpendicular exposures the agreement was in general better, even 
when values taken from exposures of different lengths but taken under 
the same conditions were averaged. Unless some compensation of errors 
takes place a systematic error in the measurements should also appear 
as a systematic change with field of the value of the intensity of a com- 
bination line divided by the square of the field. 


RESULTS 


Measurements are given of the intensities of the groups of lines 
2P—nM and 2p—nm for n=4, 5, 6,7, M=P, D, F, G, etc. In addition 
the intensity of the combination lines 2S—4D and 2S—4F and the line 
2S—4P have been measured. Table I gives the ratios of the intensities 
of the combination lines of parhelium to the nearest original line for all 











TABLE | 
The intensities of the combination lines of parhelium and the amplitudes calculable from 
them 
x Xx x x x 
F r r F F 
iq Sif 8 SiS SIS SIS SIS Slag SIS SIS 
~ AIS AIC &lg wie Alig gig KIC RIG AIA AIG 
o Sit Tit Tit Tit LTT TiF Tit TiFt Vil Viz 
& RIL RIN SIR RIK RIK AIR RIK RIK RIK AIR 
Kv cm? cm* cm: cm? cm? 
cm v? v? v? v? v? 
13.2 Gee 1.4 
14.2 .026 1.3 010 2.6 .031 1.6 .30 15 .16 8.0 
16.2 .028 (1.1) .021 3.1 .032 1.2 36 14 .34 13. 
18.6 .035 (1.0)  .33 2.8 053 1.5 55 16 .44 13. 
19.8 .036 ( .92)  .33 ee 053f (1.3) 54¢ (14) .49f 13. 
24.3 .049 ( .89) .46 1.6) 
Average 2.8 1.4 15 12 
Ampli- a(4P,4D) A(4P,4D)A(4D,4F) a(4P,4D) a(4D,4F) a(5P,5D) 
tude(cm) 1.21077 8.0107 1.31077 5.11078 2.11077 
Calc. 
Ampli- 1.11077 4.9x10-% 1.11077 4.6X10-8 1.7X10~7 
tudes 





*From the measurements of Takamine and Werner. 
{At this and higher fields the D-line is probably double. 
Values in parentheses were not used in calculating the amplitudes. 
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the combination lines measured which may be considered to be emitted 
in a weak field. Table II gives the same information for orthohelium. 
The amplitudes calculable from the measured ratios are given in both 
tables. It is seen at once from the tables that the measured agree ap- 
proximately with the theoretical values of the amplitudes. The intensity 
of the combination lines divided by the square of the field shows no 
systematic variation except in the case of 2S—4D. Since the 4D term 


TABLE II 


The intensities of the combination lines of orthohelium and the amplitudes 
calculable from them 


I™(4p, 2p) I™(4p, 2p) I"(4f, 2p) I™(4f, 2p) Ip, 2p) I*(Sp, 2p) 











Field 
1 (4d, 2p) —«*T*(4d, 2p) ~T*(4d, 2p) I*(4d 2p) I*(Sd, 2p)  I*(Sd, 2) 
+ E*+10'° + E*X 10" + E*X 10" 
Kv cm? cm? cm? 
cm v? v? v? 
13.2 .0015* .086* 
14.2 .0017 .086 .16 .80 .026 3.2 
16.2 .0023 .089 .17 .66 Hg line superposed 
18.6 .0028 .080 .20 .57 .043 1.2 
19.8 .0031 .079 .25 .65 .040 1.0 
24.3 .0049 .089 .34 .63 .12 (2.2) 
Average -085 + .004 .66+0.05 1.22.1 
Ampli- 
en (cm) a(4p,4d)1.6X10-7 a(4d,4p)6.2x10-8 a(5p,5d)3.1 1077 
alc. 
Ampli- 1.11077 4.61078 1.71077 
tudes 





*From the measurements of Takamine and Werner. 


lies very close to the 4F term this variation is not unexpected. The 
deviation of the measured ratios over the square of the field from the 
average values gives some idea of the experimental accuracy, at least 
for orthohelium where more measurements may. be averaged. It is 
particularly satisfactory that the measurements made by Takamine 
and Werner agree with those given here for the p— p lines. Their measure- 
ments of the p—f lines are not included since they did not use sufficient 
dispersion to separate these lines from the p—d lines. 

The amplitudes of 4D—4P, 4F—4D etc. calculated from these meas- 
urements show a systematic deviation from those calculated for hydrogen. 
More weight is to be attached to the values for: 2D—4D, 2p—4p and 
2p—5p than to the others since the condition for a weak field is better 
fulfilled for these lines. It is seen that the amplitudes calculated from the 
intensities of these lines are consistently high. The agreement among the 
values themselves for parhelium is better, the amplitude a(4P, 4D) 
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calculated from the intensity of 2S—4D agreeinz within fifteen percent 
with the amplitude a(4P, 4D) calculated from the intensity of 2P—4D 
and the product a(4P, 4D) a(4D, 4F) calculated from 2S—4F agreeing 
fairly well with the product calculated from the intensities of 2P—4P 
and 2P—4F. It will at first be thought that the agreement could be 
improved by taking into account more terms in the formulas used in 


TABLE III 


The ratios of the intensities of the parallel components of the combination lines to 
perpendicular components 





Ee a 

















Parhelium 
Field I"(4P, 2P) I"(5P, 2P) I*(6P,2P) I*(7P,2P) I*(4D,2S) I*(4F, 2P) 
— I°(4P,2P) I°5P,2P) I°(6P,2P) I°(7P,2P) I*(4D,2S) I°(4F,2P) 
cm 
14.2 2.9 2.6 :3 2.4 Ron L.3 
16.2 , 1.8 ca 1.4 
18.6 2.9 2.6 1.4 1.2 
19.8 2.6 1.6 ( .95) 
24.3 (3.3) (2.1) 
Av. 2.6 32 oe 2.4 1.3 1.2 
Calc. 2.6 2.6 2.6 2.6 1.3 1.3 
Orthohelium 
Field I*(4p, 2p) _I™(Sp, 2p) I*(6p,2p) I*(7p,2p) I*(4f, 20) 
Kv I*(4p, 2p) I°(Sp, 2p) L6(6p,2p) I°(7p,2p) I9(4f,2p) 
cm 
14.2 2.0 2.0 2.0 ee i 
16.2 2.4 1.2 
18.6 1.7 1.9 2.8 2.6 1.6 
19.8 1.6 By 2.6 = i 
24.3 on 1.7 1.6 1.8 
Av. 1.7 1.8 , 2.1 1.4 





== 





calculating the amplitudes, since the sum of a large number of small 
terms may become appreciable compared with one large term. Additional 
terms, however, will not all be of the same sign and will tend to cancel 
out. It is more likely that the disagreement is due almost entirely to 
experimental error, introduced from the source discussed in the last 
section or in other ways. It is unlikely that the experimental error is 
larger than forty percent, but it may be as large as this, at least where 
lines of very different intensities are compared. The comparison of lines 
of nearly the same intensity and of the same wave-length is considerably 
more accurate. (Compare, for instance, the agreement shown by the 
values given in Table III with the agreement shown by the values in 
the first two tables.) It is possible that the large disagreement shown 
for a(4p—4d) is connected with the fact that the frequencies of the lines 
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2p—4p and 2p—4d differ by more than do the frequencies of any other 
pair of lines of which the intensities have been compared. 

In Table III the ratios of the intensity of the parallel components 
of the combination lines to the perpendicular components of the lines 
are given, together with the calculated value of this ratio. The agree- 
ment between measured and calculated values is better than is to be 
expected, even lines which must be considered to be emitted in a very 
high field such as 2—2p giving approximately the calculated ratio. 
The ratios for the triplet system do not seem to approach those for the 


2P-5M 
4388 group 
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Fig. 4. The relative intensities of parhelium lines in various fields. 


singlet system as the field increases, as would be expected from analogy 
with the Zeeman effect. The ratios not given in the table are of lines 
believed to be unresolved doublets or of lines too weak to measure. 
All the measurements on parhelium lines of principal quantum number 
higher than four are affected by insufficient resolution. 

In Figs. 4 and 5 the results of the measurements on 2P—nM and 
2P—nm are given for n=5, 6 and 7. The length of the lines represents 











INTENSITIES IN THE STARK EFFECT 1123 


the intensities, the unit being arbitrarily chosen so that the sum of the 
intensities of all lines in one group is the same for different fields and 
different groups of lines. It is therefore only possible to use the figures 
for comparison within one group. The parallel and perpendicular lines 
are reduced to the same units, and the parallel lines represented by lines 
above and the perpendicular ones by lines below the base line. The 
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Fig. 5. The relative intensities of orthohelium lines in various fields. 


groups omitted were too weak to measure. More weight is to be given 
Fig. 4 than Fig. 5, because of the error in the parhelium lines just referred 
to. When a doublet is only partially separated the measured intensity 
lies between the sum of the intensities of the two lines composing it and 
the intensity of the strongest line of the doublet. The results show an 
increasing resemblance between the hydrogen and the helium Stark 
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effect as we increase the field or go to lines of higher quantum number. 
It does not seem possible to find a detailed connection between the 
intensities in hydrogen and helium, however. In general the lines which 
are weak in hydrogen in strong fields are those which diminish in in- 
tensity with increasing field in helium, but the rate of decrease does not 
seem to be that to be expected from comparison with hydrogen. Nor 
do parhelium and orthohelium resemble each other closely. A striking 
example of this is that the d lines disappear very much more rapidly in 
orthohelium than in parhelium although parhelium, because of the 
smaller separation of its terms must be considered to be emitting in the 
stronger field. 

The experiments reported here were carried out in the University 
Institute for Theoretical Physics in Copenhagen. The author wishes to 
express her thanks to Professor Niels Bohr for the suggestion of the 
problem and for his interest and advice throughout the work, to Mr. Sven 
Werner for placing at her disposal the results of his experience in the 
same work, and to Professor Kramers and Dr. Heisenberg for valuable 
assistance in handling the theory. To the undergraduates of Barnard 
College are due her best thanks for the award of the fellowship which 
made her stay in Copenhagen possible. 


UNIVERSITETETS INSTITUT FOR TEORETISK FYsIk, 
COFENHAGEN. 
August 28, 1926. 
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VOLTAGE-INTENSITY RELATIONS OF MERCURY 
LINES BELOW IONIZATION 


By D. R. WHITE 


ABSTRACT 


. Accelerating voltage-intensity relations have been obtained for twenty- 
eight lines of the mercury spectrum (between 5500A and 2500A) excited by 
electronic bombardment at potentials less than the ionization potential. The 
tube in which the radiation was excited had four electrodes, hot cathode and 
three grids, and the observations were made by photographic spectropho- 
tometric measurements. In agreement with the results of other workers, the 
minimum potential of excitation of a line is found to agree closely with the 
theoretical value in all cases but one. The curves representing the voltage- 
intensity relation for lines with a common outer orbit are found identical when 
the intensity scales are so chosen as to arbitrarily make the curves coincide at 
one point. Upward and downward breaks are found in these curves at certain 
critical potentials but the character of the breaks and the potentials at which 
they occur change from series to series. The ratio of the numbers of quanta emitted 
in the lines of the triplet 2p; — 2s(5461), 22 —2s(4358), 23— 2s(4047) with an 
accelerating voltage of 10.2 volts was found to be 9: 11:3. 


INTRODUCTION 


T HAS been shown by Eldridge,! Hertz,? Hughes and Hagenow,' 

and Newman,‘ that it is possible to excite in stages the arc spectrum 
of each of a number of elements. This group by group excitation is 
simply explained by the Bohr theory. Each group of lines is found to 
contain only lines having a common outer orbit and the number of lines, 
then, in any group depends upon the number of transitions corresponding 
to. emission of radiation which begin at that orbit. Such transitions 
may take the valence electron to its normal orbit in one step or they may 
be the first of a series of transitions which carries the valence electron 
to its normal orbit. Each of these groups was found to be present only 
when the energy of the bombarding electrons was greater than the mini- 
mum necessary for a single impact to raise the valence electron from its 
normal orbit to the outer orbit which was common to the group of lines. 

Hertz and de Visser® went farther than this and investigated in detail 
the relation between the voltage of excitation and the intensity of light 


1 J. A. Eldridge, Phys. Rev. 23, 685 (1924). 

2 G. Hertz, Zeits. f. Physik 22, 18 (1924). 

* A. LI. Hughes and C. F. Hagenow, Phys. Rev. 24, 229 (1924). 

*F. H. Newman, Phil. Mag. 50, 165, 796 and 1276 (1925). 

5 G. Hertz and J. C. Scharp de Visser, Zeits. f. Physik 31, 470 (1925). 
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emitted for a few of the lines of helium and neon. They studied two 
helium lines and four neon lines which lie in the visible region of the 
spectrum. In the case of mercury we have found it possible to push this 
type of investigation further by use of a tube which gave a greater in- 
tensity of light than appears to have been previously obtained. Voltage- 
intensity curves are presented here for twenty-eight lines of the mercury 
spectrum lying in the region 5500A to 2500A. 


M 0 
: 























hal 


Fig. 1. Cross section of the experimental tube and the essential 
electrical circuits. 


APPARATUS AND EXPERIMENTAL DETAILS 

A cylindrical tube, about 6.5 cm in diameter and 20 cm long was used 
for this investigation. A horizontal section of it is shown in Fig. 1 with 
the grid diameters indicated. The equipotential oxide coated platinum 
cathode® C was 4 mm wide by 37 mm long and was surrounded by two 
cylindrical grids J and M as shown. These grids were made of nickel 
gauze, 7 meshes per centimeter and wires 0.29 mm in diameter. They 
extended at both ends about 30 mm beyond the cathode and were sup- 
ported on the glass arm that carried the leads to the cathode. A variable 
voltage was applied to these by means of the batteries indicated. The 


® The cathode was similar to that described by Harold W. Webb, Phys. Rev. 24, 
116 (1924). 
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grid O, also of nickel gauze, lined the walls of the tube, and was kept at a 
potential of —3 volts with respect to the cathode for most of the experi- 
ments and had in its circuit a galvanometer G which measured the 
current to it. The reentrant quartz window Q permitted spectroscopic 
study of the radiation produced within the tube. 

The gas was removed from the tube by continuously operated pumps 
connected near its top which kept the residual gas pressure less than 
5X10-° mm. At the same time the supply of mercury vapor was main- 
tained by evaporation from a drop of mercury at the bottom of the tube 





6 SPs Ap: Sp: 
Fig. 2. Accelerating voltage-intensity relation for the line 1S—22(2537). 


which was heated by an electric heater. No accurate estimate of the 
mercury vapor pressure can be given for these conditions as evaporation 
was taking place at approximately 230°C and condensation at approxi- 
mately 40°C. However an accurate estimate of the vapor pressure is of 
no particular importance as the results were not found to change ma- 
terially for evaporation temperatures varying between 210°C and 250°C. 

The spectroscopic observations were made with a small quartz spectro- 
graph which gave a dispersion of 7A per millimeter in the region of 2500A. 
In the region of 3600A the dispersion was less so that, when the slit was 
opened sufficiently to give line widths great enough for satisfactory 
density measurements, the lines overlapped in each of the groups’ 
2p1—mD, 2p1 — md 423; 2p2—mD, 2p2— mdz; and 2p3—mD, 2p — md;3. 


7 Paschen-Gotze, Seriengesetze der Linienspektren, p. 116 (1922). 
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(For brevity these groups of lines will be designated as 2:—mDd,2;, 
2p2—mDd23 and 2p;—mDd; respectively.) 

The densities were measured by means of a densitometer in which the 
relative intensity of the light transmitted by a small portion of the plate 
was measured by a photo-electric cell kindly furnished us by Dr. H. E. 
Ives. The photo-electric current was measured by balancing its Jr drop 
in a resistance of 20 megohms by a direct reading potentiometer. Both 
were placed in the grid circuit of a radio vacuum tube in such a manner 
that at the point of balance the plate current was unchanged as the 


©” 


ax, 





5S 45 


Fig. 3. Accelerating voltage-intensity relations for lines with S and s 
orbits as outer ones. 


os 4s 5s6s 


: potentiometer and resistance were switched into and out of the grid 
circuit. A circuit, similar to that of a simple potentiometer, connected 
in the plate circuit of the vacuum tube made it possible for a galvanometer 
to detect smaller changes of current than could a meter capable of carry- 
ing the entire plate current. This arrangement was found necessary to 
attain the precision desired. 

When the tube was operated, electrons came from the grounded 
cathode C, were accelerated in the space between C and J and then were 
allowed to move freely in the space between J and M which was kept 
| free from externally applied fields by directly connecting M to J. Upon 
i entering the space between M and O the electrons were slowed down and 
y were then returned to either M or I by the negative potential on O. 
iF Under these conditions it was observed that the radiation was excited 
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in a space represented by a hollow cylinder having the grid J for its 
inner surface and an outer diameter some 5 mm greater than the diameter 
of M. This volume, in which the radiation originated, remained approxi- 
mately constant for voltages more than half a volt below the ionization 
potential but increased rapidly for higher voltages and entirely filled 
the tube at the ionization potential. 

The theoretical value for the ionization potential is 10.4 volts but it 
was found to be an applied accelerating potential varying from week to 
week between the limits 11.6 and 12.0 volts. The difference, which was 


e X 2P,-4Ddias 
tah Sas + 2p-4Ddrs 
O2p,-Dds 








3d Sd éd 5d 6d 


Fig. 4. Accelerating voltage-intensity relations for lines with D and djs orbits as 
outer ones. Groups of lines for which the frequency difference is due to energy differences 
of the D and dj; orbits were not separated with the spectrograph used. 


the voltage correction subtracted from all the accelerating voltage 
readings of any series, was due to a 0.2 volt drop in the leads and a 
variable correction due to contact difference of potential and the initial 
velocity of the electrons from the cathode. The ionization potential was 
determined by ‘means of the galvanometer G in the circuit of the grid O. 
Since this grid was at a sufficiently great negative potential with respect 
to the cathode to keep electrons from reaching it, the current from it, 
through the galvanometer, must have been due to leakage across the 
insulation and to positive ions. An accelerating voltage-galvanometer 
current curve for the second of these components should show a very 
great increase of slope when the speed of the electrons is such that a 
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single impact can just ionize an atom, while the first component should 
not show any such characteristic. The accelerating voltage corresponding 
to this abrupt increase of slope was taken as the ionization point. 


RESULTS 


The results of the investigation are presented in the typical accelerating 
voltage-intensity curves Figs. 2, 3 and 4. The curves are grouped accord- 
ing to the outer orbit of the transition. Fig. 2 shows the curve for the 
transition 1S—2.. Fig. 3 shows curves for transitions with ms and mS 
as outer orbits. Fig. 4 gives the curves for transitions 26;—mDd,.3. 
Table I lists the lines observed and gives an approximate idea of their 
relative strengths. The first column gives the notation for the transition, 
the second gives the wave-length, the third gives the symbol used to 
designate the points on the curve and the fourth gives the photographic 
density for an accelerating potential of 10.2 volts and hence an approxi- 
mate idea of the relative strength of each line. 








TABLE I 
The lines observed and their photographic density at 10.2 volts 
Notation r Symbol Density Notation ny Symbol Density 

Fig 2 Fig 4(a) 

Fig 3(a) 2p2—3Dd23 3125 + 1.34 
2p2—2S 4078 x By 2p;—3Dds 2967 O 72 
2p2—3S 2858 x .10 Fig 4(b) 
2P—3S 4916 O an 2p1—4Ddi23 3025 x .69 
2p2—4S 2563 x .03 2p:—4-Dd 2652 + 56 
2P—4S 4108 O 34 2p1—5Ddi23 2803 x .30 
2P—5S 3801 O .02 2p1—6Ddy23 2698 + 11 

Fig 3(b) 2p1—7Ddi23 2639 O .03 
2p1—2s 5461 x .80 2p1—8Ddy23 2603 x 01 
2p.—2s 4358 oe 1.48 Fig 4(d) 
2p3—2s 4047 O 1.11 2P—5Dd2; 3906 x 15 

2P—5Dd2; 3704 ad .03 

2p1—3s 3341 x Se 
2p2—3s 2893 oe .44 
2p3—3s 2752 O 18 
2p,1—4s 2925 4 .22 
2p2—4s 2576 + .18 
2pi—Ss 2759 > 4 .05 
2p1—6s 2674 Xx Pig 





*Density at 10.3 volts. 


For all curves obtained in these experiments, spectrograms were made 
in order of increasing voltage at approximately 0.1 or 0.2 volt intervals. 
As more than one plate was needed in a series of spectrograms, exposures 
at two voltages were repeated on the second plate to insure continuity. 
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In addition, on each plate used, there was at least one group of three 
spectrograms for which the tube was held constant while the intensity 
was varied in known ratios by screens in the optical system of the 
spectrograph. The density-intensity relation thus obtained for any 
line was graphically extrapolated when necessary to obtain the complete 
voltage-intensity relationship for the line. 

The corrected voltages are in all cases the abscissas of the curves. 
The correction used is known to only +.05 volt and hence all potentials 
are in doubt by that amount although the differences of potential 
between the points are known to +.02 volt. The ordinates are the 
intensities per milli-ampere emission and were obtained by dividing the 
intensity found from the photographic plates by the emission from the 
cathode when the spectrogram was taken. These ordinates have a 
precision of about 4 percent for most of the points though the accuracy 
is less at the lowest and the highest intensities of the lines. 

A value of the minimum potential necessary for the excitation of the 
different lines was obtained by extrapolating the voltage-intensity curves 
to the voltage axis. The intercept thus found is the minimum value of the 
accelerating potential for excitation of the lines. This intercept agrees 
with the theoretical value, which is noted on the voltage axis of the curve, 
within the limit of accuracy of the extrapolation, in accordance with the 
conclusions of Eldridge and Hertz, for all lines but one. In the case of the 
transition 2.—2.S, \4078, the intercept is 8.3 volts while the theoretical 
value is 7.9 volts. It is possible that there is another break in the curve 
at an intensity below the limit of sensitivity of the method that would 
carry the curve to 7.9 volts. 

In all cases where two or more lines had the same outer orbit, the 
curves representing the valtage-intensity relation were identical when the 
intensity scales were so chosen that the curves coincided at one point. 
This is shown in Fig. 3. Fig. 3(b) shows curves for the groups of lines 
2p;—2s, 26;—3s and 2p;—4s which have the common outer orbits 2s, 
3s and 4s respectively. The observed intensities, arbitrarily plotted as 
equal at 10.2 volts, are indicated by the symbols in the figure. Only one 
curve was drawn as that represents all points within the experimental 
error. In a similar manner the pairs of lines 2P—3S, 262—3S; and 
2P—4S, 2p2—4S are plotted in Fig. 3(a). The same close agreement 
between the curves is observed. This is of particular importance as each 
pair has one line belonging to the singlet series and one to the combina- 
tion series. 
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The information obtained concerning the lines with D and d orbits as 
outer orbits is not sufficient to determine whether or not the same sort of 
similarity holds there also. This is due to the fact that the spectrograph 
did not separate completely groups of the type 26—mDdj23 since the 
multiplicity is due to the D and d,23 levels which have small energy 
differences. 

The result found in the cases of the ms and mS orbits leads to the 
conclusion that the ratio of the number of quanta corresponding to the 
transitions of the types x—mz, and y—mz (z=s or S) is independent 
of the voltage of excitation. This is equivalent to the statement that the 
voltage of excitation does not affect the relative probability that an 
electron in* one of these outer orbits will take anyone of the possible 
paths from that orbit. This has’ been shown to hold for s and S orbits 
and may hold more generally. 

The ratio of the number of quanta corresponding to each of the 
transitions 26,—2s, 2p.—2s and 2f;—2s, wave-lengths 5461, 4358 
and 4047A respectively, was determined. Such a ratio of quanta is 
evidently also the ratio of the probabilities of the different transitions. 
Similar determinations were attempted for ratios of quanta for other 
groups of lines but, owing to experimental difficulties, were unsuccessful. 

For the ratio measured, a vacuum type mazda lamp, operated at a 
color temperature 2420°K was used as the comparison source of known 
energy distribution for the spectrophotometric measurements since all 
three lines lie in the region of the spectrum but slightly absorbed by the 
glass of the lamp. The energy ratio for the lines 5461 and 4358 was 
determined by visual spectrophotometric comparison and a similar 
ratio for the lines 4358 and 4047 was measured photographically. After 
multiplying each energy ratio by the ratio of the*"wave-lengths to reduce 
to the ratio of the number of quanta, the latter was found to be 


Osa61 > O4s58 : Osoa7 = 255 : 300 : 82 
= 9:11:3 


within 5 percent the accuracy of the experiment. The measurements 
were made with an accelerating potential of 10.2 volts applied to the tube, 
but as already pointed out, this ratio was found to be independent of the 
voltage. Coblentz® finds for the ratio of energy of these lines in the arc 
the value 4 :2 :1. 

The intensity variations of the lines. as the accelerating potential 
passes through critical potentials is of considerable interest. The follow- 
ing discussion will be limited to potentials less than about 9.8 volts as the 


* Coblentz, Long and Kahler, Bull. Bur. of Standards 15, 1 (1919). 
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series terms are separated so little at higher voltages that the voltage 
change of 0.1 or 0.2 volt between spectrograms does not accurately 
show detail. 

Fig. 3(b) shows that lines with an s orbit as the outer one have maxima 
at the minimum excitation potentials of succeeding s terms. That is, 
the probability of excitation of a term of the series shows a rapid increase 
starting 0.1 or 0.2 volt below the minimum excitation potential of a 
higher term of the series and marked decrease starting at that potential. 
Such character is very definitely shown by the curves for 26;—2s and 
2p:—3s in the region of the minimum excitation potentials of 3s, 4s 
and 4s respectively. 

In contrast with this behavior, Fig. 3(a) shows the curve representing 
the transition 22—2S with upward breaks at the minimum excitation 
potentials of 3S and 4S terms. However, there are no breaks in the 
curves for 2P—3S and 2/2.—35S at the excitation potential of 4S. The 
data indicate that such a break should have been found if present to an 
extent comparable with the breaks in the 2/2.—2S curve. 

The curves in Fig. 4(a) representing transitions 2;—3Ddj,23, 2p2 
—3Dd23 and 26;—3Dd; show upward breaks at approximately the 
minimum excitation potentials of higher terms of the series. Only a very 
general resemblance can be expected in these curves since because of the 
small dispersion of the spectrograph they represent the result of super- 
posing two or more lines, and the d orbits involved in the lines superposed 
are different for the different 2p orbits. The lines superposed, as indicated 
previously, are 26; —mD, 21— md123; 2b2—mD, 2p2—md23; and 2p3— mD, 
2p3— mds. 

The curves for the transitions 26:—4Dd1.3 and 22—4Dd2; are shown 
in Fig. 4(b) and are markedly dissimilar. They show much less similarity 
than found in the case of the transitions previously mentioned, those 
from 3D and 3d,23. Even the points of maxima and minima do not occur 
at the same voltages in the two curves. 

The accelerating voltage-intensity relation for the resonance line 
1S—2ps, (2537) was also determined. In the curve representing this 
relation, Fig. 2, there is an upward break between 5.4 and 5.5. volts 
which is believed to be due to the excitation of metastable atoms in the 
21 state which pass over to atoms in the 22 state as a result of impacts 
of the second kind. The downward break which is found at 5.8 volts 
corresponds most closely to the excitation of the molecular band theo- 
retically occurring at 5.7 volts. The upward break coming at 5.9 volts 


® Klein and Rosseland, Zeits. f. Physik 4, 46 (1921). 
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need not be interpreted as evidence of any new form of excitation, but 
only that a saturation value has been reached for the excitation of the 
molecular band. This is suggested by the fact that the slope of the line 
joining the points at 5.9 and 6.0 volts is approximately the same as the 
slope below 5.8 volts. There is a very marked downward break at 6.0 
volts. This is a potential at which Miss Messenger’® has shown that there 
is a rapid increase in the production of metastable atoms and hence this 
break is believed to be due to some form of excitation which produces 
little radiation but many metastable atoms. The general downward 
trend of the curve which started at the 6.0 volt break continues as far 
as 8.7 volts but in this interval there are three rather weak upward breaks. 
The significance of the first two of these, at 6.2 volts and 6.5 volts, respec- 
tively, is not clear. It is worthy of note that Miss Messenger’® found a 
point of increased formation of metastable atoms at 6.3 volts and it is 
possible that this is to be identified with one of these breaks just men- 
tioned. The third of these upward breaks occurs at 7.8 volts and is 
believed to be due to the presence of transitions from 2s to 2p at poten- 
tials above this value. The upward break at 8.7 volts marks the end 
of the general downward trend and the beginning of an upward siope 
which continues to 9.3 volts where there is a downward break. The 
upward break at 10.0 volts marks the beginning of an upward slope which 
continues to the highest potentials used. The 8.7 volt break is probably 
due to returns to 22 from 3D and 3d23 although the theoretical minimum 
excitation potential for these orbits is 8.8 volts. Since the 32 orbit has 
an excitation potential of 8.6 volts, this upward break at 8.7 volts might 
be interpreted as indicating for the 1S— 2» transition a behavior similar 
to that found for the 2.—2S transition which had an upward break 
at the minimum excitation potentials of upper terms of the series. Thus 
it is seen that it is possible that this 8.7 break is the result of more than 
one cause. At 9.0 volts there is an upward break in the curve which is 
believed to be due to the rapid increase in the excitation of 2s starting 
at this potential (See Fig. 3(b) ) which thereby increases returns from 
2s to 22 and hence increases emission of 1S—22. The interpretation 
of the breaks at the higher potentials is not possible as transitions from 
so many orbits above 9 volts lead to 22 that it is no longer possible to 
determine the cause of any given break. 

In considering the characteristics of these curves no reference has been 
made to double impacts of atoms and electrons as such impacts were 
found to be relatively improbable. If double impacts had been present 


‘© Miss H. A. Messenger, Phys. Rev. 28, 962 (1926). 
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two effects would have been noted. First, there would have been an 
appreciable positive ion current to grid O at potentials below the ioniza- 
tion point. No such positive ion current was shown by the galvanometer 
G and there was no spectroscopic evidence of ionization. Second, if 
double impacts had been relatively probable, upward breaks at both 
9.6 and 9.8 volts in the curve 1S—22 would be expected, the first due 
to excitation of 2; and 22 successively by an electron and the second 
due to successive 2.2 excitation. A small break at 9.6 is observed but 
none whatever at 9.8 volts. In view of these two tests, it is evident that 
double impacts produced no appreciable effect in these experiments. 

In conclusion, I thank Professor Harold W. Webb, at whose suggestion 
the work was undertaken, for his continued interest and guidance in the 
work. I also thank Professor H. W. Farwell for his encouragement and 
the laboratory facilities which he placed at my disposal. 

PHOENIX PHysICAL LABORATORIES, 


CoLuMBIA UNIVERSITY, 
August 13, 1926. 
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THE EFFECTS OF CHANGES IN POTENTIAL AND 
FREQUENCY ON THE LINE SPECTRUM 
OF CERTAIN GASES 


By JAMEs A. SWINDLER 


ABSTRACT 

Using a Hilger quartz spectrograph, size C, spectrograms were made from 
electrodeless tubes containing helium, hydrogen, nitrogen, neon,’ xenon, 
krypton, mercury and chlorine. High frequency peak voltages were computed 
from the equation E=KIV d)/C, where K is a constant depending upon the 
velocity of light and the cycles per second of the generator. An electroscope 
was constructed and calibrated for measuring the potential over the secondary 
of a 25000 volt transformer. Increasing the potential over the tube for either 
the 60 cycle or high frequency currents seemed merely to intensify the lines. 
Changes in frequency from 0.58 X10* to 1.91 10* produced no changes in 
spectra. When the potential was kept approximately constant, marked differ- 
ences were obtained, however, between the 60 cycle spectra and the high 
frequency spectra (1) of a chlorine tube containing nitrogen as an impurity, 
(2) of a helium tube containing nitrogen as an impurity and (3) of a helium 
tube containing mercury as an impurity. 


EVERAL experimenters'? have called attention to differences that 

have occurred in line spectra as a result of the manner in which the 
luminosity of the gas has been excited. When such excitation is produced 
by high frequency currents it is claimed that the nature of the spectrum 
depends upon the capacity, the inductance and the potential of the 
oscillating circuit. It is also claimed that such a spectrum is modified 
greatly by changes in the pressure and temperature’ of the gas. Since 
changes in inductance or capacity are, in most cases associated with 
changes in frequency, it would be interesting to know what part, if any, 
frequency plays in the production of spectra. 

In order to make a study of the latter problem, E. O. Hulburt* com- 
pared the spectra obtained from an oscillating tube circuit capable of 
variations in frequency ranging from 3X10° to 0.4310’ cycles per 
second with that obtained from a 25000 volt transformer actuated by a 


1 Merton, Proc. Roy. Soc. A89, 447 (1912); Twyman, Wave-length Tables, Adam 
Hilger, Ltd., London; McVicker, Marsh and Stewart, J. Chem. Soc. (England) 124, 
642 (1923). 

2 Foley, Proc. Ind. Acad. Sci. 34, 185 (1924). 

* Robertson, Phys. Rev. 19, 470 (1922); Wachsmith and Winawer, Ann. d. Physik 
42, 585 (1913); Dunoyer, Comptes Rendus 173, 350(1921); J. de Physique et le Radium 
3, 261 (1922). 

‘ Hulburt, Phys. Rev. 20, 127 (1922). 
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60 cycle alternating current and failed to find any differences in spectra 
resulting from the employment of different exciting frequencies. Since 
it is known, however, that high frequency spectra‘ do differ from those 
obtained by other methods of excitation, a further study of the problem 
seemed worth while. It is the object of this investigation, therefore, to 
determine, if possible, what effect changes in frequency or changes in 
potential have upon the spectrum of a gas at low pressure. 

In the present investigation the spectrum of helium, hydrogen, 
nitrogen, neon, xenon, krypton, mercury and chlorine were studied. 
Most of the tubes were of the electrodeless dumbbell type, 12 cm in 
length with cylindrical bulbs 2 cm in diameter and 4 cm in length having 
inner diameters of approximately one-half millimeter. These tubes were 
pumped, filled and sealed by the late Sir William Ramsey, being a 
portion of the six dozen used by Dr. A. L. Foley? in his investigation on 
the stability of matter. There were equal numbers of glass and of quartz 
tubes in the allotment. In addition to these, eight tubes were purchased 
from the Hilton-Davis Company of Cincinnati, Ohio. These tubes 
were all electrode tubes, but were used as electrodeless tubes in all cases, 
by coating the outside terminals heavily with paraffine and then wrapping 
tin foil around each bulb. 

A Hilger quartz spectrograph, size C, was used, giving a photograph 
20 cm in length between 42100 and A8000. Near \6000 this instrument is 
capable of resolving lines differing in wave-length by approximately 
2A, while in the neighborhood of 3000 the resolution is increased to 
differences of 0.12A. A cylindrical quartz lens was used in focusing light 
from the capillary of the tube upon the slit. 





























Fig. 1. Diagram of electrical connections. 


Fig. 1 is a diagram of the oscillating circuit used in this investigation. 
The primary of a one kilowatt, 25000 volt transformer HT was subjected 
to a 60 cycle alternating current led in through K,. The current through 


5 McVicker, Marsh and Stewart, loc. cit. 
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the ammeter A was controlled by the adjustable resistance R. The choke 
coils LL, grounded through the lamps a and b, were used to damp out 
any high frequency waves which might be carried over from the oscil- 
lating circuit. C was a two gallon Leyden jar having a capacity of 
0.00124 microfarads. The oscillating transformer OT was a pancake coil 
consisting of about five turns on the primary and ten turns on the 
secondary. In series with each of these coils, tuning coils of heavy copper 
wire were inserted. The capacity C in some cases was a small Leyden 
jar of 0.000533 microfarad capacity, in other cases an adjustable oil 
condenser of similar average capacity. The current through the hot 
wire ammeter /ZA varied from 200 to 2000 milli-amperes depending upon 
conditions of the tube and circuit. The coil Z; set up at approximately 
five feet from the oscillating circuit, consisted of two turns of wire. The 
diameter of these turns was about 10 cm. The wave meter W, which was 
found not to be in error by more than three percent of the correct wave- 
length, was used in measuring the frequencies of the oscillating circuits. 

The order of procedure was as follows: After the circuit had been 
approximately adjusted to the wave-length desired, the coupling having 
been arranged to give the desired intensity, the ammeters A and HA 
were read and the wave-length and the decrement of the oscillation 
transformer secondary circuit recorded. The scale was first photo- 
graphed, then the copper reference spectrum and then the tube spectrum. 
While making an exposure of the tube the slit was lengthened three times. 
This made possible the comparison of the intensities of lines having the 
same or different lengths of exposure. The total exposure varied from 
fifteen minutes in case of some of the tubes to as much as two hours in 
the case of others. The above procedure was repeated for one or two other 
frequencies. Then by use of switches K, and K; a sixty cycle frequency 
direct from the transformer was impressed upon the tube. 


THEORY OF HiGH VOLTAGE DETERMINATIONS 


In the earlier part of this investigation a spark gap S, placed parallel 
with the tube, gave an estimation of the potential across its terminals ; 
later this potential was computed in the following manner. 

Voltage determination at high frequency. At the moment the discharge 
over the terminals of the condenser begins, letting I) be the initial 
current amplitude, Eo the initial voltage over the condenser terminals, 
C the capacity and w the frequency factor 27m, we have 

Iop=wCEo. (1) 
Assuming that all the energy of each train of waves is dissipated before 
the next one begins, letting JT be the period of a train of waves, in this 
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case 1/120 of a second, W, the energy dissipated in each train, then, 
since these two energies must be equal 


RPT=3LI¢, (2) 


where L is the inductance of the circuit. Since d the decrement of a 
damped wave may be written d= Rt/2L, solving for R/L and substituting 
in the above equation gives 


I? =4dTI?/t (3) 


Writing ¢ in terms of A, the wave-length, and combining Eqs. (1) and 
(3) gives, providing C is kept constant 


Ey=KIV/ax. (4) 


In Eq. (4) K then becomes (1/ 4C)V T/ V, where V is the velocity of 
the electric waves. 

The decrement of the wave-meter was determined by the ordinary 
method® of reducing the root-mean-square value of the current to one- 
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Fig. 2. Calibration curves for wavemeter and decremeter. 


half value. In doing this two values of the capacity were found, one on 
either side of the resonance value. Under conditions of loose coupling 
the decrement is then given by the equation 


d,;+d.= a(C2—C1)/(C2+C)) ? 


where d; is the decrement of the wave-meter and d, the decrement of the 

sending circuit. If the wave-meter is tuned to a continuous wave sending 

circuit, dz is obtained directly. As the decrement of the wave-meter 
* Ramsey, Proc. Ind. Acad. Sci. for 1922, pp. 223-226. 
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was found to vary with the frequency, curves were plotted showing the 
relation between decrement and wave-length for the coils used. With 
d, known the above equation gave the values of the decrement of the 
tube circuit. . 

When the capacity was kept constant and the inductance varied,the 
potential over the terminals of the condenser remained practically 
constant, providing the current through the hot wire ammeter was not 
altered. A number of photographs were taken in which a high frequency 
spectrum at resonance under moderately close coupling could be com- 
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Fig. 3. Calibration curve for electroscope. 
pared with one in which the frequency in the primary circuit had been 
lowered, all other factors in both circuits being left undisturbed. As the 
wave-meter showed practically no change in wave-length, thus indicating 
impulse excitation, the author concludes that whatever change took place 
in the spectrum was the result of a change in potential alone. 

Voltage determination at 60 cycles. Assuming that the ratio of the 
voltages of the primary coil to that of the secondary coil remains constant 
for all potentials, an electroscope was constructed and calibrated having 
a range of from 0 to 15,000 volts Fig. 3. Peak voltages were obtained by 
multiplying by V/ 2 Voltages computed in this way are shown in Table 
I, 

RESULTS 


Chlorine. The tube used in making Plates 125 and 128 (Figs. 4 and 5) 
was one marked Chlorine B, an electrodeless quartz tube. The pressure 
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in this tube was exceedingly low. Few if any of the lines shown in these 
spectrograms are due to chlorine. In photographs of the 60 cycle fre- 
quency, a great many nitrogen bands appear between A2800 and 4100. 
All photographs of the 60 cycle show similar results, the only difference 
being that increasing the potential seems to intensity the spectrum. 
When frequencies of 1.5X10® and 1.1X10° cycles per second were 
impressed upon the tube the appearance of the spectrum was almost 
completely changed. All the nitrogen bands were more or less suppressed 
and the so-called cyanogen band at A3884 came out with maximum 
intensity, extending almost to 43700. This would seem to throw some 
doubt upon the opinion held by some,’** that this band is due to the 
N2 molecule. It at least suggests a different carrier from that of the other 
nitrogen bands. The silicon lines at \2881.7 and 2479.8 were brought out 
strongly in the high frequency spectra but did not show at all in the 
60 cycle spectra. Since the potential over the tube for the 60 cycle fre- 
quency was equal to or greater than that of the high frequency spectra, 
the author believes that these lines were brought out as a direct result of 
the more rapid vibrations of the high frequency waves. 

Helium. Photographs were made from six different helium tubes and 
from one hydrogen-helium tube. All of these tubes except one, a quartz 
tube, were obtained from the Hilton-Davis Company and were new tubes. 
The pressures in. these different glass tubes at the time when they were 
sealed varied between 1 mm and 6 mm. The tube used in making Plate 
129 (Fig. 6) had a pressure of 1 mm. A number of lines due to mercury 
and other impurities appear (See Table I, Plate 129, Fig. 6). The main 
differences in spectra seem to be that the mercury lines 45460, 4358 and 
4046 of the sharp series, as well as the diffuse triplet 43663, 3655 and 
3650, are greatly intensified by high frequency waves. The quartz tube 
used in making Plate 132 (Fig. 7) had a very low pressure. Most of the 
lines and bands shown in the photograph are due to nitrogen. Voltages 
and frequencies are given in Table I. In the spectrogram of the 60 cycle 
frequency many nitrogen bands appear, which become less intense as 
high frequency excitation is impressed upon the tube. At the same time 
the cyanogen band 3884 comes out brilliantly and lines due to the walls 
of the tube appear in the ultra-violet. Plate 116 (Fig. 8) shows these 
changes in a remarkable way. All tubes filled with pure helium at pres- 
sures between 1 mm and 6 mm showed no changes in spectra when the 
frequency was changed from 60 to 1,000,000 alternations per second. 


7 Runge and Grotrian, Phys. Zeits. 15, 545 (1914). 
8 Sommerfeld, Atomic Structure and Spectral Lines, p. 429; Campbell, Series 
Spectra, Camb. Phys. Ser., Chap. XV, p. 105. 
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Fig. 4. Plate 125. Chlorine B. Electrodeless quartz tube. 
Explanation given in Table I. 
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Fig. 5. Plate 128. Chlorine B. Electrodeless quartz tube. 
Explanation given in Table I. 
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Fig. 6. Plate 129. Helium. Electrodeless glass tube. Explanation 
given in Table I. 
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Fig. 7. Plate 132. Helium. Electrodeless quartz tube. 
Explanation given in Table I. 
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TABLE I 
Conditions under which the spectrograms of Figs. 4, 5, 6, 7 were taken. 
= , 2 ' ' ' n 2 
. zs Be Os E 2 3 
2 = £6  . s B 5 wi 
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3 2 a5 £ = ~~ SO ° =) 5 M4 
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3 a5 Eo o Spe 3S 5'o 2 So 
S xo 3% o e oS OMe oo > vo 3 Ss > 
a wg OSEé i OES AE AS F a8 
Plate 125 
Quartz electrodeless, Chlorine B 
a 30, 20, 10 Small 60 oe 
b 15, 10,5 0.67 1.11X10° 350 0.266 0.072 14180 
c 15, 10,5 0.73 1.50X10° 350 0.181 0.091 14950 
d 60,40,20 Small 60 com. Cala SRG MAGE waeeee 
Plate 128 
Quartz electrodeless, Chlorine B 
a 15, 10,5 0.71 0.93 x 108 350 0.0594 0.654 15630 
b 15, 10,5 0.72 1.48 x 10° 350 0.0660 0.460 .... 10500 
c 60, 40, 20 Small 60 oe NN mee 404 61.4 12870 
d 30,20,10 Small 60 Sea Sigh ~~ aukaws 73.5 17270 
Plate 129 
Helium glass, electrodeless 
a 10,5,5 0.30 1.45 x 10° 350 0.0475 0.1465 7900 
b 10,5,5 0.30 1.03 X 10° 350 0.0667 0.1273 .... 8760 
c 20.10,10 Small 60 seh weede. Sceleaie 44.7 8760 
d 10,5,5 Small 60 - ye. etrwhet 67.0 14500 
Plate 132 
Helium quartz, electrodeless 
a 15, 10,5 0.78 1.17 X10° 570 0.0588 0.0624 .... 9160 
b 15, 10,5 1.21 0.91108 927 0.0762 0.0524 .... 9080 
c 15, 10,5 0.80 0.58 X 10° 681 0.0842 0.0427 .... 9260 
d 15, 10,5 0.77 1.91 X10 500 0.0360 0.0780 .... 9270 
e 60,40,20 Small 60 oa ike. wma 46.1 9190 
f 30,20,10 Small 60 aca” woes 74.0 17600 
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Neon. <A quartz electrodeless tube gave spectrograms showing no 
changes in spectra for slight changes in frequency, i.e., from 0.410° 
to 1.5X10® alternations per second. Marked differences were shown, 
however, when compared to the 60 cycle spectrum. A great many lines 
appeared in the violet and ultra-violet end of the high frequency spectrum 
which either did not appear at all in the 60 cycle spectrum, or appeared 
with reduced intensities. Two new neon tubes, which had not been used 
previously and which had pressures of approximately 6 mm at the time 
they were sealed, indicated no changes in spectra when the frequency 
was changed from 60 to 1,000,000 alternations per second. 

Krypton. It was noticed in the case of an electrodeless quartz tube, 
that, if resonance conditions were established in the oscillating circuits 


25 30 35 40 45 50 60 
Ce 
Pei 
SRR I eee 


Fig. 8. Plate 116. Helium. Electrodeless quartz tube. (a) Freq. 60; exp. 10-20-30 
min.; current less than 1 m.a. '(b) Freq., resonance, 1.48 10*; exp. 10-20-30 min.; 
current through tube 40 m.a. (c) Freq. in secondary, 1.48 X 10°, in primary 0.91 X 108; 
exp. 10-20-30 min.; current through tube 15 m.a. 
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Fig. 9. Plate 109. Krypton. Electrodeless quartz tube. (a) Freq. in secondary, 
1.70 X 10°, in primary 0.84 < 10°; exp. 40-20 min.; current through tube 25 m.a. (b) Freq., 
1.70 X 10°, resonance; exp. 16-14 min.; current through tube 75 m.a. 





and the inductance of the tuning coil in the primary circuit changed 
gradually the color of the light given out changed from a bright blue to 
a pale yellow. The differences in spectra are shown in Plate 109 (Fig. 
9). A number of plates were exposed each time with the same results. 
Upon closer inspection it was found, that, when conditions were such as 
to produce the yellow light, only two main lines appeared in the visible 
spectrum, the yellow line and the green line. In addition to these there 
were a few blue and violet lines, which appeared with greater intensity 
on the photographic plate than to the naked eye. As the inductance in 
the primary circuit was brought nearer its resonance value, line after 
line appeared in the violet and ultra-violet, while the yellow line and 
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green line, mentioned above, became somewhat weaker in intensity. 
At the same time the point of maximum energy was shifted toward the 
violet. As the wave-meter indicated that practically no change in fre- 
quency had occurred, the difference was attributed to a change in po- 
tential. At resonance the potential as indicated by the sparking distance 
was approximately four times as high. 

Hydrogen, mercury and xenon. A few spectrograms were made from 
hydrogen and xenon tubes, but no changes worth mentioning were found. 
One mercury plate showed marked differences between the 60 cycle 
spectra and the high frequency spectra ; but, as the tube had to be heated 
in order to get the discharge through it, little significance was attributed 
to these changes. It is known* that the spectrum of a heated mercury 
tube is quite different after heating from what it was before heating. 


CONCLUSIONS 


The results obtained from these experiments seem to warrant the 
following conclusions: 

1. That the spectra of the gases, hydrogen, helium, neon, krypton, 
xenon, nitrogen, mercury and chlorine, in no case show differences in 
spectra for changes in frequency between 210° and 0.4X10° alterna- 
tions per second, when the potential is kept approximately constant. 

2. That the high frequency spectra and 60 cycle spectra of the gases 
studied appear to be identical for pressures between 1 mm and 6 mm. 

3. That for low pressures high frequency spectra differ widely from the 
60 cycle spectra in neon, krypton and in chlorine or helium tubes con- 
taining nitrogen. 

4. That mercury when existing as an impurity in a helium tube comes 
out more strongly when stimulated with Tesla frequencies than when 
stimulated with 60 cycle frequencies of equal potential. Especially is 
this true of the lines 45460, 4358 and 4046 of the sharp series and the 
diffuse triplet \3662.8, 3654.8 and 3650.1. Slight changes in frequency, 
however, seem to produce no differences in spectra. 

5. That in chlorine tubes containing nitrogen, the nitrogen bands are 
brought out much more intensely by the 60 cycle currents than by high 
frequency currents with possibly one exception. The so-called cyanogen 
band at 3884 is greatly intensified by high frequency currents. This 
would seem to throw some doubt on its being due to the Ne molecule as 
suggested by Runge and Grotrian.’ 

6. That lines due to the walls of the tube are at the same voltage more 
easily brought out in high frequency spectra than in 60 cycle spectra. 
Especially is this true of the silicon lines A2881.7 and 2479.8. These 
lines appear in the spectra of both quartz and glass tubes. 
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7. That the characteristic differences between 60 cycle spectra and 
high frequency spectra are not due to a change in potential but rather to 
some sort of a trigger action on the part of the high frequency waves 
which make possible the release in the atom of a greater variety of quanta. 

In conclusion the author wishes to express his thanks to Dr. A. L. 
Foley of Indiana University, who suggested the problem and under whose 
direction the work was done. Thanks are likewise due Dr. R. R. Ramsey 
for many helpful suggestions on the electrical side of the problem, and 
to John G. Moorhead, with whom the author was associated in the 
earlier part of this work. 
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THE TIME INTERVALS BETWEEN THE APPEARANCE 
OF CERTAIN SPECTRUM LINES OF HELIUM 
AND OF MERCURY 


By J. W. Beams* Anp P. N. RHODES 


ABSTRACT 


The times between the appearance of certain lines in the visible region of 
the spectrum of helium and of mercury have been measured by a method 
previously described. The results are tabulated. The time intervals were 
found to be independent of the conditions of excitation of the spectrum lines 
and are believed to be of the same order of magnitude as the differences in the 
total times between excitation and emission of the various lines investigated. 


METHOD for the study of the time of appearance of spectrum 

lines in the beginning of spark and condensed discharges has been 
recently developed.':? It was found that the times between the appear- 
ance of the spectrum lines of the elements investigated are practically 
independent of the conditions of excitation,’ and are of the same order of 
magnitude as the differences in the total time from excitation to emission 
for various spectrum lines which would be expected from the experi- 
ments of McPetrie‘* and others,® on the average time an atom remains 
in the excited state before emission. The above work has been ex- 
tended and this paper gives the results for the visible region of the 
spectra of helium and mercury. 

The experimental method is the same as that previously described in 
detail.2 In the case of helium most of the observations were taken with 
the gas at6to8 mm pressure in a very short discharge tube of the H 
type so constructed as to permit the capillary to be viewed end-on 
through ring electrodes co-axial with it. The spectrum of a spark through 
helium at atmospheric pressure was also studied, but under these con- 
ditions most of the parhelium lines were too faint to permit of accurate 
time interval measurements. However, good readings were obtained 
with orthohelium lines and the results agree within experimental error 
with those taken by means of the discharge tube. 

In the case of mercury, a discharge tube similar in type to the helium 
tube, and containing a few globules of mercury, was strongly heated 

* National Research Fellow. 

1 Brown and Beams, J.O.S.A. 11, 11 (1925). 

2 Beams, Phys. Rev. 28, 475 (1926). 

3 Beams, Phys. Rev. 27, 805A (1926). 


* McPetrie Phil. Mag. 1, 1082 (1926). 
5 See Foote and Mohler, Origin of Spectra, p. 93. 


1147 

















1148 J. W. BEAMS AND P. N. RHODES 


with a bunsen flame in a porcelain container, so constructed that an 
unobstructed end-on view of the capillary could be obtained. Under the 
influence of heat and a heavy discharge a rich spectrum was obtained 
in which a few of the spark lines were of an intensity almost equal 
to that of the arc lines. The fact that the tube had to be strongly heated 
gave opportunity for observations under different conditions of tempera- 
ture, and therefore, of different vapor pressures of mercury. The in- 
tensity of the different spark lines varied considerably, being greatest 
at the highest temperatures, but no changes in time intervals were 
noted in the case of either spark or arc lines from the maximum tempera- 
ture the tube could stand without burning up the electrodes, down to a 
temperature so low that a discharge would not take place in the tube. 
Furthermore, in the cases of several lines, observations were taken using 
a mercury spark in air in place of the discharge tube with no observed 


TABLE I 
Time intervals between the appearance of certain spectrum lines of helium and mercury. 





Wave-length in Type of line Integrated Revised Paschen Time intervals 





ngstrom units intensity series notation in sec X 108 
Helium 
4686 Spark 4 First member Fowler series 
(not measured) 
5016 Parhelium 6 2S—3P 
1.20 
4922 Parhelium 5 2P—4D 
.07 
4472 Orthohelium 10 2p1,2—4D 
2.47 
5876 * Orthohelium 10 21,2—3d : 
23 
4713 Orthohelium 4 2p1,2—3s 
5.06 
6678 Parhelium 6 2P—3D (doubtful) 
Mercury 
5427* Spark 8 2.55 
5679* Spark 6 
.30 
5872* Spark 4 
.46 
5461 Arc 10 2p1—2s 
4.23 
4340) ** Arc 10 2P—4d, 
434| 2P—4d; 
4348 2P—4D 
4358) 2p2—2s 
3.73 
5770) ** Arc 10 2P—3d2 
5790 2P—3d; 
5791 2P—3D 
- 2.89 
6235 Arc 5 2S—5P (very doubtful) 





*Notation not established. 
**Unresolved. 
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differences greater than experimental error. Table I gives the results 
obtained. The precision of the measurements was at least .3<10-* sec. 

It will be noted that in the cases of both helium and mercury the spark 
lines appear first. This is in accord with the results previously found 
with cadmium, magnesium, zinc and nitrogen,’ and lends support to the 
idea that if the degree of ionization is increased the probability of an 
electron jump is likewise increased, and thus the time between the excita- 
tion and the emission of a spectrum line is decreased. This might be 
expected because of the higher electric field in the neighborhood of 
multiply ionized atoms as compared with atoms only excited. This, 
however, does not hold unless there is a large difference in the electric 
fields because the time of appearance of lines emitted by an atom while 
in the same stage of ionization is certainly not a simple function of the 
energy values assigned to the various upper levels or to the frequency 
of the line emitted. 

In the case of helium, the parhelium lines 2S—3P and 2P—4D appear 
before the bright orthohelium lines, but the parhelium line 2P—3D is 
the last to appear. This latter observation is interesting because the 
lines 2P—4D and 2P—3D belong to the same series, yet are observed 
to appear almost 10~’ seconds apart. As is indicated in the table, the 
time of appearance of 2P—3D is doubtful, since the sensitivity of both 
the eye and of the photographic plate decreases in this region, yet the 
value given is probably of the right order of magnitude. 

In the orthohelium spectrum the observed lines have the same :,2 
final levels but different initial levels. The results then indicate that the 
electron remains on the average about 2.47 X10-® sec. longer in the 3d 
energy level than in the 4d energy level, and 2.27 X10-° sec. longer in the 
3s energy level than in the 3d level. It is unfortunate that these close 
orthohelium doublets could not be resolved, for if a time existed between 
the appearance of the two members of the doublet, then this time should 
be a function of the ~:1,2 levels only, and hence practically the same for 
each of the doublets. 

In considering mercury no conclusions can as yet be drawn from the 
sequence of the spark lines as their spectroscopic notation has not been 
established. In the arc spectrum the line 26, —2s appears before 262—2s, 
which is in accord with the results found previously for cadmium, zinc, 
and nitrogen, and strengthens the emphasis placed there upon the im- 
portance of the final level in determining the time before emission. It is 
to be regretted that under the conditions of observation the members 
of the two groups which have the same 2P level could not be clearly 
separated, but it is hoped that this will be overcome in future work. 
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In conclusion the authors wish to acknowledge their indebtedness to 
Professors L. G. Hoxton, C. M. Sparrow, and F. L. Brown for many 
helpful suggestions, and to Mr. A. J. Weed, instrument maker, for aid 
in the construction of apparatus. A supply of helium for part of the work 
was made available through the courtesy of Mr. Scott Turner, Director 
of the Bureau of Mines. 


Rouss PuysicaL LABORATORY, 
UNIVERSITY OF VIRGINIA, 
July 20, 1926. 
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POLARIZATION BY ELECTRON IMPACT 


By J. A. ELprIDGE AND H. F. OLson 


ABSTRACT 


If the spectrum excited by low velocity electrons in mercury vapor at low 
pressure be observed from a direction normal to the electron beam it has been 
found that many of the lines are polarized (Ellett, Foote and Mohler, and 
Skinner). Except when the excited atom is in a state having a minimum value 
for j, the usual theory predicts such polarization, and further indicates that 
the polarization (electric vector) should be parallel to the electron stream for 
lines which have Aj = +1 and normal to the electron stream when Aj=0. The 
observation shows that for the first subordinate series the polarization is in 
accord with this theory. For the second subordinate series the polarization 
is always much weaker, and the indication is that the sense of this polarization 
is not in agreement with that predicted by theory. 


LLETT, Foote and Mohler! have pointed out that when an electron 

having the energy required to cause an electronic displacement 
collides with an atom that the change in angular momentum of the 
atom (proportional to Aj) must -have its vectorial direction in a plane 
normal to the velocity of the electron. This is quite easily seen. The 
angular momentum of this impacting electron with respect to any nearby 
atomic center is in a plane normal to the velocity. Since after collision 
its velocity is zero, the change in the angular momentum is perpendicular 
to the velocity. So it is for the exciting electron and so it must be for the 
excited atom. 

If the energy is greater than this critical value so that after collision 
some velocity is retained the angular momentum given to the atom will 
no longer be confined to this normal plane but may be in directions 
making considerably less than 90° with the velocity the electron had 
before striking. Indeed we may suppose that the direction of Aj will be 
the more nearly in this plane the smaller v and the larger Aj. If Aj is 
0 there is no reason to expect selective orientation. 

The actual direction of the angular momentum of the atom in space 
will be given by the vector sum j,+Aj where j, is the angular momentum 
of the initial (1.S) state. j, is 0, } or 1 according respectively to Sommer- 
feld, Landé and Bohr. Consequently, unless we adopt Sommerfeld’s 
hypothesis, the actual direction of 7 will depart somewhat from the 
direction of Aj and particularly will this be the case for small values of . 


1 Ellett, Foote and Mohler, Phys. Rev. 27, 31 (1926). 
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Take the specific case mercury vapor. If the vapor be excited by an 
electron stream having a velocity higher than the ionizing velocity, the 
electrons will be displaced from the normal 1S orbit to higher orbits and 
usually to orbits with greater angular momenta and the j vectors will 
in this excited state be, to some degree of approximation, confined to the 
normal plane. Exceptions are the mS and mp; orbits which have the same 
inner quantum numbers (3 according to Landé) as the 1S orbit. It is 
probable that this orientation will be more exactly obtained for the 
d\(j=7/2), the de, D, p:(j =5/2) orbits than for the ds, p2, P and s(j =3/2) 
orbits. 

Granting this approximate orientation it is possible from the corre- 
spondence principle to predict the type of polarization. It follows from 
this principle if Aj= +1 that the light given out by the atom should be 
circularly polarized about Aj axis and if 4j=0 the light is linearly po- 
larized along the j axis (the Aj refers at present to the change occurring 
in the return of the electron and is not to be confused with the Aj of the 
former paragraph). We may suppose for simplicity that the Aj of the 
returning electron is a vector in the same direction as 7 itself. 

If the beam of electrons be sent in the direction v and the tube be 
viewed perpendicularly to the beam as.shown in Fig. 1 the atoms in all 








Fig. 1. 


states other than nS and np, will be oriented according to this theory 
approximately in the plane normal to v. Transitions from such a state 
involving 4j=0 should result in lines polarized perpendicularly to the 
electron stream. Transitions involving Aj=+1 which give out light 
circularly polarized at random directions in the normal plane result, 
in statistical aggregate, in light polarized parallel to the electron stream. 
The maximum possible value for perfect atomic orientations will be 
100 percent for the perpendicular lines and 33 percent for the paraliel. 

Ellett, Foote and Mohler excited the line 1S—22 (A2537) with 
voltages slightly above the resonance potential and found this line 
perpendicularly polarized, contrary to theory. Because of the long life 
of the 22 state, this polarization is found only at very low pressures 
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and with a neutralized earth’s field. Skinner,? examining the visible 
mercury spectrum, found the lines originating in s or S orbits unpolarized. 
Those originating in d or D orbits (with one exception) were polarized 
in every case parallel to the current. 

The present writers have observed the polarization of the lines of the 
mercury spectrum from A2400 to 4400 with greater dispersion than 
used by Skinner, who was unable to resolve the d, D levels. The tube 
used is shown diagrammatically in Fig. 2. A Pyrex tube was lined with a 
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To 
Spectrograph 
Fig. 2. Diagram of apparatus. 


copper cylinder 6 and gauze b’. An oxide coated platinum strip a elec- 
trically heated placed within 1 or 2 mm of the gauze served as a cathode 
giving a well defined stream of electrons when suitable voltage was 
applied to 6’. A well e containing mercury could be maintained at any 
desired temperature. At c a reentrant quartz window was sealed to a 
table containing a suitable diaphragm and opposite it was a light trap d. 
The light through the diaphragm opening was focussed on the slit of a 
quartz spectrograph being first separated into two oppositely polarized 
images by means of a Wollaston prism f. A large quartz spectrograph, 
Hilger, 2 meter focus, Littrow mount, was used. 


2 Skinner, Nature 117, 418 (1926). 
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For the lines investigated (which did not include \2537) the amount 
of polarization is not greatly affected by the vapor pressure even when 
the mercury is kept at a temperature as high as 60°C. Only when condi- 
tions are such that an arc is started in the tube, is the polarization 
greatly reduced. The results here presented were obtained at room 
temperature. Since, as one would expect, the polarization is weakened 
at higher voltages, it was found advisable to work within two volts of the 
ionization potential. Under the conditions of the experiment the emission 
is not very strong and exposures of several days were necessary to bring 
out some of the weaker lines. The results are given in Table I. 








TABLE I 
» Transition Pol 4; nN Transition Pol 4; 
4358 2p2—2s | 0 3021 2p1—4d; q —1 
4344 2P—4D i —1 2967 2p3—3d; Weaki -—1 
4108 2P—4S Weak +1 2925 2p1—4s Weak +1 
4077 2p2—2S Weak +1 2894 2p2—3s i 0 
4047 2p3—2s Weak —1 2848 2p2:—35S I +1 
3907 2P—5D 4 —1 2804 2p1—Sdz 2 0 
3663 2p1—3D i 0 2803 2p1—Sd, N —1 
3655 2p1—3d L 0 2760 2p1—5s Weak +1 
3650 2p1—3d, l —1 2753 2p3—3s Weak —1 
3341 2pi—3s Weak +1 2701 2p1—5D i 0 
3131 2p2—3D l —1 2700 2p1—Sd, 1 0 
3125 2p2—3d2 I —1 2699 2p1—5d, I -1 
3027 2p1—4D 1 0 2655 2p2—4D \ ~f 
3026 2p1—4d; Weak +1 2653 2p2—4d; Weak 0 


3023 2p1—4d2 Fa 0 2652 2p2—4de N —1 





We have been unable to measure with consistency the polarization 
of the more weakly polarized lines. Our results agree with those of Skinner 
to the extent that we find that lines corresponding to transitions from 
the s or S orbits are polarized weakly if at all. There seemed to be no 
question as to the polarization in some cases but for the most part, 
though it is very likely that some small amount of polarization is present, 
it is not great for these lines and we have not indicated the trace of 
polarization found in these cases. 

According to the theory no polarization is expected in the case of the 
terms involving S since there is in the theory no reason to expect atomic 
orientation ; no change of angular momentum takes place at the impact. 
The observation shows that the polarization for these lines is usually 
certainly very small. The polarization of terms involving s is equally 
weak and this is less easily accounted for. The value of 7 in this case 
is not large and from the theory sketched above we might expect the 
atomic orientation to be much less perfect in such a case than when 
a level having a large angular momentum is involved. The difficulty 
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is that in some cases these lines are definitely polarized and in other 
cases probably polarized slightly and in such cases the polarization is as 
often as not contrary to the theory. The first line in the table illustrates 
this point. 

Considering, now, lines corresponding to transitions from the d(D) 
levels, lines of the first subordinate series, one finds in most cases very 
striking polarization, the one component being often two or three times 
as strong as the oppositely polarized component. In these cases, which 
usually involve large values of j, we expect the orientation of the atom 
to be most perfect and for these lines there is close agreement between 
our results and those predicted from the theory. Indeed this agreement 
is perfect except that in the case of transitions from the d; level the 
polarization is weak and our results have not been entirely consistent. 
The line 23— 3d; should be polarized parallel and this line is unquestion- 
ably so polarized, though the polarization is not strong. The lines 
261—3d3 and 22—3d; cannot be observed as they were not separated 
from the stronger lines 26,—3D and 262—3D. The higher members 
2p:1—4d; and 22.—4d; are polarized weakly and our observations have 
not been consistent for these lines. This is not very satisfactory, yet 
it does appear to be in line with our other observations. It should be 
noticed that the value of j in this case is only 3/2 (Landé) and from the 
results in the case of the s terms we are led to believe that small values 
of j7 are accompanied by weak polarizations and polarizations as often 
as not contrary to theory. 
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Fig. 3. Graphical representation of results for the first subordinate series of mercury 


In Fig. 3 are presented graphically the results in the case of the first 
subordinate series. We show here the two oppositely polarized spectra, 
somewhat as they appear in the spectrographs except that the com- 
ponents of the triplet have been separated for the sake of clearness. 

It appears that for larger values of j there is a good agreement between 
our results and the theory. The agreement with the theory for the 
larger values of angular momentum and disagreement for the smaller 
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reminds one somewhat of the correspondence which so often occurs 
between atomic phenomena and classical theory for the larger orbits. 
Whether there is indeed much significance in the generalization which 
we have made can only be determined by an extension of the work. 

HALL oF PHysIcs, 

University oF Iowa, 
September 24, 1926. 

Note (November 1, 1926). In a recent paper Skinner gives results 
which are in substantial agreement with those presented in this paper. 
(Proc. Roy. Soc., October, 1926.) In this paper we have used the concept 
of Rubinowicz that the atom emits circularly or linearly polarized light 
according as its angular momentum does or does not change. Skinner 
invokes the hypothesis of spectroscopic stability to account for the sign 
polarization. Either theory suffices to explain qualitatively the results in 
the diffuse subordinate series and neither explains satisfactorily results 
in other series. However it appears from recent quantitative measure- 
ment that in at least one case (2P—4D) it is possible to obtain a line 
polarized 60% parallel to the exciting current. The theory as developed 
above permits but 33% polarization parallel to the current. Indeed such 
a result seems quite inexplicable by a theory (such as that of Rubinowicz) 
which assumes the radiation in question is composed of circularly polar- 
ized light quanta; such a result supports the hypothesis of spectroscopic 
stability. To be sure by substituting the concept of elliptically polarized 
for circularly polarized light the theory given above could probably be 
made to accomodate this quantitative result. 
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THE BAND SPECTRA OF CARBON MONOXIDE 


By Raymonp T. BirGE 


ABSTRACT 


All of the numerous band spectra formerly attributed to carbon are due 
probably to carbon compounds. A majority of those analyzed are now definitely 
known to be due to carbon monoxide, as a result of the intercorrelation of the 
various systems and the correlation of one of these systems, the fourth positive 
group of carbon, with the known absorption spectrum of CO. 

The known band spectra of neutral carbon monoxide comprise the fourth 
positive group of carbon, the Angstrém CO bands, the Cameron bands, and the 
third positive group of carbon,—this latter group having been shown by 
Duffendack and Fox to comprise in reality two different systems. The relation 
of these various systems is indicated in Fig. 1 and Table I. The band systems 
of ionized carbon monoxide,—i.e., the comet-tail bands, the first negative group 
of carbon, and the Baldet-Johnson combination bands,—are also shown in 
this figure. 

The fourth positive group of carbon, as analyzed by the writer, comprises 
the former group of that name, and also Lyman’s fifth positive group, and 
practically all the remaining unassigned bands found by Lyman in the ultra- 
violet spectrum of carbon monoxide. Full details of this analysis are given, and 
the results are tabulated in Table II and in Fig. 2. The bands found by Leifson 
in the absorption spectrum of cold carbon monoxide form a selected portion of 
this system, proving that it is the ‘‘resonance’”’ system of CO. The system is 
also quantitatively related to the knowninfra-red absorption bands of CO in the 
manner demanded by the quantum theory. The general intensity distribution 
is in agreement with Franck’s mechanical theory, as extended by Condon. The 
vibrational data obtained from this system have been used by Birge and 
Sponer to calculate the heat of dissociation of CO. 

The Angstrém CO bands have as a final state the initial state of the fourth 
group, and this relation permits a definite assignment of vibrational quantum 
numbers for the Angstrém bands. Recent work by Jassé on the fine structure 
of these bands is in agreement with this assignment. All of the measurements 
on the heads of the Angstrém bands are collected in Table III and are compared 
with the calculated] values. A puzzling discrepancy in one of the vibra- 
tional energy intervals is noted and discussed. 

The Cameron bands and the third positive group of carbon have been found 
by Johnson to have the same relation as the above two systems, and the 
Cameron bands form a second “resonance” system for CO. They have re- 
cently been found in absorption, by Hopfield. The common electronic level of 
these two systems is probably triple, although the bands of each system have 
either five-fold or six-fold heads. The various relations are discussed in detail, 
and equations are given in all cases. 

Recent work indicates that the electronic energy levels of molecules are 
similar to those found in atoms, and an assumed octet structure for CO suggests 
its correlation with Mg. The actual details of this correlation are given, but no 
attempt is made to discuss critically the underlying theory. The levels for CO 
are shown to be either single or triple, and the only two levels belonging to the 
same term sequence are found to fit a Rydberg formula with the known correct 
limit. 
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INTRODUCTION 


N PAGES 226-234 of Vol. V of Kayser’s ‘““Handbuch der Spectro- 
scopie,” and on pages 131-147 of Vol. VII, part 1, there are listed 

the various band spectra assumed due to carbon or its compounds. 
It would appear at the present time that none of these spectra are due 
to the molecule of carbon, and it is doubtful if such a molecule (diatomic) 
exists. The violet and red cyanogen bands are almost certainly due to 
the molecule CN,! and the so-called C-++H bands to the molecule CH.” 
The Swan bands are probably due to C:He, but this is still very uncer- 
tain. The group of Deslandres and d’Azambuja,‘ and the second negative 
group of Deslandres and d’Azambuja‘ are so incompletely known that 
it is not possible as yet to give even an empirical analysis. The high 
pressure CO bands of Fowler’ and the triplet bands of Merton and 
Johnson can be analyzed and reasonably certain quantum assignments 
made.’ The chemical origin of these four systems is however not known 
with certainty. All of the remaining band systems listed under carbon 
in the Handbuch, as well as others discovered quite recently, are defi- 
nitely known to be due to CO or CO?, and form the subject of this paper. 
Until very recently it was impossible to give the exact chemical origin 
of practically any band system, even of those most exhaustively in- 
vestigated. The long controversy concerning the Swan bands*-® is a 
case in point. The striking advance made within the past year or two rests 
mainly upon the discovery of two related facts, (1) the identity of numerical 
constants in certain different band systems, proving that all the systems 
thus related must be due to the same chemical molecule, (2) the discovery 
of at least one of these related systems in absorption in the cold (or fairly 
cool) vapor of some known molecule. A further criterion, whieh in 
many cases is sufficient for the identification, is the evaluation of the 
moment of inertia of the molecule. This last is the deciding factor in 
assigning the C+H bands to CH, and the Swan bands to some sym- 
1 Birge, Phys. Rev. 23, 294 (1924); Mulliken, Nature 114, 858 (1924); Freundlich 


and Hochheim, Zeits. f. Physik 26, 102 (1924); Holst and Oosterhuis, K. Akad. Amster. 
Proc. 23, 727 (1921); and Kayser VII, pp. 131-135. 

* Kratzer, Zeits. f. Physik. 23, 298 (1924), and Chap. IV, Sections 7 and 8, Report of 
the National Research Council on ‘Molecular Spectra in Gases” (in press). This last 
reference will be referred to as “Report.” 

- and Birge, Phys. Rev. 27, 245 (1926), and Johnson, Nature 116, 539, Oct. 10 
1925). 

* Deslandres and d’Azambuja, Compt. rendus 140, 917 (1905). 

5 A. Fowler, M. N. Roy. Ast. Soc. 70, 484 (1910). 

* Merton and Johnson, Proc. Roy. Soc. 103A, 383 (1923). 

7 Birge, Nature 116, 170, Aug. 1 (1925). 

§ Watts, Phil. Mag. (6) 28, 117 (1914), and Kayser VII, pp. 139-141. 
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metrical molecule of approximately the mass of acetylene. In certain 
cases the measured isotopic effect has made it possible to discriminate 
between two molecules as possible emitters of the bands. Still further 
methods of identification have been used, but they are less direct than 
those just mentioned. 

In the present paper we are concerned primarily with the relations 
between the various bands forming a system, evaluating the vibrational 
energy levels of the system, and between the various systems, evaluating 
the electronic energy levels of the molecule. A rather detailed account 
of the quantum theory of band spectra is given in the Report of the 
National Research Council on “Molecular Spectra in Gases” (in press), 
and no attempt at repetition will be made here. 


THE SPECTRA OF NEUTRAL CARBON MONOXIDE 


The first step in the establishment of the system of energy levels of 
CO was made by the writer,® as a result of the quantum analysis of the 
extensive set of bands in the ultra-violet, usually attributed to CO.'° 
A small portion of this system had been called by Deslandres" the 
“fourth positive group of carbon,” and a small part of the remaining 
bands had been called by Lyman” the “fifth positive group of carbon.” 
On completion of the analysis, the writer found that the n’’=0 pro- 
gression of this new system appeared on Leifson’s" absorption spectrum 
of CO. This definitely established the lower (’’) level as the normal 
level of the CO molecule. At the same time it was found that the upper 
(n’) level of the new system was also the lower level of the Angstrém 
CO bands, thereby proving that these latter bands were due to neutral 
CO, as commonly assumed, and also evaluating three electronic energy 
levels of CO. This work has been briefly reported,® and the theoretical 
interpretation of the results has been given in another short article.“ 

Later, R. C. Johnson" found it possible to obtain a similar correlation 
of the third positive group of carbén with the newly discovered Cameron 
bands.” By using the writer’s results for the fourth positive group, 
Johnson was able to show that the Cameron bands had the same final 
level. Hence these two additional systems are due to CO, and the band 

* Birge, Nature 117, 229, Feb. 13 (1926). 

10 Lyman, Spectroscopy of the Extreme Ultra-violet, pp. 84 and 114. 

 Deslandres, Compt. rendus. 106, 842 (1888), and Ann. chim. et phys. (6) 15, 5 
(1888). The second reference contains a drawing of the system. 

12 Lyman, Proc. Amer. Acad. Arts 45, 315 (1909). 

13 Leifson, Astrophys. J. 63, 73 (1926). 

4 Birge, Nature 117, 300, Feb. 27 (1926). 


48 Johnson, Nature 117, 376, Mar. 13 (1926). 
16 Cameron, Phil. Mag. 1, 405 (1926). 
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spectra evaluate two more electronic levels. The theoretical interpreta- 
tion of the new levels was made immediately by Dr. R. S. Mulliken and 
by the writer, and is given by Johnson.'’ Recently Duffendack and 


































































































26 co” 
“ 
iia Pe eae ss - 
rm ZY > 
+r 
. Ms “a 
22 ~~ 
20 8" 
‘ 
7 ‘ 
—/f ‘ s 
- ’ t - 
ag MA ‘ &$ 
& ‘ 
+ \ 
= ‘ 
7 = zr’. 
\ \ 
\ \ 
ogpee— \ ; sp 
ce 3 
. \ 
10 . w * 
= —  ' ‘ 
S “es 4 
“ \ 
3 4 \ . m ‘ 
—J mes * 3 2 
a ~ Ss’ ‘ S 
‘ Nan 
‘ —_ Ie Ip 
SS ——ip 
ma \ \ “ss P—D D 
= “a S5 S 
\ ‘ ‘ 
\ P 
4 2. ‘ 
/ ‘ 3p 
ma 
CO mM , 
0 0 Z----- 7.‘ 











Fig. 1. Electronic energy levels for CO, COt, Mg and Mg*. 1, Cameron CO bands; 
2, fourth positive group of carbon; 3, third positive group of carbon; 4, 3A bands of 
third positive group; 5, Angstrém bands of CO; 6, comet-tail bands; 7, combination 
bands of Baldet-Johnson; 8, first negative group of carbon. 


Fox'* have found that the third positive group is really the superposition 
of two systems, and the new system, called the 3A bands, has the same 


17 Johnson, Nature 118, 50, July 10 (1926). 
18 Duffendack and Fox, Nature 118, 12, July 3 (1926). 
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final (lower) level as the other, but a different initial level. This initial 
level thus constitutes a new, sixth, electronic energy level for CO. 
All of these relations are shown on Fig. 1, which gives also the electronic 
levels for CO*.!® The scale on the left gives both wave numbers (cm~) 
and volts, the former running from zero to 200,000, the latter from zero 
to 26. (One volt = 8100 cm approx.) The exact values for the various 
levels are given in columns 3 and 4 of Table I, and these are discussed 
in detail later. The separation of any two levels is given by the frequency 
of the origin of the 0-0 band of the system due to the transition between 
these two levels. In some cases the fine structure of the bands is not yet 


known, and the frequency of the head of the 0-0 band is used in the 
diagram. 


TABLE I 


Energy levels of carbon monoxide 








1 2 3 4 5 6 7 
cm7! volts term D w” 
xX 1S 0 0 114,966 0.9767 2149.7 
a 3p 48 ,426.3 5.981 66,540 1.2839 1724.8 
to to to to 
48 ,529.9 5.994 66 ,436 1.2849 
A ip 64,737 7.995 50,229 1.4777 1497 .3 
b 3S 83 ,817 10.352 31,149 1.8765 (2214) 
B 1S 86,894 10.732 28,072 1.9766 2158 
c ? 92 ,086 11.374 22 ,880 2.1894 
x’ 2S 114,966 14.200 2197.0 
_— 2pP 135,312 16.713 1550.5 
135 ,438 16.728 
B’ 2S 160 , 604 19.837 1697 .8 





THE SPECTRA OF IONIZED CARBON MONOXIDE 


Three systems of bands are almost certainly due to CO+,—the first 
negative group of carbon, the comet-tail bands, and the Baldet-Johnson 
“combination” bands. The writer’ showed definitely that the first two 
systems had the same final state, and therefore were due to the same 
molecule, thus confirming the experimental evidence.2® Blackburn” 
independently reached the same conclusion. Then Mulliken,” Mecke,* 
and the writer™ independently noted that the new bands measured by 


19 A more complete diagram, showing also the vibrational ‘evels, has been published 
by Birge and Sponer, Phys. Rev. 28, 259 (1926). 

20 Lemon, Proc. Nat. Acad. Sci. 11, 41 (1925). 

21 Blackburn, Phys. Rev. 25, 888 (1925). 

22 Mulliken, Phys. Rev. 26, 561 (1925). 

23 Mecke, Naturwiss. 13, 698 (1925). 

* Birge, Nature 116, 207, Aug. 8 (1925). 














1162 RAYMOND T. BIRGE 


Johnson® (a few of which had previously been observed by Baldet”) 
formed a new system having for its initial state the initial state of the 
first negative group of carbon, and for its final state, the initial state 
of the comet-tail bands. The importance of such a relation was empha- 
sized by the writer,™ and it is to be hoped that fine structure measure- 
ments of these new bands will soon be available. 

The conclusion that all three systems are due to CO* is based on the 
fact that all experimental evidence points to the comet-tail bands as 
being due to some form of CO,?’ while the first negative group of carbon 
is, as the name indicates,?* presumably due to a positive ion. Additional 
relations found by Birge and Sponer,'* between the molecular constants 
of CO and CO+, assuming the above conclusions, form confirmatory 
evidence. 

We now proceed to a more detailed discussion of the various systems 
of neutral carbon monoxide, considering in particular the new ultra- 
violet system which includes the old fourth positive group of carbon, 
and may conveniently be given that designation. Details regarding the 
spectra of ionized CO will be given in a separate paper. 


THE FourTH PosITIVE GRouP OF CARBON 
(a) EXPERIMENTAL 


The fourth positive group of carbon, as measured by Deslandres," 
consisted of 42 bands, extending from \2631 to A2045. The bands are 
degraded to the red, not to the violet as stated on page 233 of Kayser, 
Vol. V. Deslandres gives also the relative intensity of the various bands, 
and Hof*® later used Deslandres’ measurements, but gave another list 
of intensities for 28 of these bands. Bair,®° in 1920, measured 22 bands 
lying between \2262 and A1946, but again with small dispersion (probable 
error several tenths of an Angstrom). Meanwhile Lyman” had found, 
in agreement with Schumann’s earlier work, that nearly all vacuum 
tubes showed a set of bands in the extreme ultra-violet, due evidently 
to an impurity. The evidence indicated that this was carbon monoxide. 

* Johnson, Proc. Roy. Soc. 108A, 343 (1925). 

** Baldet, Compt. rendus. 178, 1525 (1924). See also Baldet, Nature 116, 360, Sept. 
5 (1925) and Johnson, Nature 116, 539, Oct. 10 (1925) as to experimental priority. 

27 See references (5), (6), (26) and (20). 

*8 A negative group is one predominantly strong near the negative electrode of the 


discharge. See Blackburn, Proc. Nat. Acad. Sci. 11, 28 (1925) for the quantum analysis 
of this system. : 

** Hof, “Untersuchung iiber die Spektren von Kohlenoxyd und Kohlensiure,” 
Dissertation, Basel (1914). 

*° Bair, Astrophys. J. 52, 301 (1920). 
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He measured the wave-lengths of 100 bands, stretching from \2068 
to A1335.*! The bands are gradually fading out at this latter point, 
probably due to general absorption of some kind, and it seems apparent 
at the present time that the system runs further toward the short wave- 
lengths. 

It is evident that the first two bands measured by Lyman (A\2068.4 
and 2047.0) are identical with the last two measured by Deslandres 
(AA2066.8 and 2045.6) and that therefore all of the bands observed by 
Deslandres and by Lyman may be closely related. Very recently Dun- 
can® has measured 14 of the strongest bands between 2338 and 2040. 
Duncan, however, as the writer® has pointed out, did not recognize these 
bands as a portion of the fourth positive group of carbon, and called 
them a seventh positive group of nitrogen. 

A comparison of all available data seems to indicate that it is necessary 
to raise Deslandres’ wave-lengths (in air) by 1.0A, in order to bring them 
into agreement with those of Bair and Duncan. These wave-lengths, 
reduced to vacuum then agree fairly well with those of Lyman (in 
vacuum) in the overlapping portion. The set of wave-lengths adopted 
in the present work and listed in Table II then consists essentially of 
Lyman’s measurements for the wave-lengths im vacuum in the region 
42068 to 41335, and of Deslandres’ measurements, raised by 1.0A, for 
the wave-lengths im air in the region \2632 to A2090. In the reduction 
to vacuum, Kayser’s ““Tabelle der Schwingungszahlen” has been used. 
With the present experimental errors, the distinction between the 
Rowland and the I. A. system may be ignored. 

The intensities, as given in column 3, are due to Lyman and to Des- 
landres, respectively. Because of the great extent of the system, these 
are not even qualitatively comparable, except for closely adjacent bands. 
Lyman marks a few strong bands as double, indicated by “d” in the 
intensity column and in Fig. 2. All the bands of this system are pre- 
sumably double headed, due to a Q branch, as in the case of the Angstrém 
CO bands. These two systems, according to the present theoretical 
interpretation to be discussed later, should have a similar fine structure. 

Bair gives bands at A2188 and A2107.7, not listed by Deslandres. 
Duncan gives one of these (at A2107.1), and also a band-at 2209.0 not 
listed by any other investigator. Of these three bands, only \2107.1 
finds a place in the system, as analyzed below. Other bands (or lines) 
not apparently belonging in the system are mentioned later. 

31 A photograph of the portion of this system between \1335 and 1880 is published 
by Lyman in Astrophys. J. 23, 181 (1906) (1, Plate XI), and in Memoirs Amer. Acad. 


Arts 13, 125 (1906) (Plate VII). 
82 Duncan, Astrophys. J. 62, 155 (1925). 
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(6) QUANTUM ANALYsIS 





Deslandres has arranged the bands of nearly all his systems in sets 
called progressions. The quantum theory of band spectra has shown that 
these progressions consist of bands with a common lower (final) vibra- 


TABLE II 
Fourth positive group of carbon 











1629.6 61,364. 


1 2 3 4 5 1 2 3 5 

A Prac I. n'’-n"” O-C X —_— I n’—n"” O-—C 
(cm™) (em) (cm~) (cm™) 
2632.55 37,974.5 4 11-22 — 1] 2068.4 48,346.5 8 411 +7 
2600.0 38,450.0 6 10-21 — 3] 2047.0 48,852.0 8 3-10 +5 
2569.2 38,911.0 4 9-20 +9 | 2035.1 49,137.6 4 6-12 +6 
5-17? — 7 | 2031.7 49,219.9 1 9-14? +11 
2557.8 39,084.4 2 12-22 +8] 2026.4 49,348.6 7 29 45 
2539.7 39,362.9 4 8-19 +10] 2012.6 49,687.0 8 5-11 +5 
2525.1 39,590.5 4 11-21 +12] 2007.2 49,820.6 5 1-8 —11 
2511.8 39,800.1 6 7-18 +6] 1991.0 50,226.0 1 410 +3 
2493.7 40,089.00 4 10-20 +17] 1970.1 50,758.8 8 39 +4 

2485.2 40,226.1 4 6-17 — 2] 1953.0 51,203.3 5 

2464.3 40,583.7 4 9-19 +28 | 1951.7 51.237.4 5 
2459.8 40,641.4 2 5-16 —7]| 1950.4 51,271.5 4 28 —6 
2436.0 41,038.4 8 iz + 6] 1933.6 51,717.0 2 5-10? —48 
4-15? —24| 1931.5 51,773.2 6 1-7 —18 
2426.0 41,207.6 6 11-20 +0] 1918.2 52,132.2 7 4-9 +0 
2408.4 41,508.7 8 7-17 +10] 1914.0 52,246.6 1 {06? —49 
2395.0 41,740.9 6 10-19 +415 \ 7-11? —16 
2382.5 41,959.99 8 6-16 + 4] 1898.0 52,687.0 10 38 —2 
2365.8  42,256.1 6 9-18 +12 | 1891.2 52,876.5 6 6-10 +3 
2357.3 42,408.4 4 5-15 + 4 | 1878.5 52,234.010d 2-7 — 3 
2338.7 42,745.7 6 8-17 + 9 | 1870.3 53,467.4 3 59 —7 
2333.5 42,840.9 2 4-14 —1]| 1859.6 53,775.010d 16 -—1 
\11-19 -—20] 1849.4 54,071.6 4 48 +7 
-2312.4 43,231.8 8 7-16 +3] 1846.7 54,150.6 2 7-10 +5 
2310.7 43.263.6 4 3-13 -—10| 1841.3 54,309.5 8 0-5 +3 

2302.7 43,413.9 2° 10-18 + 8]| 1837.2 54.430.7 1 
2287.2 43,708.1 8 {6-15 — 4] 1830.1 54,641.8 9 3-7 — 6 
\ 2-12? +13 | 1825.7 54,773.5 7 69 --—8 
2274.5 43,952.1 4 °{ 9-17 +10] 1811.0 55,218.110d 26 -—4 
\12-19? -—14 | 1804.9 55,404.7 8 58 —2 

2262.6 44,183.2 4 5-14 — 3] 1801.9 55,497.0 2 
- 2247.7 44,476.1 4 8-16 +8] 1792.6 55,784.910d 1-5 —1 
2238.8  44,652.9 4 4-13 + 3] 1785.1 56,019.3 6 4-7 — § 
2221.7. 44,996.5 8 7-15 +111] 1774.9 56,341.2 8d 0-4 +0 
2216.3 45,106.2 6 {3-12 +0] 1747.3. 57,231.2 7 2-5 —1 
\10-17 — 5] 1743.5 57,355.9 3 5-7 —11 
2209.0 45,255.2 1 1729.5 57,820.2 8d 14 -—1 
2196.9 45,504.4 8 6-14 +11 | 1723.9 58.008.0 6 46 —2 
2195.0 45,543.8 6 2-11 — 8] 1712.2 58,404.4 7 03 +2 
~2189.1 45,668.6 2 9-16 — 3] 1705.3 58,640.7 6 3-5 —1 

2188 45 ,689. 1698.8 58,865.1 1 
2173.3 45,998.5 8 {5-13 + 6] 1688.5 59,224.2 1 2-42 —43 
\ 1-10? + 8 | 1685.3 59,336.6 1 5-6 —14 
2162.6 46,226.1 8 8-15 + 3] 1669.9 59,883.8 6 1-3 + 2 
2150.9 46,477.5 8 4-12 — 5] 1666.7 . 59,998.8 1 4-5 —20 
2137.5 46,768.8 6 7-14 +31] 1653.3 60,485.1 4 0-2 3 
2128.8  46,959.9 2 3-11 — 4] 1648.2 60,672.2 5 3 — 6 
2113.7 47,295.4 8 6-13 —'%5 \ 6-82 +13 
2107.1 47,443.5 2 {2-10 +8] 1630.3 61,338.4 6 2-3 +10 
9-15? +15 1 5-5 —23 

2090.3 47,824.7 8 5-12 +0 7 3 
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TABLE II (continued) 











1 2 3 4 5 1 2 3 4 5 

N —_ I n'-—n"” O-C oN vac I n'’—n" O-C 
(cm™) (cm) (cm) (cm) 
1623.4 61,599.1 1 10-8? — 2| 1463.7 68,320 3 4-1 +7 
1615.1 61,915.7 2 { 7-6 —16 | 1452.4 68,851 3 f 62 +0 
\ 1-2? —52 \13-6 «6+ 4 
1611.7 62,046.3 3 4-4 — 8 | 1447.0 69,108 1 3-0 +34 
1603.3 62,371.4 1 9-7? —19 | 1443.7 69,266 1 8-3 —11 

1597.4 62,601.7 3 0-1 + 2] 1438.7 69,507 1 
1596.1 62,652.7 1 { 6-5 —15 | 1435.6 69,657 2 5-1 + 2 
\ 3-3? -75 | 1426.1 70,121 3 7-2 — 3 
1576.5 63,431.6 4 f 2-2 +18 | 1419.0 70,472 2 f 40 +22 
| 5-4? —65 | 9-3 -—9 
1559.3 64,131.3 5 f 1-1 +51 | 1414.0 70,721 1 11-4 -—4 
1 4-3 +16 | 1411.4 70,852 1 13-5 - 5 
1545.1 64,720.7 3 j 0-0 —16 | 1409.0 70,972 2 6-1 +9 

\ 6-4 +17] 1405.5 71,149 1 : 

1542.2 64,842.4 5 3-2 +17 | 1404.0 71,225 1 
1534.2 65.180 2 8-5 — 1] 1401.1 71,372 2 8-2 +9 
1527.6 65,462 3 5-3 +5] 1395.7 71,649 2 10-3 — 2 
1526.0 65,531 2 f 2-1 + 5] 1392.2 71,829 1 f 50 +37 
{10-62 —14 \124 +3 

1520.4 65,772 1 12-7 —24 | 1386.4 72,129 1 
1515.7 65,976 3 74 — 1] 1384.4 72,233 1 7-1 — 3 
1510.7 66,194 2 f 10 —23 | 1378.1 72,564 2 9-2 — 3 
142 — 8] 1374.1 72,775 2 0-3 —it1 
1506.8 66,366 2 9-5 —19 | 1371.8 72,897 2 13-4 + § 
1497.8 66,764 3 6-3 —1| 1368.0 73,099 1 6-0 —-1 
1493.8 66,943 3 3-1 + 7] 1361.3 73,459 2 8-1 —16 
1488.0 67,204 2 8-4 —12 | 1356.1 73,741 2 10-2 +4 
1480.9 67,526 2 5-2 —17 | 1353.6 73,877 1 12-3 —10 
1478.0 67,659 2 2-0 — 4] 1343.0 74,460 1 7-0? +85 
1475.4 67,778 1 12-6 — 2] 1339.0 74,683 1 9-1 + 4 
1473.0 67,889 1 14-7 — 5! 1335.0 74,906 1 11-2 +34 





tional level, (here designated m’ progressions), or of a common upper 
(initial) level, (here designated n’’ progressions). It is further found that 
Deslandres’ » usually refers to the lower level, so that his first progres- 
sions, [f(z)], are usually n’’ progressions, while his second progres- 
sions [f(p)] are usually m’ progressions.** There are however exceptions, 
as in the case of the first positive group of nitrogen. If the “origin” 
of each band, as defined by the quantum theory, is used, the various 
first or the various second progressions should differ only in the constant 
term. It is however ordinarily necessary at the present time to use 
data for the heads, and therefore the various first or second progressions 
are not quite identical, although the variations may easily be less than 
the experimental error. 

In the case of this fourth group of carbon, Deslandres arranged the 
bands in five progressions, designated I to V, but the numerical relations, 
on this interpretation, are quite unusual, as the writer’ has noted. Later 


%3 The numbering of n’ and n”’ is quite different from that of m and p, and always 
runs in the opposite direction. 
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the thought occurred that in this one case, Deslandres’ progressions were 
probably actually sequences, i.e., sets of bands having a common value 
of n’’-n’, and usually much more closely spaced than the bands of a 
progression. With this new interpretation, it was possible to obtain 
progressions having the expected relations. Now Lyman" had arranged 
28 bands out of the 100 measured by him in six series (designated VI 
to XI) similar to those formed by Deslandres. He called these 28 bands 
the “fifth positive group of carbon.” An extrapolation of the new progres- 
sions, as arranged by the writer, led directly to the bands of this fifth 
group, and showed that Lyman’s progressions also were actually se- 
quences. Further extrapolation resulted in the identification of practically 
all the remaining bands as parts of one great system which it seems best 
to designate as the fourth positive group of carbon. The true quantum 
designations (n’—n"’), giving the upper and lower vibrational quantum 
numbers respectively, appear in column 4 of Table II. As can be seen, 
only a dozen bands remain unassigned. These latter include the two 
strong bands \\1953.0 and 1951.7. These two bands I have however 
found on one of Professor Hopfield’s spectrograms, and are, I believe, 
really a double line, of unknown origin. All of the remaining unassigned 
bands are extremely weak, with the exception of \1801.9 (2), and A1629.6 
(3), and all may be lines. 

On the other hand, many of the measured heads seem to represent the 
blending of two or more bands. Such matters can best be discussed by 
considering the general intensity distribution of the system, as shown 
in Fig. 2. In this m’n’’ diagram merely the intensities are listed. When 
a band is believed to be the superposition of two, it is starred. The 
details may be obtained from Table II. The broken line in Fig. 2 marks 
the division of Deslandres’ and Lyman’s data. The distribution of 
intensity shown in this figure is now known to be typical of a fairly large 
change in the moment of inertia accompanying the emission of the 
bands.** Condon,*® in his extension of Franck’s** mechanical explanation 
of the intensity distribution, has obtained a satisfactory quantitative 
agreement for this particular system. The expected symmetry of the 
distribution indicates however that the true relative intensity of the 
bands near the short wave-length limit is greater than shown, and that 
the system runs still further to the shorter wave-lengths. 

Because of the relatively large general experimental errors, and the 
many blended bands, it is difficult to obtain a trustworthy formula for 

* See ‘‘Report,”” Chap. IV, Section 4, for detailed discussion. 


* Condon, Phys. Rev. 27, 640 (A) (1926). Detailed article in Phys. Rev. 28, (1926). 
* Franck, Trans. Faraday Soc. 21, Part 3 (1925). 
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this band system. That previously published by the writer® was based 
upon an analysis of the frequency differences of the successive bands in 
the progressions, since there was no certainty that the absolute wave- 
lengths of the various investigators were consistent. A more searching 
examination of this question, made recently, indicates that all of the 
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Fig. 2. Distribution of intensity in the fourth positive group of carbon. 
Starred numbers refer to blended bands, as given in Table II. 


wave-lengths listed in Table II are consistent within the limits of experi- 
mental error, and that it is possible to obtain a simple formula giving no 
noticeable trend in the residuals. This formula, which differs slightly 
from that previously published, is*’ 


v=64,737+(1497 .28n’—17.24n’*) —(2149.74n”—12.703n’"?) = (1) 


The residuals for every band of the system, calculated according to this 
revised formula, are listed in column 5 of Table II. Some of these are 
rather large, but in a majority of such cases the error is obviously due 
to the difficulties of measurement caused by overlapping bands. In a 
few cases there seems to be an actual error of setting. The writer hopes 
to obtain in the near future better data for this system, and to examine 
all apparent discrepancies. 


37 The old formula is 64,721 +(1499.28n’— 17.24n’?) — (2147.74n’’— 12.703n’"*). The 
changes were made of exactly two units merely for convenience. The probable error in 
the constants 2149.74 and 1497.28 is several tenths of a unit. 
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An important point in connection with Eq. (1) is the fact that the 
vibrational energy of both the initial and the final state can be repre- 
sented by a second degree equation, (i.e., that the w" : m curve giving the 
frequency of vibration as a function of m is strictly linear). Considering 
the large range of values of as shown in Fig. 2, this is a surprising result. 
More accurate data may show that the w" : m curves deviate slightly 
from linearity, but the deviation, if it exists, must be very small. It can 
scarcely change the value of the heat of dissociation D, as calculated by 
Birge and Sponer,’® by an appreciable amount. The new value of D 
given by Eq. (1) is only 0.02 volts greater than the older value. 

The most important result of the quantum analysis of this band system 
was the discovery that the m’ progression for n’’=0 was identical with 
the bands found by Leifson™ in the absorption spectrum of cold carbon 
monoxide. Leifson’s measured values average 1.3+0.2A higher than the 
theoretical values given by Eq. (1). But Leifson’s setting is on the center 
of the narrow, fairly symmetrical double band characteristic of low tem- 
perature (like the infra-red bands) while the equation applies to the violet 
edge (head) of the high temperature band. The discrepancy is therefore 
in the correct direction and apparently of the expected amount. Leifson’s 
measured absorption bands begin at 0—0O and run to 11—0, being 
limited only by the transparency of his fluorite window, while Lyman’s 
emission bands run only to 7—0. Leifson’s last band at 1264.6 is there- 
fore an extension of the system to the shorter wave-lengths. His bands 
should occupy the first column of Fig. 2, but are not shown. 

This correlation of Leifson’s data with that of Lyman proves beyond 
question that the general quantum arrangement shown in Fig. 2 is correct, 
and also proves that these bands are due to neutral carbon monoxide 
and that the lower electronic state of this system is the normal state of 
the molecule. The basis for the complete set of energy levels of CO was 
thus established, as discussed by the writer,® and reviewed in the intro- 
duction of the present paper. 

If the present interpretation is correct, the lower vibrational levels 
of the fourth positive group are merely those levels which are concerned 
with the vibration-rotation bands of the near infra-red. Three such 
bands are known (1—0, 2—0, and 3—0) at 4.67, 2.35u, and 1.573, as 
measured by Schaefer and Thomas.** Using Eq. (1), we calculate for 
these bands the values 4.679u, 2.3544, and 1.578. This is the first 
molecule for which the available data make possible a correlation of 
electronic bands in the visible and ultra-violet with vibration-rotation 





8 Schaefer and Thomas, Zeits. f. Physik. 12, 330 (1923), 
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bands in the near infra-red. The above quantitative agreement is a real 
confirmation of the general quantum interpretation of band structure. 


Tue Ancstrém CO BaNnps 


A further result of the above analysis of the fourth positive group 
was the discovery that the Angstrém CO bands could be so interpreted 
as to have as a lower level, the upper level of this system. There can 
scarcely be any doubt as to the validity of this conclusion, but because 
of one puzzling irregularity a rather detailed discussion seems advisable. 

The older data for the Angstrém CO bands are listed on pp. 227-8 of 
Kayser, Vol. V. These bands, degraded to the violet, were originally 
measured by Angstrém and Thalén,*® who recorded 29 band heads 
between 6854 and A4123. Seven of them were labelled as an “‘a”’ series, 
and except for the last one (A4209), these bands are now interpreted as 
constituting the »’’ progression for »’=0. Seven other bands were 














TABLE III 
Angstrim bands of CO 
1 2 3 4 5 6 7 8 9 
n'—n"’ Veale Loos Hulthén M.S.P.  Jassé Watts A. & T. [. 
0-0 22,156.6 +5.8 +6.2 +6.2 +8.7 4 
0-1 20,676.6 —1.0 —1.3 —0.7 +1.0 4 
0-2 19,231.0 +1.2 +1.2 +1.2 +0.7 5 
0-3 17,819.9 +0.3 +0.0 3.6 +0.2 +4.3 5 
0-4 16,443 .3 —1.9 +2.8 +1.4 4 
0-5 15,101.2 —0.3 —7.2 3 
0-6  13,793.6 +3.3 
1-0 24,237.6 +8.2 +6.4 +8.6 —44.8 3 
1-1 22,757.6 —0.5 —1.1 —0.5 -—12.4 3 
1-2 21,312.0 —33.7 2 
1-3 19,900 .9 +28 .6 2 
1-4 18 524.3 —6.8 3 
1-5 17 ,182.2 +0.2 3 
1-6  15,874.6 =§.3 3 
2-0 26, 164.6 
2-1 24,684.6 
2-2 23 ,239.0 +3.3 1 
2-3 21,827.9 —6.1 1 
2-4 20,451.3 
2-5 19,109.2 
2-6 17 ,801.6 





labelled ‘‘b”’ bands, and these constitute the m’’ progression for n’=1. 
It is very doubtful if any of the remaining heads are anything more than 
accidental clusters of lines. This is evident from the photograph given 
in Konen “Atlas der Emissionsspektren,” No. 269 and 279*° where only 


39 Angstrom and Thalén, Nova acta Reg. Soc. sc. Upsal. (3), 9 (1875). 
40 The scale on 279 should be shifted 100A to the right. 
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the a and b bands appear, and from the fact that no subsequent investi- 
gator has measured any but these a and b bands. However, in Table III, 
the possible bands 2—2 and 2-3 of the m’=2 progression are listed, and 
are used in deriving the constants of Eq. (3) ahead. Watts and Wilkin- 
son*! later measured five of the a bands, and two of the 6 bands. Their 
measurements agree well with those of subsequent investigators, and 
show that the Angstrém and Thalén wave-lengths should be raised 1.5A. 
This change has been made in obtaining the figures of Table III. The 
first fine structure analysis was made by Loos,® who incidentally meas- 
ured with great accuracy the heads of the bands later given by Watts 
and Wilkinson, with the exception of 46079 (0-4). All of these measure- 
ments are in the Rowland system, and are listed in Kayser’s Handbuch. 
Hulthén® made the first quantum analysis of these bands,—in fact 
this work constitutes the first accurate verification of the combination 
principle as applied to band spectra, and is consequently of the highest 
importance. His measurements give data for the heads and also for the 
origins of the four bands AA5610, 5198, 4835, and 4393. His assignment of 
quantum numbers ( and p) was however incorrect, the true 2’ and n’’ 

being given by 
n'=n—2, n"=p+1 (2) 


Hulthén stated that the strong a band A4511 had a different structure 
from the others, and hence did not belong to the system. This exclusion 
carries with it the strong b band 44123. But very recently Jassé“ has 
shown that the A4511 band does have a structure similar to the others 
(a singlet P, Q, and R branch), but has in addition extra branches called 
P’ and R’. The writer® finds that the moment of inertia calculated from 
the P and R branches of the 44511 band (the 0-0 band) is entirely con- 
sistent with the value obtained from Hulthén’s data. The extra P’ 
and R’ branches yield an “origin” identical with that for the usual 
branches, but a moment of inertia about 3? as large. The origin and 
interpretation of these additional branches is as yet entirely a mystery 
and it may be the case that they are spurious. 

Jassé analyzed also the \4123 (1-0) band, and the moment of inertia 
evaluated from this band also agrees with Hulthén’s data. It therefore 
seems evident that these two bands form a part of the system. Both 
of them are however displaced 6 to 8 wave numbers from the expected 

“| Watts and Wilkinson, Phil. Mag. (6) 12, 581 (1906). 

* Loos, Zeits. wiss. Phot. 1, 151 (1903). 

*’ Hulthén, Ann. d. Physik 71, 41 (1923). 


4 Jassé, Compt. rendus. 182, 692 (1926). 
“ “Report,”’ Chap. IV, Section 7, note (g). 
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position, as indicated by the residuals of Table III, and this displace- 
ment is a most surprising fact. It occurs regardless of whether heads or 
origins are used, and is in fact slightly larger for the latter, as shown 
later. (Table III uses data for heads.) 

The only additional measurements are those of McLennan, Smith, 
and Peters.“* These cover only four a bands (0-3 to 0-6) but are more 
accurate than the older Angstrém and Thalén measurements and were 
of real assistance to the writer in verifying the identity of the final state 
of the Angstrém bands with the initial state of the fourth positive group. 
In Eq. (3) this identity is assumed, the f(m’’) being taken arbitrarily 
as the f(m’) of Eq. (1). The residuals listed in Table III indicate that 
this assumption is entirely justified, with the exception of the strange 
displacement of the 0-0 and 1-0 bands already noted. In Table III 
there are given in column 1 the m’—n’’ assignments, and in column 2 
the frequency in vacuum, in the I.A. system for the heads of the bands, 
calculated from the equation*’ 

v= 22,156.6+(2158n’ — 76n’?) — (1497 . 28n’’ —17.2n’’?) (3) 


The next six columns give the residuals in cm=! for the data of Loos, 
Hulthén, McLennan Smith and Peters, Jassé, Watts and Wilkinson, and 
Angstrém and Thalén, respectively. Where necessary the Rowland 
measurements have been reduced to I.A., and then all to vacuum. The 
Angstrom and Thalén measurements have been raised 1.5A, as stated. 
The last column gives the intensities according to Angstri’'m and Thalén. 
The progression of a bands (0-0 to 0-6) differs from the }) bands 
(1-0 to 1-6) by 2081 cm. This is the only figure for the f({m’) that is at 
all certain. The f(m’) given in Eq. (3) is derived from the assumed identity 
of the 2-2 and 2-3 bands. The true head of the 0-0 band is at 22,162.8 
cm according to Jassé (instead of 22,156.6 as calculated) and the 
origin is at 22,172.0. The distance from head to origin is thus 9.2, while 
for the next four a bands, Hulthén measures this same difference as 
7.1, 7.3, 7.4, and 7.2. The discrepancy for the 0-0 band is again surprising. 
It should be pointed out in this connection that there is no violation 
of the combination principle in the position of the 0-0 and 1-0 bands, 
but merely an observed spacing of the two vibrational energy levels 
n'’=0 and 1, greater than that obtained by extrapolation of a linear 
w" :m curve. In fact, with the data by Hulthén for the 44835 (0-1) and 
46 McLennan, Smith and Peters, Trans. R. S. Canada 19, 39 (1925). 
‘7 Mecke (Phys. Zeits. 26, 217 (1925)) has adopted the same quantum assignments 
as those given here, and has given as the correct representation of the three a band 


origins measured by Hulthén, v =22,154.6—(1487.05n’’—14.85n’"). This formula is 
however unsatisfactory for the more extensive data used here. 
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4393 (1-1) bands, and by Jassé for the 44511 (0-0) and A4123 (1-0) 
bands, it is possible to test the combination principle, line by line, and 
to evaluate the frequency of vibration as a function of the nuclear quan- 
tum number m(=j—0.5). In this case the frequency of vibration cor- 
responds to m =}, since the interval is between n=0 and 1. The theoreti- 
cal expression is*® 


War = wo"(1—ym*) (4) 
and the actual results I find to be 
wo’ = 2081.5(1—1.29 10-5?) (5) 


for the initial state, from the data of Hulthén, and 2082.3 into the same 
parenthesis, from the data of Jassé. There is thus a uniform discrepancy 
of 0.8 cm=! in the data of the two observers, or else a violation of the 
combination principle by just this amount. The former alternative is 
doubtless the correct one. For the final state I obtain 


w’’ = 1488.6(1—2.62 10-5m?) (6) 


from the 0-1 and 0-0 bands, and 1489.4 into the same parenthesis from 
the 1-1 and 1-0 bands. The relative wave-lengths of each investigator 
are evidently quite accurate, for the average residual calculated from 
Eq. (5) is less than 0.1 cm=' for each. But in Eq. (6) the residuals are 
much larger, thus proving that discrepancies really exist between the 
data of the two observers. It may be noted in conclusion that the 
1488.6 (or 1489.4) of Eq. (6) for the final state is to be compared with the 
expected value of 1480.04 given by Eq. (3), while the 2081.5 (or 2082.3) 
of Eq. (5) for the initial state is to be compared to 2081.0. Since Eq. (3) 
refers to the heads, and Eqs. (5) and (6) to the origins, the agreement is 
very good for the initial state interval. The disagreement for the final 
state is the surprising fact already noted and constitutes apparently a 
vibrational “‘perturbation.” 


THE THIRD PosiTIVE GrouP OF CARBON, AND THE CAMERON BANDS 


The third positive group of carbon, extending from 3825 to 2295, 
was first measured by Deslandres," and consists of three progressions 
which must be interpreted*® as n’’ progressions corresponding to n’=0, 
1, and 4. The measurements are given on page 233 of Kayser vol. V. 
Wolter® later made a partial study of the fine structure, and concluded 


48 See ‘‘Report,”” Chap. IV, Eq. (51). 
‘9 See Birge, reference (7), and Johnson, reference (15). 
5° Wolter, Zeits. wiss. Phot. 9, 361 (1911). 
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that only the progression which we have called n’=0 was real. This 
consists of six bands degraded toward the violet, whose heads, using the 
data by Wolter, are given by 


v=v.—(1724.78n”" —14.47n'"?) (7) 


where », is six-fold, the six heads of the 0-0 band lying between 35,287.6 
cm and 35,390.4 cm. Each band, in addition to the six-fold head, is 
characterized by a curious repeated rise and fall of intensity. This 
appears clearly on Wolter’s published photograph of the \2977 (0-1) 
band (reproduced also on page 211 of Konen “Das Leuchten der Gase und 
Daimpfe’’). The other two progressions of Deslandres, according to 
Wolter, are merely chance clusters of lines in one of these secondary 
intensity maxima. Duffendack and Fox'® have however recently ob- 
tained the so-called n’ =4 progression at a different critical voltage from 
the m’=0 progression, and they consider it to be the n’ =0 progression 
of a mew system (called 3A). On this interpretation each system consists 
in all probability merely of the ”’’ progression for n’=0, the 3A system 
being given by 


y=43,556—(1724. 780" —14.47n'"2) (8) 


where the constant term refers to the least refrangible of the six heads. 
Since only the n’ =0 progression of this new system is known, we cannot 
evaluate the frequency of vibration for the initial state. The same 
situation is true for the third positive group, if Wolter’s conclusion 
regarding the m’=1 progression is correct. Assuming however this 
progression to exist, the Deslandres" data give 2214 cm™ as the single 
known interval. The value 2264 previously published by the writer'® 
(or 2258.5 as given by Johnson") was obtained from the assumed reality 
of the n’=4 progression. 
Meanwhile Johnson™ had given 


1728.2n—14.6n? (9) 


as the f(m) representing both the final state of this third positive group 
and the initial state of the newly discovered Cameron" bands. Now 
Deslandres’ data for the third positive group, used by Johnson, give 


1731.25n—15.39n? (10) 
while Cameron’s data for his new bands give 


1727.3n—14.35n? (11) 


but all of these discrepancies are easily within the limits of error. 
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Moreover, Johnson finds that the Cameron bands have a five-fold 
head and he gives figures indicating that the separations are the same 
as those occurring for the third positive group, providing the second head 
of this latter group is omitted. The situation is however not as simple as 
this. The theory to be discussed later in the present paper predicts that 
the common level associated with these two band systems should be 
triple. If each band has a Q branch, as is to be expected from various 
considerations, there will be apparently six heads, three of them being 
the heads of the three Q branches, defining the triple origin, while the 
other three are the true heads of the bands (turning points of R or P 
branches). Thus if the six heads are numbered in the direction of degrada- 
tion of the bands, then in the case of both systems, the second, fourth, 
and sixth heads are the Q branch heads, and the respective separations 
(defining 4-2=A, 6-4=B) give the intervals A and B of the triple 
electronic level, A lying above B, on the energy diagram, Fig. 1. The 
value of A and of B must be the same for both systems. It is however 
unnecessary that the other intervals shall be the same. Thus the identity 
of all intervals, as quoted by Johnson, is if true merely a coincidence, 
according to the present interpretation. 

The details are as follows. If Wolter’s data for the third positive 
group are used, the five intervals (2-1, 3-2, 4-3, etc.) are 11.86, 17.74, 
19.98, 19.93, and 27.77. Johnson, from his own plates, gives 8.8, 27.6, 
17.4, 17.8, and 29.6, and there is thus a considerable discrepancy. Camer- 
on’s published wave-lengths for the other system yield for the unweighted 
values of the intervals, 37.53, 18.80, 18.00, and 29.33 cm. Johnson, 
however, ‘using the same data, quotes 37.8, 18.3, 17.2, and 29.8 cm™. 
It is evident here that if the Cameron bands-also have six-fold heads, 
it must be the second head which has not been measured. The value of 
B from the third positive group, using Wolter’s data, is 47.70 cm~, or 
using Johnson’s data is 47.4. Its value from the Cameron bands is 48.13. 
The agreement is well within the limits of error. The value of A from the 
third group, using Wolter’s data, is 37.72, or using Johnson’s data, is 
45.0, a wide discrepancy. We cannot obtain this interval from the Cam- 
eron bands, since the second head has apparently not been measured. 
If however the value of A, obtained from the third group, is assumed for 
the Cameron bands, one can calculate the 1-2 and 2-3 intervals, and 
the results are more reasonable if Johnson’s value of 45.0 is taken. 

The above relations are consistent with the theory that we have here 
a triple electronic level which is common to the third positive group 
and the Cameron bands. There is however one possible objection. The 
three intervals 1-2, 3-4, and 5-6, giving the separation of each band 














BAND SPECTRA OF CARBON MONOXIDE 1175 


head from its origin, while not necessarily the same for the two systems, 
are normally roughly constant in the same system. But these intervals 
are 8.8, 17.4, and 29.6 for the third group (Johnson’s data), and 10.53, 
18.00 artd 29.33 for the Cameron bands, on the basis of 45.0 for the A 
interval. The variation from 8.8 to 29.6 and from 10.5 to 29.3 is quite 
unusual, but Professor Mulliken (private communication) reports a 
similar variation for the red CN bands. 

It is not possible, from the twelve measured Cameron bands, to give 
the n’’ numbering for this system, for the sequence n’’—n’ = 1 is faintly 
present, but not measured, while the zero sequence is not observed at all. 
However the six final state intervals actually measured agree with those 
resulting from the writer’s analysis of the fourth positive group so well 
that Johnson immediately assumed that the two systems had a common 
final state, and that the Cameron bands thus constituted a second 
“‘resonance”’ system of neutral CO. The actual f(m’’) found by Johnson 


is, in fact, 
2151.10’ —12.7n’”? (12) 


while, using the better data for the fourth group and for the third group, 
the whole Cameron system should be given by 


v=v.+(1724.78n’—14.47n'2) — (2149. 740” —12.70n'"2) (13) 


where v,=48,529.9, 48,492.4, 48,473.6, 48,455.6, and 48,426.3. The 
expected n’ progression, for n’’=0, does not appear on Leifson’s absorp- 
tion plates of carbon monoxide, but this is not necessarily an objection 
to the above interpretation, since the atmospheric bands of oxygen, for 
instance, require a considerable quantity of absorbing gas in order to be 
detected. Moreover, Hopfield (unpublished work) has now found the 
n'’ =0 progression of Cameron bands in absorption in carbon monoxide. 


DISCUSSION 


Generalizing previous tentative suggestions by Mulliken and others, 
the writer’ has assumed that “the energy levels associated with the 
valence electrons of molecules agree in all essential aspects with those 
associated with the valence electrons of atoms.” In this same reference 
the previous evidence on this point is briefly summarized, and some new 
evidence is presented. Some of the relations just discussed in connection 
with the spectrum of carbon monoxide form the most significant portion 
of this new evidence. Taking the above generalization as a basis for 
action, Mulliken® has very recently worked out extensive systematic 


51 Mulliken, Proc. Nat. Acad. Sci. 12, 144, 151, 158, and 338 (1926); Phys. Rev. 28, 
481 (1926), Phys. Rev. 28, 1202, (1926). 
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relations in band spectra, and has presented the results in a series of 
remarkable papers. In the present paper there is hardly space to give 
a detailed critical discussion of these new developments. A brief summary 
of certain points is however advisable. ; 

It has commonly been assumed that there are two main types of 
diatomic molecules,—one consisting of loosely bound atoms (low heat 
of dissociation) and the other of firmly bound atoms (high heat of 
dissociation). It has been thought that the first type consisted merely 
of two atoms held together by mutual polarization effects (secondary, 
or van der Waals forces), the quantization of the various electronic 
orbits being identical with that of the two atoms when entirely separate. 
It should be possible to separate such a molecule continuously (adiabati- 
cally) into its constituent atoms, not only by electron impact, but also 
by absorption of light. In the case of iodine this latter process is actually 
observed in the m’ progression of bands which runs to a definite head at 
20,020 cm-. Dymond® has proved that this point corresponds to 
dissociation of the molecule. 

On the other hand, it has been supposed that in the case of firmly bound 
molecules like Oz, Nz, CO, etc., certain electrons are in quantum orbits 
different from those in the atoms. Such orbits may possibly encircle 
both nuclei. On such a basis, Mulliken adopted the Lewis-Langmuir 
idea of octets in the Nz, CO, and NO molecules. On this interpretation, 
each of these molecules has four K electrons (each atom with its usual 
two), while the remaining electrons are arranged in some sort of a group 
of eight, with two (for Nz and CO) or three (for NO) extra electrons. 
These extra electrons are assumed more loosely bound and hence may 
be termed the valence electrons of the molecule. On such an assumption 
N. and CO may be correlated with the two-valent atom Mg, since this 
has two K electrons, a group of eight L electrons, and two valence elec- 
trons. Similarly NO is correlated with Al. 

Now it has been shown that the character of the spectral formulas 
known to hold true for atoms (Rydberg, Ritz etc.) is due to the essentially 
constant penetration of an electron into a cluster of electronic charges, 
in a series of orbits of the same angular momentum (k) but varying total 
momentum (m). If the electronic orbits in molecules are quantized in a 
manner at all similar to those in atoms, we should therefore expect that 
the spacing of the electronic energy levels associated with the loose- 
bound (‘“‘valence”) electrons in molecules should follow at least approxi- 
mately the same law as is found in the case of atoms. Previous work by 


52 Dymond, Zeits. f. Physik 34, 553 (1925). 
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Mulliken, Mecke, and Hulthén has shown that the molecular levels 
have a multiplicity quite similar to that found in atoms. The very 
recent work of Mulliken has been devoted mainly to assigning an inner 
quantum number j, to each electronic energy level of the molecule, 
using precisely the same values as for the “corresponding” atom, on 
Sommerfeld’s interpretation, and then correlating each j, with the 
observed fine structure of the accompanying bands. This correlation, 
which has been very successful, gives a new basis for the correctness of 
the j, values which it is not possible to obtain from a study of atomic 
structure. 

The preceding sections of this paper give the experimental data 
necessary for the construction of a series of electronic energy levels for 
CO. To be accurate one should use in each case the origin of the 0-0 
band. This however is unknown, except for the Angstrém bands. For 
the sake of consistency we therefore in all cases use the head of the 0-0 
band. The difference is immaterial for the present discussion. Beginning 
then with the normal state of the molecule (level X of Fig. 1) as the 
zero energy level, the initial state of the fourth positive group (level A 
of Fig. 1) is, by Eq. (1), 64,737 cm (=7.995 volts”) while the initial 
state of the Cameron bands (level a) is, by Eq. (13) 48,426.3 to 48,529.9 
cm! (=5.981 to 5.994 volts). Then from Eq. (3) the initial level of the 
Angstrém bands (level B) is 86,894 cm-! (10.732 volts), while from Eqs. 
(7) and (13), the best value for the initial state of the third positive group 
(level 5) is 83,817.1 cm—! (= 10.352 volts). Finally, from Eqs. (8) and (13) 
we obtain 92,086 cm (=11.374 volts) for the initial state of the new 
3A bands of Duffendack and Fox'’ (level c). All of these values are 
listed in columns 3 and 4 of Table I. 

Now in order to compare the law of spacing of electronic energy levels 
in molecules with that found in atoms, we need the “term” value of the 
various energy levels. This in turn requires a knowledge of the ionization 
potential of the molecule. Fortunately carbon monoxide is one of the 
very few molecules for which a fairly accurate value is known, the best 
direct measurements giving 14.1 and 14.3 volts while from Duncan’s 
measurement of the excitation potential of the first negative group of 
carbon,® one obtains 14.2+0.3 volts (=114,966 cm=). Each “term” 
is then obtained from 114,966—x, where x is the cm~ value of the level 
as previously listed. These values are given in column 5 of Table I. 
The denominator of each term is given by D=4+/v/R where » is the term 

53 1 volt = 8096.2 cm™, according to recent data. See Birge, Science, 64, 180 (1926). 


54 See page 123, Report by Compton and Mohler on ‘‘Critical Potentials.”’ 
55 See Birge, reference (9). 
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value and R=109,678 cm=. The results are listed in column 6, Table I. 
In the simple Rydberg formula the denominators differ by unity. The 
denominators first obtained by the writer, for the levels X, A, and B, 
have the values 0.98+0.02, 1.48+0.10, and 1.98+0.15, assuming 0.3 
volts probable error in the ionization potential value. 

By comparison with the term scheme of Mg (see Fig. 1) this immedi- 
ately suggested that the true designations are 1 'S, 1 1P, and 2 'S, using 
the nomenclature of Russell and Saunders. The Angstrém CO bands 
consist merely of three branches (P, Q, and R) of strictly single lines. 
In this respect they correspond to the “‘single-line” series of atomic 
spectra, and by analogy we may conclude that the two levels concerned 
with this system also are single. This is in agreement with the designa- 
tions just given. Similarly we may predict that the fourth positive group 
of carbon also will be found to consist of P, Q, and R branch bands, with 
the individual lines strictly single. 

By similar analogy with Mg, it is probable that the new a and 3 levels 
of Johnson™ are respectively *P and *S levels. This was noticed immedi- 
ately by Mulliken and by the writer, as noted in the introduction. The 
evidence concerning the multiplicity of the a level has already been 
discussed, and we may assume provisionally that it is triple, even though 
there is still some uncertainty as to this. On this assumption, the tiplet 
separations are approximately 45 and 48 cm™ (A and B of the previous 
discussion) as compared to 41 and 20 for the corresponding level in Mg. 
In the case of Ne, the writer has interpreted the first positive group in 
such a way as to give 20 and 40 for the corresponding intervals, i.e., the 
molecular level is “inverted.” Until this nitrogen system has been 
actually: analyzed in respect to its fine structure, such a conclusion® 
must be regarded as merely tentative. 

The assumption that the initial level of the Cameron bands is triple, 
while the initial level of the fourth positive group is single,—the common 
final level of both systems being single,—may be the explanation of the 
faintness of the Cameron bands in emission," and the failure until recent- 
ly to get them in absorption. For, as Professor H. N. Russell has reminded 
the writer, transitions between levels of varying multiplicity are very 
improbable in the case of light atoms, although quite the reverse is true 
for heavy atoms. Now CO is a molecule composed of two relatively light 
atoms, and if the same rule applies to molecules, the relation is quite as 
expected. 


5 Based on the spacing of the strong first, second, and fourth heads of the first 
positive group of nitrogen. It may be noted that Hund, in his important paper on the 
structure of molecules (Zeits. f. Physik 36, 657 (1926)) predicts that the multiple levels 
in molecules should be equidistant. 














BAND SPECTRA OF CARBON MONOXIDE 1179 


The d level is apparently single, as it should be. Because of the crowd- 
ing together of the levels, near the ionization potential, it is not possible 
to identify the new c level of Duffendack and Fox'* with any certainty. 
Johnson has suggested that it is another *P level. The denominators 
(1.28 and 2.19) do not however favor this assumption and by comparison 
with Mg, it seems more likely that it is a *D level. (Compare Fig. f, 
where these analogies with Mg are indicated by broken lines.) By making 
such an identification, all of the transitions for neutral CO obey the 
selective principle (Ak= +1) of line spectra. This rule is apparently 
violated in certain molecules (CN, NO, and certainly BO and CO*), 
but we do not know yet whether such violations are the exception or not, 
and I think it is at least significant that in the case of CO, where the 
analogy with a given atom is fairly complete, the rule is obeyed. The 
same situation is true in the case of the helium molecule, according to 
the analysis of Mulliken®’, but here we have undoubtedly merely two 
slightly distorted helium atoms, and might expect the atomic laws to 
apply. On the other hand, Hund’s® theoretical analysis indicates that 
in molecules the transitions Ak=0, +1, are allowed. 

In the case of CO*, the analogy with Mgt is very good, as far as the 
multiplicity is concerned.®* The A’ level of Fig. 1 is double, with spacing 
126 cm, compared to 91.5 for the first ?P level of Mg*, while the X’ 
and B’ (2S) levels are single, if as.Blackburn*® believes, the lines of the 
first negative group of carbon are strictly single. If the B’ level is *S 
and if the Rydberg formula is true, the ionization potential of CO* is 
only 10.7 volts, placing this level at 24.9 volts on the Fig. 1 diagram 
(level X’’). This point will be considered more at length in a separate 
paper on CO?. 

The energy levels for CO*, plotted in Fig. 1, and given in Table I, 
are evaluated from the constants previously published by the writer.’ 
In this case, values are known for the true origins of the comet-tail 
bands (vy.= 20,472 and 20,346 cm~) and of the first negative group of 
carbon (v,=45,638 cm-') and these have been used for the calculation. 
Table I contains finally, in column 7, the frequency of vibration, w”, 
for each of the electronic levels of CO and COt. It was at first believed 
that the relative values of w* could be used as a criterion for the identity 
of the various states. Thus all S states, in molecules like CO, have 


57 Mulliken, Proc. Nat. Acad. Sci. 12, 158 (1926). 
58 See Birge™ and contained references. 
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roughly the same value of w”, while the P states have a smaller value. 
If this were a general rule, it should furnish valuable evidence regarding 
molecular structure, as was pointed out by the writer."* Recent work by 
Jenkins, Barton and Mulliken®® on NO seems to indicate however that 
such a criterion is quite untrustworthy, and hence the theoretical con- 
clusions based on it must likewise be uncertain. 


CONCLUSION 


The present paper has been concerned primarily with the experimental 
data for the band spectra of carbon monoxide. By a suitable analysis of 
these data, the general energy level scheme of Fig. 1 and Table I has been 
obtained. There can be no question as to the qualitative correctness of 
this scheme. The actual energy values of the various levels may be in 
error as follows. For the levels a, A, b, B, and c, of neutral CO, the error 
arises from the use of the head of a band in place of the origin, but the 
entire discrepancy for any level is probably less than 100 cm. The 
relative position of the levels of CO*, since these are given in terms of the 
true origins, is very accurate. On the other hand, the energy value of 
level X’, and hence of all the CO* levels relative to the CO levels is 
uncertain to possibly 0.3 volts (2430 cm~"), and the “term” values of the 
CO levels have the same uncertainty. 

The energy scheme is thus established, but the correlation of the 
various levels with levels of the Mg atom is of course still a pure assump- 
tion. This correlation has been merely sketched in the present paper, 
with no attempt at critical discussion. 


Note added in proof. Duffendack and Fox (Science 64, 277, Sept, 17 
(1926)) have recently obtained from data on excitation potentials 
striking confirmation of the quantum analysis of the CO and CO* band 
systems made previously by Birge’:®*4 and Johnson.” The 0-0 band 
of the third positive group is emitted at a minimum voltage of 10.2, 
compared to 10.35 volts for level b, as given in Table I. Similarly levels 
B, c, A’ and B’ are placed at 10.7, 11.1, 16.9 and 20.0 volts, compared 
to the values 10.73, 11.37, 16.72 and 19.84 volts, of Table I. The only 
discrepancy is in the case of the combination bands of CO*, which 
Duffendack and Fox find at 22.9 volts, compared to the calculated value 
of 19.84 volts. As a result they assume that these bands are due to a 
transition from a higher (C’) level to the B’ level, instead of from B’ 
to A’, and they remark ““This system contains so few bands that its 


59 Mulliken, private communication. 
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relation to others can not be determined with certainty by analysis.”’ 
This, however, is apparently not the case. There are six bands in the 
system and each fits unambiguously into the B’—A’ transition. 

Still more recently, Ann B. Hepburn (Nov. 1926 meeting, Amer. 
Phys. Soc.) has obtained, in a similar way, data in complete agreement 
with the values in Table I, including the combination bands of COt. 

PuysIcCAL LABORATORY, 


UNIVERSITY OF CALIFORNIA, 
August 21, 1926. 
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A THEORY OF INTENSITY DISTRIBUTION 
IN BAND SYSTEMS* 


By EpwaARD CONDON 


ABSTRACT 


A theory of the relative intensity of the various bands in a system of 
electronic bands is developed by an extension of an idea used by Franck in 
discussing the dissociation of molecules by light absorption. The theory 
predicts the existence of two especially favored values of the change in the 
vibrational quantum numbers, in accord with the empirical facts as discussed 
by Birge. 

A means of calculating the intensity distribution from the known constants 
of the molecule is presented and shown to be in semi-quantitative agreement 
with the facts in the case of the following band systems: SiN, AlO, CO (fourth 
positive group of carbon), I, (absorption), O. (Schumann-Runge system), 
CN (violet system), CO (first negative group of carbon), Nz (second positive 
group of nitrogen), and N, (first negative group of nitrogen). 

In the case of I, there is a discrepancy, if Loomis’ assignment of n’’ values 
is used, which does not appear if Mecke’s original assignment is used. It is 
suggested that at least some of the lower levels postulated by Mecke are real 
but that absorption from them always results in dissociation of the molecule 
and so they are not represented in the quantized absorption spectrum. 






1. INTRODUCTION 


HE problem of the explanation of relative or absolute intensities 

of spectral lines stands out today as one of the most important 
in the whole field of spectroscopy. As yet the problem has hardly re- 
ceived the necessary attention from experimental workers to make 
attempts at quantitative theoretical treatment profitable. The experi- 
mental difficulties of constructing controllable sources of excited materials 
seem to be yielding but slowly to the tremendous efforts toward their 
removal which are now being made. However, as is known, considerable 
progress has already been made in the discussion of relative intensities 
in the fine structure of lines (notably hydrogen Balmer lines in the 
Stark effect) and more recently in the relative intensities in multiplets 
in line spectra and of the various lines in the fine structure of individual 
bands.! 

When the fine structure of lines or bands is under discussion the 
experimental problem is considerably easier, for in this case the diffi- 
culties of the unknown variation of photographic sensitivity with wave- 

* A preliminary account of this paper was presented at the meeting of the Pacific 


Coast Section of the American Physical Society at Stanford University in March, 1926. 
1 Sommerfeld, Atombau und Spektrallinien. 4th ed. Chap. 5. 
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length do not make themselves felt appreciably. But when relative 
intensities are desired over long stretches of the spectrum, as between 
the members of a series of lines in atomic spectra or as in a system of 
bands in molecular spectra, the difficulties of photometric work present 
themselves in their full force. The result is that today there are few 
quantitative data in this field. In the case of the individual bands of a 
system,—the special subject of this article——one has only the 
rough visual estimates of the observers; sometimes nothing better than 
a knowledge of the presence or absence of the band in question under 
very roughly described conditions of excitation and observation. 

It seems worth while, however, to undertake an attempt at a theoretical 


correlation of the outstanding characteristics of the observed data with — 


the quantum theory model for the emitter of the band spectra of diatomic 
molecules. The theory presented here is one of the relative likelihood 
of the various possible changes in the vibrational quantum number and 
makes no attempt to explain the distribution of molecules in the initial 
state. The distribution in the initial state, in cases approaching thermal 
equilibrium, should be governed by the Maxwell-Boltzmann distribution 
law. This is apparently the case within the accuracy of the known data 
for absorption spectra, where deviations from thermal equilibrium are 
least important.2, The Maxwell-Boltzmann law seems also to hold re- 
markably well in some cases of violent electrical excitation in discharge 
tubes where one hardly expects to find thermal equilibrium. Perhaps 
this is a reflection of the fact that the Maxwell-Boltzmann law is one 
of a sort of maximum chaos, and it matters not whether the chaos results 
from disordered heat motions or irregular electrical conditions. To be 
more concrete, if m’ is the vibration quantum number of the excited 
electronic state of the molecule and n’’ that of the normal state of the 
molecule, then the theory, presented here undertakes the discussion of 
what Birge has called an n’ progression for the emission process or an 
’n'’ progression for the absorption process. 

One expects the considerations of which use is made in the model 
discussed to be of an approximate nature only. They are based on 
certain kinematic relationships existing between the vibratory motions 
in the two electronic states concerned. As the simple mode of discussing 
the model is one which, without quantum theory, would yield fractional 
changes in the vibrational quantum numbers, the question arises as to 
the proper modification of the results of the continuous theory in order 

* Chapter IV, Sec. 4, of National Research Council Report on Molecular Spectra 


(in press). The writer is indebted to Professor R. T. Birge for the opportunity to use 
the manuscript copy of this report. 
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to fit the discontinuous quantum theory. There is as yet no known way 
of treating this problem so the present results are necessarily approxi- 
mate. 

In view of the fact that the latest development in the disentanglement 
of the quantum enigma is in the direction of the substitution of another 
kinematics’ for the description of mechanical systems whose sizes are of 
the order of Angstrom units it is thought best not to dwell too long on 
the attempt to formulate this treatment exactly. Rather it is recorded 
here as giving results in striking and partially satisfactory agreement 
with the facts although with the expectation that a better treatment 
must come through the application of the newer kinematics of Heisen- 


berg, Born, and Jordan. 


The modern quantum theory interpretation of electronic bands as 
presented in Sommerfeld’s “Atombau’’ and in the National Research 
Council Report on Molecular Spectra (in press) is adopted in this paper. 
The quantization of the motion of a diatomic molecule leads to energy 
levels associated with each electronic configuration which are specified 
by a rotational and a vibrational quantum number, m and n respectively, 
as given by the following formulas: 


a a cee 
he 

A,=wn(1—an+ - - -) 
B,=Bo—an+ --- 

D,=Dot -:: 


All of the expressions are, in fact, infinite series but the terms indicated 
suffice for the analysis of most band systems. The derivatives of the 
potential energy curve at its equilibrium point are given in terms of 
the empirically determined, w°, x, Bo, a - * - by the formulas: 

V"(ro) =0 

V"' (ro) =c?(2rw)2u 











_ 6V"" (ro) rv 2Bouc/ aw® 
b (ro) aimed - (= + 1) 
Vi 6B? 
ia |= [v"(re) P-8— v"ro 
V (ro) 6 cha 


* Heisenberg, Zeits. f. Physik 33, 879 (1925); Born and Jordan, Zeits. f. Physik 34, 
858 (1925); L. de Broglie, Ann. d. Physique 3, 22 (1925); Schrédinger, Ann. der Physik 
79 459 (1926). 

* Sommerfeld, Atombau, 4th ed., Chap. 9. 

* The formulas are given by Born and Hiickel, Phys. Zeits. 24, 1 (1925). The nomen- 
clature used here is that of the Report on Molecular Spectra. 
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in which c is the velocity of light and uw is the harmonic mean of the 
masses of the two atoms in the molecule. 


2. GENERAL THEORY FOR ABRUPT STRUCTURAL CHANGES 


The theory of transition probability which will now be developed is 
an outgrowth of a picture proposed by Franck for a mechanism for the 
dissociation of molecules by absorption of light. Briefly Franck’s picture 
is as follows: 

In a “cold” gas the molecules are not vibrating and are in their lowest 
electronic level so that the nuclear motions are governed by V;,(r). If 
now a light quantum is absorbed which is of sufficient energy to bring 
the molecule into an electronic excited state, it is natural to suppose 
that in thus changing the electronic energy of the molecule no other 
specific action is exerted by the light on the molecule. The absorption 
of light merely substitutes a new law of nuclear interaction, say V2(r) 
for the old one V;(r). But since this new one has a different equilibrium 
position, the atoms, at the instant after the absorption, will be away 
from equilibrium and so start to vibrate. Should it happen that 


V2(r01) > Vomax 


where V2 max is the maximum value of V2(r) in the range 1%<r<© 
then the molecule will tend to execute oscillations of infinite amplitude, 
i.e., the molecule will dissociate. Thus Franck contemplates the photo- 
chemical dissociation of a molecule by a simple absorption of light. 

It is natural to extend this point of view to the effect of an electron 
transition in a molecule either in absorption or emission and whether the 
molecule be vibrating in the initial state or not. The electron transition 
is supposed to happen in a negligibly short time as compared to the 
period of the nuclear vibrations. If the transition occurs at the instant 
when the separation of the atoms is r and the relative momentum is 
p, then one supposes that the transition does not alter the instantaneous 
values of r and p, but merely substitutes a new potential energy function, 
say V2(r), for the old one, say Vi(r). The values of r and #, at the 
instant of transition determine exactly a vibrational motion in the final 
state. 

In general, of course, the vibrational motion so determined is not one 
of the states allowed by the quantum conditions. It becomes necessary, 
therefore, to suppose that the vibrational motion of the final state is 
not strictly governed by this principle but that it merely tends to take 
up the quantized vibration nearest to the one indicated by this principle. 


* Franck, Trans. Faraday Society (1925). 
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Here a certain ambiguity appears which is akin to that which occurs 
in all other cases where attempts are made to reason accurately from 
properties of the orbits, other than their energies. 

It is easy to give a general analytical formulation of the action govern- 
ing the vibrational transition. Disregarding rotation and writing p 
for p,, and g for r one has for the Hamiltonian functions of the initial 
and final states: 


H,=— +749) 
2u 


2 


ae V 2(q) 
2u 


If the motion in either state is solved by the Hamilton-Jacobi method 
leading to the introduction of the action and angle variables, J,w, 
for the initial state and J.w. for the final state one finds relations of 
the form 


p = pi(Ji,w:) 
for the initial state, 
q=q(J1,w1) 


and similar relations for the final state. On the assumption underlying 
the work, if the electron transition takes place at an instant when the 
initial values of J and w are J;,w, then the values of J and w after the 
transition, i.e., Jz and we will be given by the equations: 


po(J2,We) = pilJ1,W:1) 
g2(J 2, We) =qi(J1,W1) 
Or solving these equations for Jz and wz one finds that: 


J2=J2(J1,w1) 


W2= wo(J; ’ W) 


so that the final motion is wholly determined by the initial motion. By 
the quantum conditions J; equals mh and Jz equals mh where m, and nz 
are integers. It is thus seen that the solution for J» will not, in general, 
give an integral value. The phase of the final motion as given by we 
plays no réle in the spectroscopic theory. Moreover w; enters through 
a function which is periodic, with period 1 with respect to this variable. 
Thus the fall range of possible values of J: corresponding to any J; 
is obtained by letting w, range from 0 to 1. From the general dynamical 
theory w, increases linearly with the time. Failing any other indications 
on this point, one may say that the electron transition is just as likely 
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to occur at one instant as at another, and thus there is a definite prob- 
ability assigned to each range of J: to Jz2+dJs. 

It is clear that if all values of w,; are equally probable then the values 
of J2 corresponding to the small values of d/J2/dw, will be strongly 
weighted. But dJ2/dw,=0 give the maxima and minima of the possible 
transitions so that these extremes are to be regarded as more probable 
than the other allowed jumps. 

But the uncertainty of how to treat the fractional m2 and the inaccuracy 
of the experimental data make it fruitless to attempt to consider such 
detailed questions as the accurate relative probabilities of the transitions. 
For a given J, there will be a maximum and minimum value of J. given 
by the theory. Moreover the most probable transitions, it will appear 
later, are to the extremes of J: if the times of electron transition be taken 
as equally probable. Therefore in discussing the relationship of the 
theory to empirical facts, only the extremes of J2 for each J; have been 
computed. 

Looking over the theory as just developed, it is to be emphasized 
that at least the extrema of J: for each J; are governed entirely by the 
energy functions V,(r) and V2(r). These in turn, as has been pointed 
out, are fixed by the positions of the bands in the spectrum. Thus there 
are no adjustable constants appearing in the theory so that the vibrational 
transition probabilities are sharply correlated with the structure of the band 
system as regards position in the spectrum. 

The actual solution of the equations which present themselves in the 
case of the non-harmonic oscillator is prohibitively lengthy. In the 
following section the explicit formulas are developed for the case in 
which all derivatives of V2(r) and V;(r), higher than the second, vanish 
(harmonic oscillator). A graphical mode of treating the non-harmonic 
case is also presented. 


3. ExpLicir FORMULAS FOR THE HARMONIC OSCILLATOR 


In the case in which V;(r) and V2(r) are parabolic the modes of 
vibration are simple harmonic in both initial and final states and the 
explicit development of the formulas is quite simple. Thus let us assume: 


Vi(q) -= 3Ki(qg—qo1)? 
V2(q) -_ 3K2(q-— oz)? 


The solution for p and g in terms of J and w for the harmonic oscillator 
is well-known.’ One has for the final state: 


7 Born, Vorlesungen iiber Atommechanik, pp. 39, 57. 
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po(J2, We) = V 2uveJ 2cos2rwe 


1/27: 
q2(J2, We) = qu =~ *sin2e We 
MV2 


in which the frequency »: is related to the mass yw and the spring constant 
Ke by 





Similarly for the initial state: 


pi(J iw.) = aig 


Wi 
qi(Jiwi) = got ~*sin2xw, 
MV) 


Equating the values of » and q at the instant of the electron transition 
and writing d for go1—Qo2: 


V/ 2uvoJ cos2awe= +V/ 2urJ 1cos2rwi 
1 We Wy 
Th -—- —sindews=d+— —-sin2rw 
Nt 24 [V2 MY 


Solving for Jz in terms of J; and w; by elimination of we: 
1 Vi Ve “Pe as 
= 2atundts ("4") 2d 29? uve—sin2rwi:-VJ; 
Vo Vi 


Vi 
1 Vi V2 
+3(=-")costea, -J; 


2 Vo Vi 


The solution for we in terms of J; and w, is readily obtained but it is 
not needed. Introducing the quantum integers m; and mz in place of 








J; and Jo: 
2a? uv 1fvu v 27? uv 
nanan (4b 2g / OP. sintrwrv 
: h 2 Ve Vi h Vi 
7 1 Vi Ve 
H +- cost 
i 2\ve M4 


For brevity this will be written: 


n,=A+Bn,+C+/nsind+Dn,cos26, 


defining the coefficients A,B,C, D by comparison with the preceding 


agusife el VEG, “ber 
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equation. The extreme values of m; corresponding to any mz are found 
by the roots of dn,/d@=0 in the usual way. If C/4D./n,|>1 


ng=A+Bnyt+C/n,F Dn, 


and if |C/4D./ n;| <1 in addition to these also secondary maxima, given 
by m,.=(A—C?/8D)+C?/4D+(B+D)n,; the + sign being taken the 
same as the sign of C/4D. 

As has already been remarked, the extreme allowed transitions are 
the most probable ones and therefore these equations for the extrema 
give the bands which one expects to be strongest in a band system. 


INITIAL 





——» 
“wns 
wiLini 














Fig. 1. Typical relation of the potential energy curves. illustrating 
graphical method of finding favored transitions. 


The formulas for the non-harmonic oscillator can be obtained by 
successive approximations in a purely analytical way but it is easier to 
resort to an approximate graphical method. V;(r) and V2(r) are supposed 
to have been determined, in the neighborhood of 1; and fo2 respectively 
from the analysis of the energy levels of the band system. Suppose these 
plotted on the same piece of paper. Also suppose the vibrational energy 
levels marked off as in Fig. 1. Then when the molecule vibrates in either 
electronic state with a known number of quanta it is easy to see what 
the amplitude of the motion is, for from the energy integral, »=0 when 


V(r) =W 


if W is the energy of the vibratory motion. It is at the two extreme 
positions that the vibrator spends most of the time, i.e., the electronic 
transition is most likely to occur when the vibrator is in one of these 
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‘extreme positions. At these extreme values of r for a vibratory motion 
given by V2(r), if Vi(r) is suddenly made the law governing the motion 
then one sees directly from the figure what will be the amplitude and 
hence the energy of the new motion. Thus two most probable transitions 
are determined for each value of the quantum number in the initial 
state. 

This graphical method, as will appear later, indicates how very 
sensitive the theory is to slight uncertainties in the functions, V(r). 
In the next section are given the details of the application of the theory 
to all systems for which the necessary data are available. 


_ 4. APPLICATION TO KNOWN SYSTEMS 





It will now be seen how far the model employed accounts for the main 
observed features of intensity distribution in band systems. These have 


— 














Fig. 2. Typical distribution of intensity in band system 
(n’ ordinates, downward; n’’, abscissas). 


been discussed by Birge* who points out that it is a general rule that 
for each value of m’ (the quantum number of the initial state for emission) 
there are two preferred values of »’—n’’. On a double entry table as 
normally used, the nm’ being plotted downward as ordinates and the 
‘to the left as abscissas the locus of the strong bands is a parabolic 
looking curve; i.e., the strong bands form a locus somewhat like the 
shaded part in Fig. 2. The size of this general locus with regard to the 
t coordinate scale varies greatly from system to system, the branches being 
is coincident for SiN, slightly separated for AlO, widely separated for CO 
; while the scale for iodine is so great that only the part near the origin 
i (a in the figure) is known. In this section. the connection between these 
observed distributions and the theoretical predictions will be examined. 





* Birge, Phys. Rev. 25, 240 (1925), Abstract No. 23, also Chap. IV, Sec. 4, Report 
on molecular spectra. 
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The band systems to be treated are in order, SiN, silicon nitride; 
AlO, aluminum oxide; CO, 4th positive group of carbon; Is, iodine; 
also O2, Schumann-Runge system, CN, violet cyanogen; CO?, first 
negative group of carbon, Ne, second positive group of nitrogen and 
N;*, first negative group of nitrogen. Of these nine systems, the first 
four are typical of the increasing scale of the intensity distribution and 
are discussed in greater detail. In CO and I, the deviations from the 
harmonic law of force are considerable. For these cases corrections for 
the deviations are discussed as fully as the data allow. For the remaining 
five systems the observed intensity data together with the theoretical 
curve calculated from an assumption of harmonic force law are presented 
as additional examples of the semi-quantitative correctness of the theory. 


n 
QO c 4 6 & 10 











Fig. 3. The band system of silicon nitride. 


In Table I are collected together all of the molecular constants which 
are needed for a discussion of the systems according to the harmonic 
force law. In every case the figures are taken from a large table of 
constants in Chapter IV of the National Research Council Report on 
Molecular Spectra. In the last four columns of the table are given the 
four constants A, B, C, D which occur in the formula for »’’ in terms of 
n’ as computed for the emission process. C.G.S. units are employed. 
A quantity with ’ refers to the initial state and ’’ to the final state of the 
emission process. w® is the v, of the previous section expressed in cm™* 
instead of sec~!, similarly for w°’’ and vs. 

Turning now to the first system, one has available the estimated i in- 
tensities by Mulliken.* These are plotted in Fig. 3. Here there is but a 


* Mulliken, Phys. Rev. 26, 319 (1925); Jevons, Proc. Roy. Soc. 89A, 187 (1913-14). 











TABLE I.—Summary of molecular constants 
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*y. gives the frequency of the origin of the 0-0 band. 








single ridge of strong bands. The figure 
shows the curve of most probable values 
of n’’ as a function of n’, calculated from 
the molecular constants according to the 
theory. As the theoretically double- 
branched curve is here scarcely an 
integer in width, it is natural that the 
double branch should have merged into 
one for the rough correspondence in 
question. This molecule is one which 
shows a doubling of the lower branch 
due to the cos 26 term in the formula. 
The strong bands coincide exactly with 
this doubled line. 

The next typical case is that of alumi- 
num oxide. Here the experimental data 
both of Birge and also of Eriksson and 
Hulthén show clearly the double ridge 
of strong bands.!®° Here the curve 
computed from the molecular constants 


’ for the locus of the strong bands is open 


enough so that the branches should ap- 
pear distinct, as in fact they are. The 
lower branch of the theoretical curve 
agrees precisely with the data, while the 
upper branch is slightly high. This 
distribution of intensity is by far the 
most common in the systems of bands 
which have thus far been analyzed on 
the quantum theory, as can be seen in 
Table I from inspection of the table of 
values of A, B, C, and D. 

Extending the sequence of increasing 
scale for the distribution curve, the next 
example is the great system of the 
fourth positive group of carbon which 
is now known to be due to carbon mo- 


10 Birge has made estimates from unpublished 
spectrograms taken by him at the University 
of Wisconsin. Also Eriksson and Hulthén, Zeits. 
f. Physik 34, 775 (1925). 
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noxide." In this one system, which extends from about 2650A to 1300A 
there are known more than 150 different bands. The great extent of this 
system over the frequency scale (40,000 cm-") naturally furnishes a severe 
test of any intensity theory. Unfortunately there are here no even semi- 
quantitative intensity data. In fact no one observer has ever photo- 
graphed the entire system. Because of its great extent, however, the 
main features of the distribution are indicated by a diagram which shows 
simply which bands are observed. This accordingly has been done in 
Fig. 6. The full line gives the curve of the intensity distribution as 
computed by the simple theory based on the harmonic law of force. 


n 
4 6 
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Fig. 4. The band system of AlO. 


The analysis of the fine structure of the bands is so incomplete that 
it is only possible in a rough way to find the corrections due to deviations 
from the harmonic force law. In fact no fine structure work has been 
carried out on this system. Data on the initial state may be obtained 
since this, according to the analysis of Birge, is also the final state of 
the Angstrom CO bands. The moment of inertia in the final state is 
obtained from the infra-red CO rotation vibration bands. Besides the 
data given in Table I, the following figures on the 4th positive group 
are used in this work: 


x'w” = 17.24 a’ =0.023 
x”'w’ = 12.703 a!’ =? 
By means of the formulas for the coefficients in the law of force already 
given, it is possible from these data to compute force law curves for both 
" Birge, Nature 117, 229 (1926); Lowry, J.0.S.A. 8, 647 (1924). 
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states, but with some ambiguity and considerable uncertainty in the 
final state, for which no a value is known. Writing the expansion for the 
potential energy in the form 


V = u2o(r—ro)?+u3(r—ro)?+u4(r—ro)*+ - - - 
in which the unit of energy is spectroscopic wave numbers (cm™) while 
(r—ro) is expressed in Angstrom units one readily finds from the formulas 
previously given the following expressions for u2 us and u“, in terms of 
the band structure constants: 

10-'*V" (ro) 








M2 =———_——— = [0.95641 — 3] (wy) 
2!he 
10-*4V""(r9) (0 oonne 1] VE al ous* +1) 
X= -—— -_-=—= a ¢ — u ‘ 
: 3! he odes: 6Be 
10-"V%(m) 1/5, 8 x 
8 =— —u? om —ug— 
Alhc us\4 w? 


In these expressions the unit of uw is 10-% gm as in Table I, and the 
quantities in brackets are the logarithms of the coefficients of the cor- 
responding quantities. 

When the formulas are applied to the known data for the initial state 
in CO one obtains the following values: 

uz =2.30X10° 
us =—6.00 “ 
us’ =+8.84 “ 

For the final state a value of a is lacking. In computing the potential 
energy Curve what seems like a reasonable value of a has been used, 
namely 0.02. This compares well with the known values for systems 
which have been analyzed. The coefficients found on this assumption are: 

| us” =4.718X 105 
uz = —12.59 “ 
uy =+25.66 “ 


In Fig. 5 are drawn to scale the potential energy curves of the initial 
and final states in a form suitable for the application of the graphical 
method of predicting the intensity distribution. In Fig. 6 is given in 
the curve marked “corrected law” the theoretical position of the two 
tidges of intense bands as obtained by this method. It is clear that the 
corrected law improves the agreement for the lower branch while leaving 
almost unaltered the good. fit of the other branch. 
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Passing now to the band system of iodine,’ the largest known band 
system, it is essential to use the higher terms in the law of force since the 
change in the moment of inertia between the initial and the final states 
is very large. 

The calculations make use of the following data in addition to that 
given in the table: 




















a’ =0.00015 x’ wl’ =0.85 
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Fig. 5. The potential energy curves for the two electronic states involved 
in the fourth positive group of carbon (CQ). 


The resulting values of the coefficients in the potential energy function 
are: 


Initial Final 
ue: +1.537X104 +4.313X104 
us: —2.906 “ —6.002 “ 
us: +3.580 “ +4.014 “ 


12 The analysis is due to Mecke, Ann. d. Physik 71, 104 (1923), with Loomis’ revision 
of the quantum assignment. The values of Bo* and a are due to Loomis (Chapter VI, 
Report on Molecular Spectra), that of a’’, however, having been previously given by 
Kratzer and Sudholt, Zeits. f, Physik 33, 144 (1925). As Loomis points out, the values 


of a are quite uncertain. For new observations on resonance spectra, see Dymond, 
Zeits. f. Physik, 34, 553 (1926). 
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As in the case of CO, there are no intensity measurements available for 
this system of bands. The data are due to Mecke and give merely the 
presence or absence of the various bands. The system is thus plotted 
in Fig. 7. Here the data are for the absorption spectrum rather than for 
emission as in the examples previously given. To be consistent with the 
other examples, however, the terms “‘initial’’ and “‘final” in the foregoing 
set of constants have been chosen so as to refer to the emission process. 
In the absorption process, n’’ becomes the initial quantum number and 
n’ the final. Mecke has already commented on the peculiar intensity 
distribution in. I,, his Fig. 4 contrasting it with the more typical dis- 











Fig. 6. The observed bands of the fourth positive group of carbon. 


tribution of intensity of the violet CN-system. The distribution of in- 
tensity is, of course, profoundly modified by the distribution of the 
molecules among the initial states. This accounts for the great observed 
decrease in intensity of successive n’ progressions, for increasing values 
of n”’. 

The curve in Fig. 7 is that which is obtained by the graphical process, 
using the potential energy curves given by the foregoing set of constants. 
Here evidently is a wide discrepancy between theory and experiment. 
The discrepancy may be removed by an alteration in the assignment of 
vibrational quantum numbers. Mecke’s assignment of values of n’’ 
is greater by four than the one, due to Loomis, on which the calculations 
have been based. Mecke’s zero of n’’ was chosen to include a place for 
four anti-Stokes terms in Wood’s resonance spectrum. But if the theoreti- 
cal intensity curve derived from Loomis’ assignment is correct it is clear 
that a molecule in the zero-state initially would favor a transition to 
an energy state in excess of that required for the dissociation process. 
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This suggests that when the molecule absorbs light from the unexcited 
non-vibrating state it is always dissociated and no bands are obtained. 
It is therefore possible that lower vibrational states exist which con- 
tribute, by absorption from them, only to the continuous spectrum of 
iodine. The existence of such lower states is called for, of course, if there 
are really the so-called anti-Stokes terms in the resonance spectrum of 
Iodine. Loomis has, however, given an analysis of the resonance doublets 
which makes it appear that what were believed to be anti-Stokes terms 
in the m’=26 progression are really due to the excitation of some lines 
out of other ’ progressions. Dymond has recorded observations of 
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Fig. 7. The absorption bands of iodine (I.). 





anti-Stokes terms in resonance spectra excited by other lines than the 
green mercury line. It remains to be seen whether Loomis’ analysis 
can be applied to them. It is clear that, since the theory here presented 
gives the same favored An values for absorption as for emission, transi- 
tions involving the lower levels in the unexcited state would not appear 
in the fluorescent spectrum for the same reason that they are not in- 
volved in the fully quantized absorption spectrum. Thus it is to be 
expected that anti-Stokes terms will not appear even though the necessary 
levels may exist in the molecule. 

It is easy to see that a rather small change in the assignment of quan- 
tum numbers will make the theory agree with experiment. Full calcu- 
lations were carried out for the case in which the m’’ values were increased 
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by 5 and the m’ by 30. It was found that the discrepancy was about 
the same but in the other direction. Therefore a good fit could be ob- 
tained by some reassignment which makes smaller changes in m’ and 
n'’. It seems, however, that agreement on the intensities calls for re- 
assignment of both n’ and n’’, since calculations show that good fits are 
not obtained if 2’ alone is altered. Iodine, then, may be tentatively re- 
garded as in agreement with the theory.* 

This completes the consideration of the four main sizes of the typical 
intensity distribution. Of the remaining five, the Schumann-Runge 
system of oxygen is much like that of iodine in that an unusually large 
change in the moment of inertia occurs during the electron transition. 
The other four are medium sizéd systems like that of AlO. 
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Fig. 8. The violet cyanogen system (CN). 





The Schumann-Runge bands of oxygen are quite incompletely known." 
This name is here given to the system whose m’’ =0 progression is known 
in absorption by the researches of Schumann and others and whose 
n' = progression was photographed in emission by Runge. The recog- 
nition of the fact that the Runge and Schumann bands are part of one 
system is due to Mulliken. The data on the absorption bands has recently 
IE been extended by the work of Leifson as interpreted by Birge. All that 
can be said here is that in absorption Leifson’s strongest bands run 
from n’=9 to a limit at m’=21 with continuous spectrum beyond. 
Similarly the emission bands measured by Runge correspond to large 
values of An, the actual bands being n’=0, n’’=11 to 17. Here is evi- 
dently a preference for large values of An which is quite in accord with 
the theory of this paper. The fine structure analysis of the bands thus 





Schumann, Smithsonian Contrib. 29, no. 1413 (1903); Runge, Physica 1, 254 
(1921); Mulliken, Private communication to Professor Birge; Leifson, Astrophys. J. 63, 
73 (1926); Fiichtbauer and Holm, Phys. Zeits. 26, 345 (1925); Report on Molecular 

Spectra, Chap. IV, Section 7. 
* See note on p. 1201. 























INTENSITY DISTRIBUTION IN BAND SYSTEMS 1199 


far permits only the use of parabolic V(r) curves, but these, when com- 
puted from the data of Table I show that in absorption the most probable 
transition is that beyond dissociation. The calculation shows that from 
the n’’=0 state the molecule in the absorption process tends to take up 
over 1.2 volts of vibrational energy or 0.4 volts in excess of that needed 
for dissociation in the excited state for these bands. Similarly the curves 
indicate for the n’=0 progression of emission bands a large An, much 
larger in fact than that indicated directly by the Runge bands. Here the 
higher terms in the force law will undoubtedly operate to reduce the 
theoretical An, so that in this system there is as good agreement as can 
be hoped for in the present state of analysis of the bands. 
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Fig. 9. The first negative group of carbon (CO*). 


The remaining four band systems to be considered present no new 
features of special interest. They are shown in Figs. 8, 9, 10, 11 in which 
the intensities are, when given, simply rough visual estimates from the 
plates. The theoretical curve in each case is based on the formula which 
assumes simple harmonic oscillators. The data for CN (Fig. 8), are 
from Heurlinger." 

The intensities given for CO* (Fig. 9) as well as the molecular con- 
stants used are based on the work of Blackburn and Johnson.” It is 
important to note that the theory predicts the existence of some strong 
emission bands in the far ultraviolet, along the lower branch of the 
theoretical curve. The single-branched intensity distribution the writer 
believes is entirely a consequence of the lack of complete experimental 
data. The intensity estimates for the second positive group of nitrogen 
(Fig. 10) are due to Birge, being made from inspection of spectrograms 
taken by E. P. Lewis. 


4 Kayser’s Handbuch, v. 5, p. 190. 


46 Johnson, Proc. Roy. Soc. 108A, 343 (1925); Blackburn, Proc. Nat. Acad. 11, 
28 (1925). 
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. The data on the first negative group of nitrogen (Fig. 11) are due to 


4erton and Pilley." 
In conclusion it seems permissible to claim that the theory outlined 


re gives a satisfactory semi-quantitative correlation between the 
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{ Fig. 10. The second positive group of nitrogen (N2). 
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datensity distribution in band systems and the positional structure of the 
systems by means of a definite mechanical picture of the processes 
governing transition probabilities. The only previous attempt at a 
theoretical treatment of this topic is that of Lenz” who gave, by applica- 
tion of the correspondence principle to an over-simplified molecular 
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Fig. 11. The first negative group of nitrogen (N2*). 


model, some general formulas which, however, were incapable of numeri- 
cal application to specific cases. On the other hand, Lenz’ theory does 
lead to an understanding of the many and seemingly irregular alterna- 
tions of intensity in the m’=26 progression of the iodine emission spec- 


© Merton and Pilley, Phil. Mag. 50, 195 (1925). 
"' Lenz, Zeits. f. Phys. 25, 299 (1924). 
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trum (Wood’s resonance spectrum). This is a thing which is wholly 
unclear in terms of the theory given here. 

It is a pleasure to acknowledge my indebtedness to Professor R. T. 
Birge who has generously given me the benefit of his knowledge of band 
spectra and their quantum interpretation. It is also appropriate again 
to call attention to the fact that my work is merely an extension of a 
leading thought on this subject by Professor J. Franck. 


UNIVERSITY OF CALIFORNIA, 
DEPARTMENT OF PHYSICs, 
July 27, 1926. 


Note added to proof.—Since this was written I have learned of the 
experiments of H. Kuhn (Zeits. f. Physik 39, 77 (1926)) which seem 
to show conclusively that the long series of absorption bands which 
have a convergence limit really do come from the lowest vibration 


level so that the values of m’’ cannot be altered as suggested on page 
1198. 


GOTTINGEN, 
November 8, 1926. 
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ELECTRONIC STATES AND BAND-SPECTRUM 
STRUCTURE IN DIATOMIC MOLECULES 
II. SPECTRA INVOLVING TERMS 
ESSENTIALLY OF THE FORM B(;?—o?) 

By Ropert S. MULLIKEN 


ABSTRACT 


Properties of rotational terms of the form B(j?—«o*).—Evidence is pre- 
sented to show that the AIH, Hee, and certain other bands involve rotational 
terms essentially of the form B(j?—o*),and are in agreement with the postulates 
of a previous paper.' Since terms of this form have not hitherto been recognized 
in practice, their chief empirical properties, as shown by the bands discussed 
below, are now summarized. (1) There are in general two values of the rota- 
tional energy term F(j) for each j value. This type of rotational doubling has 
previously been confused with that which occurs, due to +e (where e=|p)), 
when F(j) is essentially of the form B(j—p)?. In the special case where p and o 
are both zero (!S states), all rotational doubling is absent. (2) The two sets of 
F(j) values, in doubling of the o type, in general differ in respect to the values 
of B and of a small ‘“‘secondary” p whose presence must, at least formally, be 
admitted; thus F;(j) = By|(j—ps)?—e?]+ - - - (=A or B), with e<}, or usually 
<j}, in practice; a slight difference in the electronic term values may also 
occur (as e.g., in the Hez bands). (3) In general, there are six branches in 
combinations of two o-type terms (cf. Eqs. (2) of text); in the P and R branches, 
combinations occur only between like rotational terms (F’4—F’’s, and 
F'g— F'’g), while in the Q branches, “‘crossing over”’ always occurs (F’4— F’’g 
or F’p— F'',). (4) In the special case of 'P—'S and 'S—!P combinations 
(cf. Eqs. (1) and Fig. 1 of text), there are only three branches, due to the 
existence for the 'S electronic state of only one rotational state for each value 
of j (these states have the properties of Fg states); apparent ‘combination 
defects” in P-Q-R combinations result here from the Q crossing over phe- 
nomenon. (5) In 2S—?P and *P—?S transitions, the intercombination of the 
p-type ?S term with the o-type *P, or *P2 term gives rise to a special band 
structure (with six branches) in which for a frequent limiting case there is 
a practically complete coalescence of one of the P with one of the Q branches, 
and of one of the R branches with the other Q branch (cf. Eqs. (8), (8A), and 
(8B) of text). The existence of these band-types is strong evidence for the 
reality of the p values +} and —} for 2S states, and so affords additional 
confirmation of Kratzer’s interpretation of the violet CN bands (2S—?S 
transition) as adopted in ref. 1. 

The CO, AIH, and He, bands.—Assuming p=0, «=1 for 'P states, it 
was shown in ref. 1 that the structure and missing lines of the CO Angstrom 
bands are in agreement with the classification 'P —'S given by Birge. The AlH 
bands are now shown to fall under the classification 'S—'P, and it is predicted 
that the fourth positive CO bands, designated as !S—'P by Birge, will have 
the corresponding structure and missing lines—By adopting the assumption 
(due to Mecke) that alternate lines are missing in each branch, it is shown 


1 R. S. Mulliken, Phys. Rev. 28, 481 (1926). 
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that the three-branch “series” bands of helium are of the !S—'P type and the 
three-branch bands 46400 and 4546 of the 'P—1S type, while the six-branch 
band 5733 appears as the (only known) representative of the 1P—'D type. 
Revised values of various constants of the He: molecule in its different elec- 
tronic states are given in Table I. To account for the alternate missing lines, 
a system of alternate suppressed rotational levels (cf. Fig. 2) is assumed. The 
correctness of this system is supported by several lines of evidence in addition 
to the satisfactory interpretation of the band structures;-e.g., it correctly 
predicts the absence of 'S—'4S and 'P—'P transitions in He,. The relation of 
the excited states of He, to those of He is discussed briefly. 

Resonance series and the band spectra of the alkalies and the halogens. 
The fluorescent radiation emitted by a molecule after excitation by absorption 
of monochromatic light consists under suitable conditions of a series (‘‘reso- 
nance series’’ of Wood) of roughly equidistant groups of band lines, correspond- 
ing to a series of final vibrational states. According to the present analysis, 
various transitions in even molecules should yield resonance series of the 
following types: 'S—'S, P-R doublets; 'P—'P (or '!D—'D, etc.), P-Q-R triplets 
but with the Q member usually too weak to be noticed; 'P—'D,'D—'P,'P—'S, 
etc., P-Q-R triplets; 'S—'!P, doublet series (P,R) for some exciting wave-lengths 
and singlet series (Q only) for others. The visible I, absorption bands give rise 
to P-R doublets (interpreted as such by Lenz), so that they (and by analogy 
the corresponding Br2 and Cl, bands) are probably 1S—1S (or perhaps 'P—'P 
or 'D—'!D). The Naz absorption bands in the green, giving both singlet and 
doublet resonance series, are probably 'S—'P, and the same is probably true by 
analogy of most of the familiar alkali metal bands. In further support of this, 
there is no evidence, in the band structure, of electronic doublets such as 
appear in the atomic transitions *S—*P,. The relation of the electronic states 
of Nae to those of Na is briefly discussed. 

Other band spectra.—Although no detailed analyses are available, the 
evidence indicates that the red CN, BOa, and CO* comet tail bands (also the 
doublet alkaline earth halide bands?) have a structure (cf.(5) under ‘‘Properties 
....,” above) essentially the same as that of the ZnH, CdH, and HgH bands, 
and characteristic of the transition *S—*P,,.. The “combination” bands of 
BO and CO* and the NO third positive bands (presumably also Jevons’ SnCl 
bands) probably have a similar structure characteristic of *P1,.—*S transitions. 
Predictions are given for the structure of *?P—*D bands; these should differ 
from all bands now on record in having 7” and T’’ both integral.—The OH, 
CH and MgH bands arte briefly discussed following Table II, which gives 
a condensed summary of T, p and o values, and electronic transitions, for 
the band types discussed here and in ref. 1. Table II shows that im all 
known cases, je appears essentially as o in P and D states, but as +e in 
S states (for 'S states j7.=0). A corollary is that m is half-integral in known S 
states, but not in P or D states. 


INTRODUCTION 


N previous papers certain examples of band spectra involving rota- 

tional energy terms essentially of the form B(j?—o?) have been » 
discussed (CO Angstrém bands,! ZnH, CdH, and HgH bands)’. In 
section A of the present paper, the structures of a number of further 


2 R.S. Mulliken, Proc. Nat. Acad. Sci. 12, 151 (1926). 
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examples, involving singlet electronic states and due to even molecules, 
are interpreted; while in section B additional examples due to odd 
molecules and involving doublet electronic states are treated ; in section 
C the interpretations of this and preceding papers are summarized. 

Frequent reference will be made below to the first paper of this series! 
for notation, definjtions, etc. ;.this paper will always be referred to as I. 
The system of j values used in the present paper is that adopted in I 
(cf. postulate JJJ). As remarked in the “note added in proof’’ at the 
end of I, it is however likely that the true j values are all 3 unit lower 
than those here used. 


A. SPECTRA OF MOLECULES WITH AN EVEN NUMBER OF ELECTRONS 

General Relations. From I, the following relations are always to be 
expected for combinations of terms of the form B(j?—o?), in even mole- 
cules: (1) 7.=a0=0 for 1S states, 1 for 1P states, 2 for 'D states, etc. 
(cf. postulate J of I); (2) j=half-integral (cf. postulate JII of 1); (3) 
j~T, since T =j—p by definition (cf. I, p. 491) and since we are assuming 
p~0; (4) hence 7 ~T ~0+3, o+14, o+23,---, (cf. I, p. 488, section 
on missing lines); (5) P, Q, and R branches are respectively P-, Q-, 
and R-form, since AT ~Aj (cf. I, Eq. 5 and p. 492); (6) as a result of 
the presence of ao (either a’ or o’’ or both,—cf. I, p. 488), Q branches 
should always be present (in addition to P and R branches) except for 
the special case of 1S—'S transitions (¢’=¢’’=0). To avoid possible 
misunderstanding, it should be remarked that the exact values of o’ 
and o’’ have not been obtained from direct experimental evidence, but 
have been deduced from the missing lines, in connection with the postu- 
lates of I, as explained in I (cf. pp. 493-4). 

In addition to these outstanding relations, there are a number of 
secondary but nevertheless important features which will now be stated 
in the form of probable empirical generalizations* in order to facilitate 
the discussion of individual spectra. The truth of these generalizations 
will at first be assumed, but will become increasingly evident as successive 
examples are considered. 

Empirically, there are two rotational states for each value of 7 when 
o>0 ('P, 'D,---+ states), but only one when ¢=0. This rotational 
doubling superficially resembles that for terms of the type B(j—p)?, 
where, however, the doubling is probably due (cf. I, discussion of violet 
CN bands, pp. 485-6) to a double sign of p (F; and F; states). In the 
case of o-type doubling, the two rotational states will now be designated 
Fy, and Fp. 


* The significance of these will be discussed in a subsequent paper. 
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As discussed in connection with CuH in I (pp. 498-9), 'S states, where 
o«=0, show no rotational doubling. One might then expect 'S rotational 
states to act, in their combinatory properties with 'P states, like a 
coalescence of F,4 and Fz, states. Actually, however, they are unsym- 
metrically single in that they give Q combinations only with Fy, states 
and P or R combinations only with Fz states, as expressed in Eqs. (1) 
and Fig. 1. These rules of combination are in fact here used as the basis 
for the definition of F4 and Fz states. This definition is intended to be so 
chosen that usually in practice F4 (j) > Fs (j), to a certain extent parallel- 
ing the empirical relation F,(j+1) > Fs: (j) which normally holds (cf. I, 
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Fig. 1. Rotational energy levels and transitions for 'S—'P and 'P—'S electronic 
transitions. Only the lowest two or three levels are shown for each state. The only 
rotational transitions shown are those corresponding to the first possible line of each 
branch; additional band-lines are determined by analogous transitions between higher 
rotational levels. 


p. 486) for p-type terms when e=4; the relation F,4 (7) > Fs (j) is illus- 
trated by the Hee bands (cf. Eqs. 1 and 2 and pand B values of Table I), 
but for the AIH bands (cf. Eq. 4) Fs (j)>Fa (j). In view of their com- 
binatory properties, 1S states are classified as Fg states.‘ 'S—'S transi- 
tions, which might legitimately be included as special cases under the 
present discussion, have already been sufficiently treated in I (cf. pp. 
498-500 and Eqs. 17). 


'S—*P: R(j) = Fe'G+1)— Fa"); QG)=Fa'G)— Fa"); (1a) 
P(j) = Fa'G—1) — Fa'’() 


‘In 'S—'S transitions it is practically certain that ‘‘crossing over’’ does not occur 
for the P and R branches, since the terms are single and presumably of the same rota- 
tional type for all 4S states. But in other transitions there is no direct evidence at 
present against the possibility that it is really the P and R branches, instead of the 
Q branches for which crossing-over should be indicated in Eqs. (1) and (2); definite 
evidence could perhaps be obtained by a careful study of He:A5733. However, the 
analogy of the ‘S—'S (and *S—*S, cf. I, p. 487) cases makes this very improbable, and 
it will therefore be assumed that crossing over occurs only in Q branches. A consequence 
of this assumption is the definite classification of 'S states as Fg states. 
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1P—'§: R(j) =Fe’(j+1)—Fe''(j); QG) = Fra'(j) — Fa’); (16) 
P(j) = Fa'(j—1) — Fs"’(j) 


For the general case of combinations between two g-type terms, 
Eqs. (2) are applicable (these equations also serve to define Qaz and 
Qpga branches) 5 


Ra(j)=Fa'G+1)—Fa"(Q) 5 Ra(j) =F a’(G+1)—F a" (j) 
QOza(j) =F’ (j) —Fa’’(j) 5 Qas(j) =Fa'(j) —F2’’(j) 
Pa(j)=Fa'G—-1)—Fa"(Gj) 5 Pa) =F ’(G—1) —F ’’() (2) 


Eqs. (1) and (2) illustrate a characteristic peculiarity of Q branches,— 
a “crossing over’’ (adopting an expression due to Prof. R. T. Birge) from 
an F, to an Fz term or vice versa.‘ A result of this is the occurrence of 
apparent “combination defects’’ when one attempts to obtain A, F values 
by making use of P, Q, R combinations (as in Eq. (20) of I); only A.F 
combinations (cf. Eq. (18) of I) can be directly obtained.—Similar 
crossing over in Q branches also occurs in other than pure o-type bands 
(e.g. in the HgH type and probably” in the CH type bands). 

The most usual difference between F, and Fz terms is the occurrence 
of an apparent small “secondary” p which differs in numerical value 
(sometimes also in sign) for F4 and Fz.° In such cases the rotational 
term is therefore, strictly speaking, apparently of the general form of 
Eq. (8) of I, but the po? term (cf. Eq. (8A) of I) would usually be so 
small that it can be neglected. In addition to the occurrence of a small 
p, there is often an apparent slight difference in the B values for F4 and 
F, terms; and sometimes there is even a slight difference in the elec- 
tronic term values (F(e) of Eq. 3 of 1), as is shown by the work of Curtis 


5 What is essentially the term-scheme of Eq. (2) was first suggested by Mecke 
(Phys. Zeits. 26, 219 (1925)) for He2\5733, except that Mecke implicitly assumed the 
terms to be of the p type. 

* The small secondary p’s which occur in o-type terms are paralleled in the case of 
doubling of the true p type by small deviations of « from exact half-integers or integers 
as shown especially by Birge (cf. National Research Council Report on molecular 
spectra); without such small deviations there would be in fact no obvious doubling 
(cf. I, p. 486, violet CN bands). Also for 4S states, where approximately p=oc=0, 
a small p can occur (cf. I, ref. 52, CuH bands). It also seems possible (although not 
obviously open to experimental verification) that small secondary o’s sometimes exist 
in the case of p-type states, and that there may be small deviations of « from exact 
integers or half-integers in o-type states; these questions have been discussed to some 
extent previously in connection with the HgH type bands.’ 

It may be, however, that the use of a linear term in j, as introduced by Kratzer 
(cf. I, pp. 485-6), will prove to be more correct physically than the use of a “‘secondary 
p”; formally, the two are practically equivalent. 
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and Long on the Hee bands (see below). F(j) can then, formally at 
least, be represented by: 


F4(j) = B, [(j—pa)?—o?| 
F3(j) = Ba[(j—ps)*—o?| 


CO Bands.’ The Angstrom CO bands have been discussed in I (pp. 501-2) 
and shown to fulfill all the requirements for a 'P—'S transition, except 
that Eqs. (10) are replaced by simpler equations (Eqs. 19 of I) in which 
there is no separation of F’’ into F4’’ and Fz’’. We are free, however, 
to suppose that a very small separation is actually present, so that these 
bands need not be considered anomalous ;® it is likely that the smallness 
of the separation is related to the high stability of the CO molecule; 
in the unstable Hez molecule, especially for the more excited states (see 
below, Table I), the separations between F,4 and Fz, terms become very 
large. 

The fourth positive bands of CO are without doubt due to a 'S—'P 
transition, as concluded by Birge (cf. I, Fig. 1); the structure of these 
bands has not been investigated in detail, but so far as it is known, seems 
to be in agreement with expectation. 

The infra-red CO absorption bands should involve 'S states only, 
since the normal state of CO is 'S (cf. I, Fig. 1 and p.), and shouldthere- 
fore have the same structure as the infra-red HCl absorption bands. 

AIH Bands.’ A system of bands due® to AIH has recently been in- 
vestigated by Morikofer!® and by Eriksson and Hulthén." As analyzed 
by the latter investigators, the bands all have exactly the same structure 
as the Angstrom CO bands, except for the missing lines, which agree 


(3) 


7 Since j,=1 for *P; atomic states, it is possible that ¢=1, p=0 holds for *P; as well 
as for }P molecular states, so that 'S—*P, and *P,;—'S transitions might give the same 
band-structure (including missing lines) as 'S—'P and 'P—'S transitions,—hence that 
the CO, AIH, and He bands might correspond to transitions of the former rather than 
of the latter types. But the suggested identity of structure seems doubtful; or if 
it did exist, it is likely that ‘S—*P, combinations would be accompanied by 'S—*P» 
(possibly also !S—*P,) combinations which would betray them. In the cases of CO 
(cf. I, Fig. 1 discussion and ref. 38) and Hes (cf. ref. 21 below), there is furthermore 
definite evidence against the presence of *P states for the bands here discussed. 

§ Dr. E. Hulthén has been so kind as to inform the writer that the Q branches finally 
begin to show slight combination defects for high values of j, thus showing that F4” 
and Fg” are really distinct as expected. 

* That the bands are due to AIH is sufficiently well shown by the experimental 
conditions (Al arc in H2; also in absorption, in Al vapor plus H», according to Hulthén 
and Zumstein, Phys. Rev. 28, 23 (1926)), and by the small moment of inertia disclosed 
by their analysis. 

10 W. Morikofer, Dissertation Basel, 1925. 

" G, Eriksson and E. Hulthén, Zeits. f. Physik 34, 775 (1925). 
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perfectly with Fig. 1a ((S—'P transition), and except for the fact that 
the Q branches show apparent combination defects indicating that 
F,'*F;'.™ The difference between F,4’ and Fz’ is apparently chiefly 
in the B values, since an approximate evaluation of the F’s from Eriksson 
and Hulthén’s data, assuming Eq. (1a), gives, for the band involving 
vibrational states having n’=0 and n’’=0: 


F4'=5.935(j?—1)+ «++ ; Fa’=6.00G?—1)+ --- ; FP’ =6.2972+ --- (4) 


The Hez Bands.’ In all the Hez bands,"*5.* the T values are apparently 
quarter-integral, while AT has the apparent values, —3, 0, and +3, 
for P, Q, and R branches. But on this basis, the branches which occur 
appear to be determined by arbitrary and mysterious selection principles. 
Besides this, there are missing in the 45733 band two lines, P’(2) and 
Q,(2) in Kratzer’s numeration, whose absence is not accounted for. 

An important clue to the understanding of these bands is the phe- 
nomenon of alternating intensities in band lines. This seems to be an 
exclusive characteristic of molecules composed of two like atoms.’’ 
Such alternating intensities occur in the second positive Ne, the Nt, in 
certain He, and doubtless in other bands.'* In the Swan (probably C2) 
bands, there are three R branches, in each of which, however, alternate 
lines are slightly displaced, so that each branch must be divided’® into 
two series, of doubled spacing. Similar statements he'd f- > the I branches 
(Q branches have not been observed). In explanation, Heurlinger sug- 
gested’® that each individual series may be thought of as consisting of an 
alternation of strong and vanishingly weak lines, so placed with respect 


® According to Mérikofer, a number of additional lines are present in some of the 
bands, corresponding to smaller values of j (in some cases negative!) than those noted 
by Eriksson and Hulthén; but for the most part these are discontinuously weaker than 
preceding members of the series. Eriksson and Hulthén state that each branch always 
begins with a strong line, and on the whole it seems legitimate to leave out of account 
the additional lines noted by Mérikofer. 

13 Except for the missing lines, which indicate a 'P initial state, it might be the 
final instead of the initial states which are double,—as indeed Eriksson and Hulthén 
supposed. 

“ W. E. Curtis, Proc. Roy. Soc. 101, 38 (1922): 45733, 6400 and 4546 bands. 

8 “Series Bands,” W. E. Curtis, Proc. Roy. Soc. 103, 315 (1923); W. E. Curtis © 
and R. G. Long, Proc. Roy. Soc. 108, 513 (1925). In these bands, combination relations 
do not exist between the Q branches and the P and R branches (the usual relations exist 
between the P and R branches). Curtis and Long, however, assume that all three 
branches are associated with a common set of final rotational states; this assumption 
has been adopted here. 

A. Kratzer, Zeits. f. Physik 16, 353 (1923). 

17 Cf. R. Mecke, Zeits. f. Physik 31, 709 (1925). 

18 Cf. R. Mecke, Phys. Zeits. 25, 1 (1924); Zeits. f. Physik 28, 269 (1924). 

1% T. Heurlinger, Dissertation Lund, pp. 46-47 and 52-53 (1918). 
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to those of the companion series that the strong lines of the one series 
alternate with those of the other to make the almost-continuous com- 
posite series which corresponds to an observed branch (this will be made 
clearer by an examination of one of the series (of doublets) for the case 
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Fig. 2. Rotational energy level schemes for 'S, 'P and 'D electronic states in Hes, 
and rotational transitions corresponding to first observed line of each branch (cf. 
description of Fig. 1) for '\S—1P, 'P—1S and 'P—"D combinations. The spacing of the 
rotational levels is not to scale. 

The full lines represent levels between which combinations have actually been 
observed, while the dashed lines correspond to hypothetical intermediate levels whose 
suppression is probably somehow related to the symmetry of the molecule (cf. refs. 17, 
19 and 20). The complete absence of levels having j =} in the case of P states, and of 
levels having j =} or 1} in D states, is ascribed to the presence of a « (« =1 for P states, 
and o =2 for D states), and is perhaps the strongest argument from the band structure 
for the designations P and D. The missing lines, and the first lines which are present 
in each branch, are determined by both these types of missing levels jointly. 

At the left of the figure are the j values as here assigned, and the classification of 
the rotational levels as A or B (for 'S states all the levels are classed as B levels). At 
the right, for convenience of comparison, are Kratzer’s designations for the two observed 
classes of rotational levels in P and D states, together with his assignment of m and p 
values. (In the figure, was é inadvertently used instead of 5). The designations given 
for the first observed lines of each branch are in the notation and numbering of Kratzer 
and Curtis (the mumber in each case is merely the value of Kratzer’s m’’). 

The suppressed levels can be summarized as follows: B levels, $, 2}, 44,--~ for 
S states, 14, 34,54, --+-+ for P states, and 2}, 44, 63,--- for D states; A levels, 24, 44, 
64,---+ for P states, 3}, 54,--- for D states. 
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marked 'P—'D in Fig. 3 below). If the alternate weak members in each 
individual series were not vanishingly weak, each branch would consist 
of narrow doublets, of which alternately the high- and the low-frequency 
component would be the more intense. Exactly this condition is observed 
in the second positive nitrogen bands, whose structure is identical!® 
with that of the Swan bands if Heurlinger’s suggestion of alternate 
missing lines is adopted for the latter—A suggestion in regard to the 
cause of such alternating intensities has been made by Slater.?° The 
problem has been considered recently by Van Vleck (Phys. Rev., 


Nov., 1926). 
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Fig. 3. Diagrammatic representation of arrangement of band lines for the three 
known types of Hez bands. To avoid confusion the Q branches are drawn separately 
from the P and R branches. For simplicity the latter are drawn as if given by equations 
of the form y= A + Bj’”’; actually there should in general be a slight discontinuity at the 
null line, corresponding to a small difference in the A values for the P and R branches 
(cf. Eq. (5) of J); and of course there should be terms in j’”, 7’, etc., in the vy expression. 

In the diagram the full lines represent observed band lines, the dashed lines cor- 
respond to “‘alternate missing lines,’’ while the dotted lines indicate ‘‘central missing 
lines,” i.e., band lines which are missing due to the condition that 7 cannot be less 
than «. The occurrence of only three branches for ‘S—'!P and 'P—'S transitions, but 
six for 'P—'D transitions, is due to the singleness of the 'S rotational states, as explained 
in the text. 

If the dashed lines in Fig. 3 be converted into full lines, the diagram becomes identical 
with that for ordinary 'S—'P, !P—1S, and 'P—"D transitions, as in AlH, CO, etc. 
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Mecke has pointed out” that the peculiarities of the He2 bands largely 
disappear if one assumes alternate lines to be missing in each branch 
(as in Heurlinger’s interpretation of the Swan bands). Applying this 
suggestion,” by assuming suitable sets of alternate suppressed rotational 


20 J. C. Slater, Nature 117, 555, April 17 (1926). 

#1 R. Mecke, Phys. Zeit. 26, 227 (1925). 

#2 Adopting a suggestion rejected by Mecke,'”"* Dieke has proposed the subdivision 
of each alternating series in N.* into two series composed respectively of the strong and 
of the weak lines (G.H. Dieke, Zeits. f. Physik 31,.326 (1925)). This, however, gratui- 
tously introduces" into the interpretation of the N,* bands the peculiarities of the He 
bands, and is open to other objections, e.g., the B values are four times as large as 
according to the other interpretation, and much larger than for related molecules such 
as CN and CO. This change in the values of B and other coefficients in the expression for 
F(j) permit a critical test, however: as Birge has shown (R. T. Birge, Nature 116, 
783 (1925)), the experimental wo values agree with the theoretical relation (cf. below, 
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energy levels, it becomes evident that the “series bands’’™ are of exactly 
the same type (three branches, combination defects in P-Q—R combina- 
tions, etc.) as the \S—'P AIH bands, while the bands A4546 and 46400 
fall at once under the 'P—'S type. The band A5733, which has the same 
final state as 44546 and 6400," differs from all the other known Hee 
bands in having six branches (and in being shaded toward the violet), 
and also has more missing lines per branch than any of the other Hee 
bands. The missing lines, hitherto not explained, are on the new basis 
exactly those to be expected for a \P—'D transition (¢’=2, o’’=1). 
This band now constitutes the typical example of the general case of a 
combination of two o-type terms in agreement with Eq. (2), and furnishes 
in fact the experimental basis for Eq. (2).5 It also shows definitely, by 
elimination, that it is the 1S state which is responsible for the fewness of 
branches and other peculiarities of 'S—'P and 'P—'S combinations. 

The relations stated in the preceding paragraph will become clear by a 
study of Figs. 2 and 3. 

Starting with the assignment of electronic term designations just 
arrived at, strong evidence for their correctness was given in a previous 
paper,”* to which reference should be made, on the ground of series 
relations of the electronic terms (supplementing the work of Fowler and 
of Curtis and Long) ; this evidence may now fairly be cited on its own 
merits as giving support to the interpretations here given of the structure 
of the Hez bands. There is, furthermore, direct evidence (see below) in 
favor of the scheme of rotational levels given in Fig. 2, and in addition, 
the new interpretation leads to more reasonable B and w» values than the 
old (cf. refs. 23 and 23a, also Table I, p. 1215) ; all this isin addition to the 
satisfactory explanation of the band structure. 

In the above-mentioned paper,” it was shown that the electronic terms 
in the “main series’ and related bands (AX6400, 4546, 5733) parallel 
the “doublet” (presumably triplet) terms of the He atom, while the 
electronic terms of the “second series’ bands parallel the singlet terms 





p. 1214) w= V 4B*/8 only if the alternate strong and weak members of each otherwise 
continuous series are assumed, contrary to Dieke’s interpretation, to belong physically 
to a single series. Hence the assumption of the extreme case of alternating intensity, 
i.e., alternate missing lines, in the Swan bands and in the He: bands, cannot be considered 
a radical one. 

#3 R.S. Mulliken, Proc. Nat. Acad. Sci. 12, 158 (1926). The writer wishes to express 
here his regret at having failed to notice until recently a paper by Y. Takahashi (Jap. J. 
of Physics 2, 103 (1923)) in which electronic term designations for the He: bands were 
proposed, in part similar to those arrived at later by the writer. Attention may also 
be called to Curtis and Long’s discussion of the nature of the terms and of the emitting 
molecule (l.c., ref. 15, pp. 533-38). 

28a R. Mecke, Zeits. f. Physik 32, 823 (1925). 
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of the atom. In explanation it was suggested that the “main series”’ is 
emitted by molecules composed in their least excited state of two He 
atoms each in the metastable 2 *S state, and the less prominent “‘second 
series’ by more loosely bound molecules composed of two atoms each 
in the metastable 2 \S state. In the former case (2 *S, 2 4S), the resultant 
molecular 1S state (j7-=0) must evidently arise from an interaction and 
mutual neutralization of the j,.’s of the two atoms (j,=1 for each), while 
in the latter case (2 1S, 2 1S), with 7,=0 for each atom, no interaction is 
needed to give the 1S molecular state.** The conceivable case (2 1S, 2 3S) 
seems not to be present in bands now known, while the cases (1 1S, 
2 4S) and (1 4S, 2 4S) may fairly safely be left out of consideration in view 
of the inertness of the normal (1 4S) state of the He atom. The known 
excited electronic states of the He2 molecule presumably correspond to 
the excitation of an electron (above the 2 S state) in one atom only, to 
electronic states belonging to the same system (triplet for the main series, 
singlet for the second series) as for the corresponding least excited state 
of the molecule. This accounts for the marked resemblance of the mole- 
cular term values to those of corresponding atomic terms. But in spite of 
this resemblance the multiplicity is completely changed, in the case of the 
molecular forms composed of two triplet atoms, by the interaction of the 
two atoms. 

The direct evidence for the alternate missing level scheme of Fig. 2 
is as follows. In Fig. 2 the arrangement of the missing levels differs for 
1S, \P, and 'D states; but for all the states of each type the same char- 
acteristic arrangement must exist. This is shown for |S states by the identi- 
cal structure of the two bands \6400 and 44546 (2P—3S and 2P—4S),* 
and for 'P states by the identical structure of all members of the series 
2S—mP,—for both “main” and “second” series. From the scheme 
of levels in Fig. 2, it can then readily be seen that P and R branches 
should be impossible in 'S—'S transitions, while Q branches are not 
to be expected, since they are absent in known 'S—1!S transitions (CuH, 
etc.). Similarly, P, Q, and R branches should all be impossible (assuming 
Eq. 2) in 'P—'P (and 'D—'D) transitions, as can be seen from the figure. 


* That the known molecular electronic states are all of a singlet type is fairly satis- 
factorily shown by the comparative simplicity of the band structures; if any of the 
bands involved triplet terms, a corresponding multiple »* would be expected, at least 
in the case of \6400, 4546 and 5733, whose common final 2P state, if it were *P rather 
than 'P, should probably be resolved, since in the atom the 2 *P (2P “doublet”’) state 
shows an appreciable separation into (apparently two) components; or if an electronic 
fine structure were present but unresolved, it should still make itself felt by the oc- 
currence of more than one value of ¢, with a corresponding change (reduction) in the 
number of missing lines,—and also perhaps in other ways. 
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There is no reason to expect these transitions to be barred as in line 
spectra by a selection principle, since intense S—S and P—P combina- 
tions are known for other molecules. It then seems very significant 
that no Hee bands corresponding to either 'S—'S or 'P—'P transitions 
are known. Dr. Curtis has recently re-examined his plates and has been 
so kind as to inform the writer that he finds no evidence of any of the 
combinations 2S—3S, 2S—4S, 2P—3P, 2P—4P, although if present, 
their location is such that they should all have been rather easily detected. 
This result gives strong support to the missing level scheme of Fig. 2.75 

The new interpretation of the Hee bands here proposed requires a 
re-interpretation of AF values and a corresponding re-evaluation of 
coefficients. In general for any band spectrum, the AF’s, when correctly 
evaluated by means of combination relations (cf. I, p. 490), are empirical 
quantities which are unalterable by any change of theory (other than a 
loss of faith in the combination principle). The determination of F’s 
from AF’s depends, however, on additional theoretical considerations. 
In the present case, the change in the theory introduced is fortunately of 
such a character that the new F’s can be obtained from the old F’s of 
Kratzer and Curtis and Long by a simple transformation, without the 
necessity of going back to the criginal AF values. (This can be seen by an 
examination of the definition of AF in relation to the following equa- 
tions.) 

For the F values, Kratzer!® assumed in effect the following form; 
in this equation M =m—p, and M*=m-—8 (the notation here used differs 
from Kratzer’s) : 


F(M) = BM?—BM**-+ --- (5) 
In Eq. (5) Kratzer assumed m (not M) to be integral, and then found 
p to have approximately the values +} and —}; @ is a quantity of the 


same sign as p but differing considerably from p, according to Kratzer’s 
analysis, in numerical value.” 


*% Except for this evidence, the observed facts could be accounted for in either of 
two other ways which represent modifications of the scheme of alternate missing levels 
given in Fig. 2: it can be assumed (1) that all the rotational levels are present for the 
D states, but that alternate levels are missing as in Fig. 2 for the S and P states (an 
additional possibility scarcely worth mentioning is that the S levels, except j =}, are 
all present, either instead of, or in addition to, the full set of D levels); or (2) that all the 
rotational levels are present for P states, but that alternate levels are missing as in 
Fig. 2 for S and D states. Neither of these is very plausible, and at least the second of 
the two possibilities (as also the possibility that all or all but one of the rotational levels 
are present for S states) seems to be definitely negatived by the evidence given in the 
text. 

% It should be remarked that m as used by Kratzer was intended by him to be 
identical in significance with j as here used, although in the revised interpretation of 
the He: bands here proposed this is not the case. 
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The assumption of alternate missing lines and rotational levels means 
that the succession of observed M values, Mo, Mo+1, Mo+2,--- , 
is to be interpreted as corresponding to alternate members 2Mo, 2M, 
+2, 2Mo+4,--- , of a succession of values (2M y—1), 2Mo, 2Mot+ 
1,--.- , the levels corresponding to (2Mo—1), 2Mo+1, 2Mo+3,---, 
being assumed to be suppressed (at least in respect to the emission of 
radiation). Since the M’s always have approximately quarter-integral 
values, the (2M’s) all have approximately half-integral values ; according 
to the present interpretation, 2M is to be identified with 7. But the £ 
values should be half-integral for Hes, since it is an even molecule (cf. 
I, postulate JJJ). Since T, which is necessarily equal to j—p if the rota- 
tional terms are essentially, as we assume, of the Kramers and Pauli 
form, is approximately half-integral, we conclude that T ~j, and p~0, 
the usual small deviations of JT from exact half-integral values being 
ascribed to small “secondary” p’s. The resulting interpretations are then 
in harmony with those already adopted for the CO and AIH bands. 

In terms of 7, Eq. (5) can now be rewritten 


F(T) =(B/4)T?—(B/16)T**+ - - - (6) 


Then, putting 6/16=68 and (B/4)—280?=B, and neglecting the differ- 
ence between T and 7*’, and adding the experimentally not directly 
detectable small terms — Bo? and —§o*, Eq. (6) can be reduced to the 
following form, which is merely Eq. (3) with the addition of the next 
higher power term as obtained by Kemble :** 


Fj) =B[(Gj—p) —2*]—8[G—p) —o*] + -- (7) 


Here p is related to p by the equation p=2p+}3, the upper sign for p 
negative, the lower for p positive. The values of B, 8, and p for each 
electronic state can now be obtained by simple calculation from the values 
given by Kratzer and Curtis and Long.?” The vibration frequencies also, 
although not directly observed, can probably be approximately calculated 


by means of the theoretical relation?® wo =V 4B°/B. The values of wo 





27 Strictly, of course, the constants (especially 8) should be re-evaluated from the 
original data, but this will not be attempted here. 

28 In the forthcoming National Research Council Report on Molecular Spectra, 
Kemble shows that the complete Kramers and Pauli term (Eq. (8) of J) has the form 
F(j) = Bm*— Bm‘+ ---+, with m=Vj2—o—p as in Eq. (8) of IJ. The corresponding 
completed form of Eq. (3) is Eq. (7). 

29 Cf. A. Kratzer, Ann. der Physik 71, 80 (1923). The relation is strictly applicable 
only when »=0 (E. C. Kemble, J.0.S.A. 12, 1 (1926); 8 as used here is Kemble’s D); 
fortunately the known He; bands probably all have n’ and n” equal to zero. 
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previously calculated by Kratzer and Curtis and Long must be approxi- 
mately halved, since V4B*/B ~}(V/4 BY/B). 

The He: bands now illustrate well the phenomenon of rotational 
doubling for o-type terms. Accordnig to Curtis and Long’s analysis of 
the bands of the “‘main series,”’ the p values for the 3P electronic state 
are small or negligible, and the v* and B values are practically the same 
for F4 and Fz states; but for more and more excited P states, a progres- 


TABLE I 


Constants of molecular helium in various electronic ‘states 








El. Ba Bg PA pp 6aX10* BpX104 wo ro(A.U.) 

State” A B 

A. Main series and related bands 

2S 7.589 .001 5.51 1780 1.050 

13S 7.21 0 Pasa cal 1.079 

t4S 7.88 0 pir Pere 1.084 

t2P 7.320 7.320 —.004 .004 5.08 5.08 1760 1.070 
3P 7.175 7.102 .003 0 5.17 5.01 1690 1.081 1.086 
4P 7.140 6.966 .005 0 5.32 4.48 1700 1.084 1.098 
5P 7.130 6.944 .013? .066? 5.33 4.65 1680 1.084 1.100 
6P 7.116 6.722 .004 .042 5.32 4.31 1670 1.085 1.117 
7P 7.457 6.637 26 202 S$.48 .... 1.085 1.124 
8P 7.111 6.646 .005 .222 5.37 1.086 1.122 
9P * See .01 see 8.5 1.084 

10P - ii .02 wmate 11.3 1.081 

13D 7.555 7.555 —.003 .003 7.37 7.37 1530 1.052 

B. Second series. 

2S 7.65 .00 1.047 
3P 7.17 7.12 .02 .02 1.08 1.08 
4P 7.11 6.97 .00 —.02 1.09 1.10 
5P Pe 6.74* .06* —.14* 1.08 1.12 
6P 7.18 6.60* .05* —.19* 1.08 1.13 





Notes: (1) the values of w) (the vibration frequency) are average values calculated 
from both F,4 and Fg terms. (2) ro is the internuclear distance, calculated from B. (3) 
The data for the states marked ¢ are from Kratzer’s analysis, the remaining data from 
Curtis and Long’s work. On account of certain differences in the method of analysis, the 
two sets of data are not strictly comparable. In particular, the opposite signs and equal 
magnitudes of p, and pz, and the exact equalities of B4 and Bg, and of 8,4 and §g, for the 
2S and 3D terms, are not significant, since they were in effect assumed by Kratzer as a 
part of the theoretical preliminaries to the determination of constants to fit the observed 
data. Also, (even the mean) 8 and wp values of Kratzer and of Curtis and Long are not 
exactly comparable, since Kratzer assumed M and M* of Eq. (5) to be distinct, while 
Curtis and Long assumed them identical. (4) It is not certain that the negative pg values 
for the P terms of the second series are significant, since no great accuracy is claimed for 
the analysis (this is especially so in the cases marked*) 


sively increasing separation between the F, and Fz, states develops, 
so that for the most excited P states the pg values are large, and the Bz 
values are much less than for the 3P state, while the p,4 values remain 
small, and By, falls only slightly with increasing electronic excitation. 
This striking difference in behavior of F, and Fz, terms should be of 
assistance in determining the nature of the o type of rotational doubling. 
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The p, B, and w» values for all known electronic states of He, are given 
in Table I; these values are essentially results of the work of Curtis and 
Long and of Kratzer, having been subjected here, without re-examination 
of the original data, only to the simple transformations indicated in con- 
nection with Eqs. (6) and (7). For the v° values, reference should be 
made to Curtis and Long’s and Kratzer’s papers (the values given by 
these authors should of course be slightly altered, essentially by the 
amount of the appropriate Bo’ terms). 

Alkali metal bands. All the alkali metals show band absorption spectra 
which are commonly attributed to diatomic molecules Nas, Kg, etc. 
This is justified by the close spacing of the band lines,*°.* the very low 
vibration frequencies,” and especially by the fact that similar but new 
and characteristic spectra (e.g. the NaK bands) appear in mixed alkali 
metal vapors.*!.% 

No satisfactory analysis of any of these bands, making use of combina- 
tion relations, has been carried through, although Smith* has arranged 
a number of the Nas, NaK, and Ke bands, mostly in three branches 
(P,Q, and R). But from R. W. Wood’s work on the “‘resonance spectra” 
excited in sodium vapor by monochromatic light, it seems fairly clear, as 
will be shown, that the yellow and green Naz bands* are due to a transi- 
tion 'S—'!P like the AIH bands. 

Let us assume for the time being the correctness of this characteriza- 
tion. Sodium molecules in a variety of vibrational and rotational states 
of the 'S electronic state should then be present in the heated absorption 
tube (temperature about 400°C in Wood’s experiments). If the vapor is 
illuminated with monochromatic light of suitable wave-length, molecules 
in one of these states will be enabled to go to a particular vibrational and 
rotational state belonging to the 'P excited electronic state. If the 


3@R. W. Wood, Physical Optics, pp. 571-79, 1919 ed. 

1H. G. Smith, Proc. Roy. Soc. 106, 400 (1924). 

% An inspection of Wood’s Fig. 350 (ref. 30, p. 574) shows that the green and yellow 
Naz absorption bands together form a typical band-system. This can easily be seen 
by comparison with e.g., the writer’s photograph (Phys. Rev. 26, 1, (1925)) of the 
green Cul bands (A bands). The arrangement and vibrational intensity distribution 
in the Na bands are closely similar to those in the A bands of Cul. From Wood's 
figure it can also be seen that n” reaches values as high as 15, while n’ also reaches fairly 
high values.—The vibration frequency wp ” for the final state can be obtained approxi- 
mately from Wood's Naz resonance series, being roughly equal (in wave-number units) 
to the spacing of the two highest-frequency members of any such series. This procedure 
yields wo’’~150. From the structure of the absorption spectrum (cf. Wood’s Fig. 350), 
it is then possible to deduce wo’ ~127. 

%S. Barratt, Proc. Roy. Soc. 105A, 221 (1924); F. H. Newman, Phil. Mag. 48, 
159 (1924); P. Pringsheim, Zeits. f. Physik 38, 161 (1926), and refs. there cited. 
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absorbed light should correspond to a Q branch line, the molecule goes 
to an Fy, rotational state, if to either a P or an R line, it goes to an Fz 
rotational state (cf. Fig. 1a). From an Fz excited state the molecule can 
return by either a P or an R transition (Aj = —1 or +1) to any vibrational 
level of the normal electronic state of the molecule; this process should 
give rise to a typical series of “resonance doublets” (as in the I, bands*), 
the different doublets in the series corresponding to different final vibra- 
tional states of the molecule. But from an Fy, rotational state the mole- 
cule can return only by a Q transition (Aj =0), so that here the resonance 
series should consist of a set of single lines. 

For a 'P—'S transition, on the other hand, the resonance series should 
all consist of triplets (P, Q, R), as can be seen by a study of Fig. 15; the 
same is true of a ‘P—'D or 'D—'P transition, as can be seen by con- 
sideration of Eq. (2). For a'S—'S transition, doublet series alone are to 
be expected, since only P and R transitions occur in such bands; 
the resonance spectrum of I:, as investigated by Wood and inter- 
preted by Lenz,“ appears to be of this type. In the case of a 
'P—'!P (or 'D—'D) transition, resonance triplets are to be expected 
(cf. Eq. 2), but should appear in practice as doublets, since for such 
transitions the Q branch should be much weaker and shorter than the 
P and R branches (as is shown by an application of the correspondence 
principle, discussed in III of this series). The I, bands might be of such 
a type,® if it were not that I, vapor is probably (by analogy with Cl, 
gas) diamagnetic ; this indicates a 'S normal state (cf. I, p. 504), and so 
seems to rule out 'P—'P here in favor of 'S—'S. 

The work of Wood and Hackett on the green Naz absorption bands 
shows*® that some absorbed wave-lengths (e.g. Cd 44800) give rise to 
resonance series com posed of single lines, others (e.g. Cd 45086) to series 
composed of doublets. Since this behavior agrees with that predicted 


* W. Lenz, Phys. Zeits. 21, 691 (1920). Cf. A. Sommerfeld, Atombau und Spek- 
trallinien, 4th Ed., pp. 725-26, for brief discussion. Cf. also E. C. Kemble and E. E. 
Witmer, Phys. Rev. 28, 633 (1926). 

% Since I; and Naz are each composed of two like atoms, the suppression of alternate 
rotational levels (partial as in Nz and N;, or complete as in He) is likely, for some at 
least of the electronic states of these molecules. A study of Fig. 2 will show, however, 
that the nature (doublets, triplets, or singlets and doublets) of the resonance series to 
be expected, for any type of electronic transition, would be unaffected by this circum- 
stance (except for the one special case of j’=14, for a '\P—'S transition). Absorption 
and resonance would, however, be completely suppressed for ‘S—'S, \P—'P, or 'D—'D 
combinations (cf. above, p. 1213) in case the suppression of alternate rotational levels 
is complete in both upper and lower electronic states; the latter condition therefore 
probably does not exist in the case of I. 
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for a 'S—'P transition and for no other,*.* it is probable that the Naz 
band-system* in this region is of this type. It is likely that the red Naz 
system, as well as other systems further in the ultra-violet, are of the 
same type. If so, the various excited 'P states are probably due to a 
rather loose union of a normal (3 2S) and an excited (m?P) Na atom, and 
the normal !S molecular state to a similar union of two normal atoms.*” 
The red bands may be 3 1S—3 'P (corresponding to the D lines of the Na 
atom, but, as expected, lacking the doublet character of the latter, of 
which there seems to be no evidence in any of the Naz bands), and the 
yellow and green bands 3 'S—4'P. So far as they are known, the NaK, 
Ks, and other alkali metal absorption bands are all closely analogous to 
the Naz bands, and so presumably correspond to the same type of 
electronic transition.® 


B. SPECTRA OF MOLECULES WITH AN Opp NUMBER OF ELECTRONS 


2S—*P and *P—*S combinations. In even molecules, as we have seen, 
je=o=1 for 'P states, while 7,=0 for 'S states, and for both states 
T =j=half-integral. As a result, the band structure is comparatively 
simple in 'P—'S and 'S—'P transitions. For odd molecules, however, 
the band structure is necessarily more complicated in P-—S transitions, 
according to the conclusions and postulates of I: in 2S states, 7,=p= +3, 
while for ?P states 7,=0 (o=}3 for ?P; and 13 for ?P2 states), so that T= 
j+4=half-integral for 2S states but 7 =j=integral for ?P states. 

The only examples of 2S—?P transitions whose structure is known in 
detail are the ZnH, CdH, and HgH bands. The interpretation of these 
bands in agreement with the postulates of I (modifying Kratzer’s previous 
interpretation) has been discussed in an earlier paper,? to which reference 
should be made. Due presumably to the fact that they involve both 
p-type and o-type terms, the observed branches appear to be determined 
in a different way than for cases involving only o-type terms as in Eqs. (1) 
above. Briefly, the behavior of the initial o-type states here is such that 
the observed rotational doubling is more appropriately classified, like 
that of the final p-type states, in accordance with the p-type notation 
(Fi, F2) than with the F4, Fg notation of Eqs. (1) and (2). The Q 
branches, however, show crossing over as in Eqs. (1) and (2). Further 
details are given in ref. 2. 


* It is, however, not out of the question that some other transition involving elec- 
tronic terms of triplet or higher multiplicity might show the same behavior as 'S—'P 
(cf. ref. 7).—The occurrence of triplet states for alkali metal molecules is indeed likely, 
but there is no obvious evidence of it as yet. 

* Cf. R. S. Mulliken, Proc. Nat. Acad. Sci. 12, 338 (1926), for further discussion. 
Also cf. J. Franck, Trans, Faraday Soc., 1925. 
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For *S—*P, and for *S—*P: transitions, the following equations hold 
(neglecting higher power terms), as is shown by the ZnH, CdH, and HgH 
bands: 

RiGj- 1) »Rj- 1) = v+F,'(j) ,F3'(7) _ B"'(Gj- 1 7 €)? 
Q1(7) ,Q2(4) =v+Fs'(j) ,Fi'(G)-—B’GFe)?  . (8A) 
Pi(j+1), Po(j+1) =r°+F\(j) ,Fo'(j)—B’(j+1F 6)? 
Letting v’=v°—B’’é, these give on expansion: 
Ri(j—1) =v’ +Fy'(j) — B’(14+ 26) +2B"(1+e6)j—B”";* 
Ro(j—1) =»! +Fe'(j) —B’(1— 26) + 2B"(1—6)j — B"’j? 
Q:()) =v'+F,'(j) +2B"ej — B";? 
Q2(7) an v’+F,'(j) vee 2B" ej — B";? 
P,(j+1) =v’ +F1'(j) —B’(1— 2) —2B"(1-)j — B”j? 
P2(j+1) =v'+F.'(j) — BY’ (1+ 2) —2B"(1+6¢)j—B”;? 

Approximately, F,'(j) = F2’(j) =B’(#?—o*), and approximately, 

In general, these equalities are not exact, and there are six distinct 
branches, as in ZnH, CdH, and HgH. But in the special case that 
they are exact,** a complete coalescence of certain branches should 
occur. For this case, if »°=v°— B’o?— B’’é(o=} for a *P;, or 1} fora 
2P,, electronic state), and C= B’—B’’, Eqs. (8) reduce to the form: 

Ri(j—1) =9°—2B"+3B"j+Cj?_ 

Ro(j—1) =QiG) = 0° + B"7+C;? 

Oxf) =Pi(j+1)=9°—B"j+Cj? 

P(j +1) =9°— 2B" —3B"j+Cj? 
Thus (cf. I, Eq. 5 and p. 492) the R; branch is 3/2-R-form, the R: and 
Q, branches are semi-R-form, the Q2 and P; branches semi-P-form, and 
the P: branch 3/2-P-form. 

So far as can be seen from the obvious structure and the fragmentary 
detailed evidence now available, the precise state of affairs** expressed in 
Eqs. (8B) actually occurs in the red CN, BOa, and CO* comet tail bands 


(all of which are *S—*P transitions like ZnH etc., cf. I, Fig. 1). The 
condition e’’ = exactly } which is necessary for Eqs. (8B) is probably met*® 


(8) 


(8B) 


* The equality F’(j) =B’(j*—o*) is of course not necessary, so long as F'; = F's; 
e.g., the presence of a secondary p as in Eq. (3) is permissible, provided this p, and also 
B’, have the same values for F, and Fs. 

* The red CN bands have the same final state (cf. Fig. 1 of I, discussion) as the 
violet CN bands. In ref. 13 of I it was stated that Birge has shown that «’’ exactly 
4 for the latter. This definite statement is unfortunately in error, but the relation in 
question is nevertheless probable. 
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for a 'S—'P transition and for no other,*.* it is probable that the Naz 
band-system* in this region is of this type. It is likely that the red Na, 
system, as well as other systems further in the ultra-violet, are of the 
same type. If so, the various excited 'P states are probably due to a 
rather loose union of a normal (3 2S) and an excited (m ?P) Na atom, and 
the normal 4S molecular state to a similar union of two normal atoms.*’ 
The red bands may be 3 1S—3 'P (corresponding to the D lines of the Na 
atom, but, as expected, lacking the doublet character of the latter, of 
which there seems to be no evidence in any of the Naz bands), and the 
yellow and green bands 3 'S—4'P. So far as they are known, the NaK, 
Ks, and other alkali metal absorption bands are all closely analogous to 
the Naz bands, and so presumably correspond to the same type of 
electronic transition.* 


B. SPECTRA OF MOLECULES WITH AN Opp NUMBER OF ELECTRONS 


2S—?P and *P—*S combinations. In even molecules, as we have seen, 
je=o7=1 for 'P states, while 7,=0 for '\S states, and for both states 
T =j=half-integral. As a result, the band structure is comparatively 
simple in 'P—'S and 'S—'P transitions. For odd molecules, however, 
the band structure is necessarily more complicated in P-—S transitions, 
according to the conclusions and postulates of I: in 2S states, 7,=p= +3, 
while for ?P states 7,=0 (¢=}3 for ?P; and 13 for ?P, states), so that T= 
j+4=half-integral for 2S states but T=j=integral for *P states. 

The only examples of ?S—*P transitions whose structure is known in 
detail are the ZnH, CdH, and HgH bands. The interpretation of these 
bands in agreement with the postulates of I (modifying Kratzer’s previous 
interpretation) has been discussed in an earlier paper,? to which reference 
should be made. Due presumably to the fact that they involve both 
p-type and o-type terms, the observed branches appear to be determined 
in a different way than for cases involving only o-type terms as in Eqs. (1) 
above. Briefly, the behavior of the initial o-type states here is such that 
the observed rotational doubling is more appropriately classified, like 
that of the final p-type states, in accordance with the p-type notation 
(Fi, F2) than with the F4, Fg notation of Eqs. (1) and (2). The Q 
branches, however, show crossing over as in Eqs. (1) and (2). Further 
details are given in ref. 2. 


* It is, however, not out of the question that some other transition involving elec- 
tronic terms of triplet or higher multiplicity might show the same behavior as 'S—'P 
(cf. ref. 7).—The occurrence of triplet states for alkali metal molecules is indeed likely, 
but there is no obvious evidence of it as yet. 

*7 Cf. R. S. Mulliken, Proc. Nat. Acad. Sci. 12, 338 (1926), for further discussion. 
Also cf. J. Franck, Trans, Faraday Soc., 1925. 
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For ?S—*P, and for *S—*?P, transitions, the following equations hold 
(neglecting higher power terms), as is shown by the ZnH, CdH, and HgH 
bands: 

Ri(j—1), Ro G—1) = °+F 1'(j) ,F2'(7) — BB’ G—-1 F €)? 

Q:() ,Q2(7) =+F2'(j),Fi'(G)—-B"GjFe)? . (8A) 
Pi(G+1), Po(j+1) =v°+Fi'(j) ,F2’(j) —B’(j+1F ©)? 

Letting v’=v°— B’’é, these give on expansion: 

Ri(j—1) =o’ +Fi'(j) — BY’ (1+ 26) +2B"(1+6)j-—B”;? 

R2(j—1) =v'+F2'(7) — BB” (1— 26) +2B"(1—6) j— B”j? 

0,(j) a v’+F,'(j) + 2B" ej pues B";? 

Q2(7) _ v’+F;,'(j) a 2B" ej “ B”;? 

Pi(j+1) =0'+F,'(j) — BY’ (1— 26) —2B”"(1—6€)j —B”’j? 

Po(j+1) =v’ +F2'(j) —B’(1+ 2.) —2B"(1+6)j—B”;? 

Approximately, F,'(j) = F,'(j) =B’(7?—o*), and approximately, e=}. 
In general, these equalities are not exact, and there are six distinct 
branches, as in ZnH, CdH, and HgH. But in the special case that 
they are exact,** a complete coalescence of certain branches should 
occur. For this case, if »°=v°— B’o?— B’’é(o=} for a *P;, or 1} fora 
2P,, electronic state), and C= B’—B’’, Eqs. (8) reduce to the form: 

Ri(j—1) = —2B"+3B"7+Cj*? 

R2o(j—1) =Qi 4) =7°+ BY j+C7? 

OG) = Pai +1)=9°—B"j+C;? 

P2(j+1) =>°— 2B” —3B"j+Cj? 
Thus (cf. I, Eq. 5 and p. 492) the R; branch is 3/2-R-form, the R, and 
Q: branches are semi-R-form, the Q2 and P; branches semi-P-form, and 
the P, branch 3/2-P-form. 

So far as can be seen from the obvious structure and the fragmentary 
detailed evidence now available, the precise state of affairs** expressed in 
Eqs. (8B) actually occurs in the red CN, BOa, and CO* comet tail bands 


(all of which are *S—?P transitions like ZnH etc., cf. I, Fig. 1). The 
condition e’’ = exactly 3 which is necessary for Eqs. (8B) is probably met*® 


(8) 


(8B) 


%* The equality F’(j) =B’(j*—o*) is of course not necessary, so long as F'; = F's; 
e.g., the presence of a secondary p as in Eq. (3) is permissible, provided this p, and also 
B’, have the same values for F, and Fs». 

%® The red CN bands have the same final state (cf. Fig. 1 of I, discussion) as the 
violet CN bands. In ref. 13 of I it was stated that Birge has shown that e’’ =exactly 
4 for the latter. This definite statement is unfortunately in error, but the relation in 
question is nevertheless probable. 
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(assuming the essential correctness of Kratzer’s interpretation of the 
violet CN bands as discussed in I) in the case of CN, and so by analogy 
may be expected for BO, COt, etc. The fulfillment both of this 
relation and of the necessary exact equality of F,’ and F,’ may be 
attributed to the relatively high stability of the molecules in question 
(cf. discussion above under CO), which is in contrast to that of the loosely 
bound molecules of the ZnH type. 

Baldet has concluded*® that the comet tail bands of CO* consist of 
a weak R branch, two strong Q branches, and a weak P branch. This 
otherwise puzzling result finds obvious explanation in Eqs.(8B). Further- 
more, Blackburn’s work on these bands shows" that the two strong 
branches are related as a P and an R branch, but with AT (previously 
implicitly assumed“ to be Am as in bands of the violet CN or CuH type) 
equal to +3. Also, the analysis shows combination relations between 
these two strong branches which yield A,F’s® giving 7’ =integral, 
T’’ =half-integral.“ All this is exactly what would be expected according 
to the present interpretation in terms of Eqs. (8B). 

It should be emphasized that the success of Eqs. (8) in interpreting the 
structure of the ZnH, CdH and HgH bands is strong direct evidence 
for the reality of the double sign of p (as introduced by Kratzer), with 
¢~}. Furthermore, the applicability of Eqs. (8B) to the red CN bands 
(assuming that it will be confirmed by a detailed analysis)** will give 
assurance of the reality of p’’= +3 for the violet as well as for the red 
CN bands, since these have a common final electronic state (cf. Fig. 1 
of I, discussion). The essential features of Kratzer’s interpretation of the 
violet CN bands should thereby receive a direct justification which is not 
possible (cf. I, ref. 14) by a consideration of these bands alone.—As 
already mentioned in I (pp. 500-1), the CH bands, essentially as inter- 
preted by Kratzer, give additional direct evidence for a p having the 
values +4. 

For transitions ?P;,.—2%S, as in the combination bands of BO and CO+ 
and the third positive NO bands (cf. I, Fig. 1), the predicted branches 
are easily shown to be of the same general forms as in Eqs. (8), and a 
similar coalescence, here of the R; and Qs, and of the P: and Q, branches, 
should take place if e’ =exactly } and F,’’=F,'’. Complete coalescence 

‘0F. Baldet, Compt. Rend. 180, 820 (1925). 

“ Cf. R.S. Mulliken, Phys. Rev. 26, 565 (1925). 

“ The combinations can equally well be-regarded as between R; and Q:, or as 
betweea P; and Qi, and so in either case yield A; F’s (cf. J, p. 491), provided of course 
the necessary conditions (in particular F,’= F;') for Eq. (8B) are met. 


* High dispersion photographs of these bands have been obtained, and their 
measurement is in progress. 
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is probably not to be expected, in the examples mentioned; narrow 
doublets should probably be present. The obvious structure of the bands 
above mentioned is of the predicted type, but no detailed analysis of any 
of them has yet been made. 

Other combinations. For transitions such as *P—?D, 7D—?P, *P—?P, 
etc., Eqs. (2) and (3) may be expected to hold, and the band-structures, 
except for the missing lines and the occurrence of integral T values, 
should be essentially the same as for 'P—'D,'D—'P,'P—'P, etc. Predic- 
tions for specific cases are readily made; an example will now be given. 

In ?P,—*D; or *P,—?D, transitions, intense P, Q, and R branches are 
to be expected, with each line adoublet. For*P:—?D;(¢’ =23, o’’=1}), 
the j values (j’—7’’) for the first lines of the various branches should be 
R(3-—2) ; O(3-—3) ; P(3—>4), there being five missing lines in the otherwise 
continuous series formed by the P and R branches. For ?P,;—*D, (¢’ = 1}, 

-g'' =4), the structure should of course be the same, but with only three 
missing lines in the P and R branches,—R(2—1), Q(2-2), and P(2-—+3) 
being the expected first lines. 


C. SUMMARY OF SPECTRUM INTERPRETATIONS PREVIOUSLY GIVEN 


In the following table, the interpretations of individual spectra given 
in this and the preceding paper are summarized for convenience of 
reference. In the table, each emitter or spectrum named is typical; 
additional representatives of each type are given following the table. 


TABLE II 
Structure types and their interpretation 
Type Spectrum Branches T'min7’’min Electr. qu. nos. Electr. tran- 
p’ oc pp” oe” - sitions 
I CuH P, R (2) } 4 0 0 0 0 1IS—'§ 
Ila AIH P, . R (3) 1} 4 0 1 0 0 1S—1P 
IIb Angstrom CO P, Q, R (3) 4; 14 O0O 08 O80 1 1P—15 
Ill He2d5733 P, Q, R (6) 24 «14 0 2 0 1 iP—'1D 
IV Violet CN P, R (4) ; ¢ +4 0 +3 O 2S—2§ 
P,Q, R (6) 1 (3) O 3 +% O a 
Va ZnH P,Q, R (6) 2 (4) O 14 +4 O 2S—2P, 
P,Q, R (6) (4) 2 4+ O09 O § *%?P,—*S 
Vb NO 3rd positive\P, Q, R (6) (4) 2 +4 0 0 14 *P,-—*S 
(prediction) 
Vila CHA3900 P,Q, R (6) } +} O +43(?7)1(?) 'P-'S 


in C atom(?) 


Notes for Table II. (a) The T values given are observed values (except for Hz and NO 
3rd positive bands) smoothed to exact integersor half-integers; for the He, bands, the values 
given are twice the apparent values (cf. above). In Type Va the value } of 7’ min. 
applies to F; terms (and corresponds to j’’ =1); for F, terms the observed value of T’min. 
in the HgH bands is 1} (also corresponding to j’’=1); the absence in these bands of 
F;(T =}, j =0), which should be present according to the considerations of I (p. 489), 
was attributed in ref. 2 to the presence of a small c. 
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Additional representatives of types given in Table II (brackets denote that the classi- 
fication given is in the nature of a prediction based on incomplete information): Type I, 
AgH, AuH, and the [visible absorption bands of Cl:, Bre, I3]; infra-red oscilla- 
tion-rotation bands of HF, HCl, HBr, [CO] (except of course that there is no electronic 
change); Type Ila, [alkali metal absorption bands], [CO 4th positive bands], He. 
“main” and “second” series bands; Type IIb, Hez 46400 and \4546; Type IV, N.*, AlO, 
[CO* negative Deslandres], [BOs], and [SiN] bands; Type Va, CdH, HgH, [BOa], 
[red CN], [CO* comet tail]; and probably the [doublet alkaline earth halide bands]; 
Type Vb, [BO and CO* combination bands], [SnCl bands]; Type VIIa, OH bands 
(‘P—1S transition in O atom?),—but p’’ and o’’ must be supposed to vary with j’’; 
also CH 44300 (perhaps ‘P—8S transition in C atom), except that this band has 12 
branches; the green MgH bands (transition 3 !S—3 *P, in Mg atom, probably) may be 
classified under Type VIIb, resembling the OH and CH A3900 bands except for a 
reversal of the réles of initial and final electronic states; in all bands of Type VII, 
’’ is here attributed essentially to the H atom in its normal state (cf. I, p. 501, 
under CH 3900), while o is attributed primarily to the other atom. 

Additional types. Various additional types also exist, e.g., the triplet type of the 
second positive nitrogen and Swan (probably C:) bands (cf. above, p. 1208). These 
apparently require for their interpretation the assumption of a variable ¢ and p, like 
the OH bands of Type VII. 


, 
e ~we 


Some general results from Table II. From Table II it will be seen 
that in P and D states, 7, appears essentially as ¢ in all cases yet known, 
while in S states it appears in known cases as + e€ (with e=0 
for 4S states). This rule is intimately related to recent theoretical work 
of Hund (cf. later paper). 

A corollary of the empirical rule that S states are of the p type, com- 
bined with the specifications of the postulates in regard to j and j, 
values, is that for such states the nuclear angular momentum m (ex- 
pressed in quantum units) has (approximately“) half-integral values 
(or integral values, if the 7 values of the quantum mechanics are adopted, 
—cf. Introduction) ; for P and D states this is true only for even molecules 


and then only asymptotically for 7 values so large that m=V7?—o? 
approximates j. These results are of obvious importance for the theory 
of the specific heats of diatomic gases. 

In a subsequent paper it will be shown that the interpretations given 
above are strongly supported by observed intensity relations, which show 
close agreement with those to be expected from the correspondence 
principle. 

JEFFERSON PHYSICAL LABORATORY, 


HARVARD UNIVERSITY, 
July 20, 1926. 


“ This qualification is to take account of the usual small deviations of j, from an 
exact integer or half-integer (cf. above). 
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CRITICAL POTENTIALS AND THE HEAT OF DISSOCIATION 
OF HYDROGEN AS DETERMINED FROM ITS 
ULTRA-VIOLET BAND SPECTRUM! 


By Enos E. W1TMER* 


ABSTRACT 

Lyman has found that if a tube containing argon with a trace of hydrogen 
is excited by an uncondensed discharge, a simple spectrum is obtained that con- 
sists of twelve groups of lines of the secondary spectrum in the extreme ultra- 
violet. The group of shortest wave-length is partly obscured by one of the two 
extremely intense lines of argon, that correspond to its resonance potentials of 
11.57 and 11.78 volts. The present investigation has shown that these groups 
are bands, due to the transitions from a single electronic and vibrational 
state, A, n’ =a to the electronic and vibrational states N, n’’=0 to 11. These 
bands are apparently Q branches with perturbations near the origin. The 
first lines fit the empirical formula 

v=94075 —4267 n’’+-113.5 n’?+ "°° 

The existance of a definite upper state is due to the argon, which, acting 
through limitation of electron velocities and collisions of the second kind, limits 
the energy that can be imparted to a hydrogen molecule to 11.78 volts. This is 
just sufficient to raise the molecule from the normal state N, m =0 to the excited 
state A, n=a. If a=0, the radiation potential for these bands is 11.61 volts, 
which agrees with the experimental values of the lowest radiation potential of 
the hydrogen molecule. The data permit the computation of the heat of disso- 
ciation, D, of the hydrogen molecule. The lower limit of D is 4.10 volts or 
94,600 calories per moi, and the upper limit 4.56 volts or 105,200 calories. 
The probable value is 4.34 volts or 100,100 calories. This is in agreement with 
the best experimental values. 

There is a remarkable parallelism between the atomic and molecular spectra 
of hydrogen, that seems to indicate that the electronic energy levels in the two 
cases must be very similar. An attempt was therefore mate to introduce 
total electronic quantum numbers, e ,, and to compute the higher critical potentials 
of the hydrogen molecule. To the electronic level N was assigned the value e ;= 
1, and to the level A the value e;=2. The ultra-violet band spectrum is due to 
the transitions ¢,22 to e,=1, and the visible spectrum to the transitions 
€423 toe,=2. The higher critical potentials were computed by two methods, 
first, by use of the Glitscher diagram (in Sommerfeld’s Atombau), and, secondly, 
by use of a Rydberg formula. The remarkable agreement between the values 
obtained by the two methods seems to indicate that these values have some 
significance. These values are 13.64, 14.32, 14.64, 14.81 volts, etc., giving an 
ionization potential of 15.19 volts. Several suggestions are made concerning 
the discrepancy between this value and the experimental values. 





*National Research Fellow 
iE. E. Witmer, Phys. Rev. 27, 513 (Abstract) (1926). Proc. Nat. Acad. Sci. 12, 
238-244 (1926). 
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The heat of dissociation of the ionized hydrogen molecule is also obtained. 
Using our value of the ionization potential of Ho, its value is 2.69 volts. A 
suggestion is also made concerning the vibrational quantum numbers of the 
Fulcher Bands. Other bands due to the electronic transition A to N were also 
found and assigned vibrational quantum numbers. 


F ’ HE secondary spectrum of hydro- 
_ gen is a band spectrum emitted 

gl tee: by molecular hydrogen. On account 

of the small moment of inertia of the 
hydrogen molecule, however, this 
spectrum does not have the appear- 
ance of an ordinary band _spec- 
trum, but rather that of a_ very 
rich line spectrum, so that in most 
cases it is impossible to pick out by 
* | mere inspection the lines that belong 
together in a single band. For this 


1600 
"WH 
10 


wi 
9 


1500 
| 


reason it is a very difficult spectrum to 
~ | analyze without physical methods to 
assist in determining the correct group- 
ing of the lines. Fortunately it was 
© | discovered by Professor Lyman some 
| years ago that under certain conditions 
| of excitation the mixture of small 
proportions of hydrogen with argon 
causes the former to emit in the extreme 
ultra-violet a spectrum very much 
simpler than the complete secondary 
| spectrum in that region. This spectrum 
| consists of a series of twelve groups of 
lines. Five of these groups he mentions 
in his book,? ‘““The Spectroscopy of the 
Extreme Ultra-Violet’’; the remaining 
x groups he found on plates taken in 
May, 1925. The investigation of this 
spectrum was suggested by Professor 
Lyman, and the work reported in this 
paper is based on a study and measure- 
ment of his last plates, which were 
- kindly placed at the writer’s disposal. 


2T. Lyman, Spectroscopy of the Extreme 
Ultra-Violet, pp. 74-81, also Table I in the 
Fig. 1. The Lyman Bands, Appendix. 
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Fig. 1 is a reproduction of this spectrum with a wave-length scale. 
The groups have been numbered 0, 1, 2, 3, etc., beginning with the 
group of shortest wave-length. The zero group is partly obscured by one 
of the two extremely intense resonance lines of argon, AA1048.26 and 
1066.71, and group 3 is very much fainter than the other groups. The 
general appearance of the spectrum is that of a one-dimensional series 
of bands degraded toward the red. The usual second difference test 
confirms this conclusion. These bands will be referred to hereafter as 
the Lyman bands. 

Practically all the intense lines of this spectrum in the region \A1230 
to 1650 have been identified with lines of the secondary spectrum in 
Lyman’s* table. Some of the remaining lines have also been identified 
on plates of the complete secondary spectrum. Since the numerical 
relationships show that all the lines belong together, there can be no 
doubt that the complete spectrum is part of the secondary spectrum. 

In measuring these plates the lines of atomic hydrogen have been used 
as fiducial lines. The first three lines of the Lyman series occur on all 
these plates, the first two being very intense. In addition to these lines 
there were available for use as checks the oxygen triplet® at \1302.27, 
argon lines measured by Professor Saunders, and in one case the third 
line of the Lyman series in the second order. 

In Table I are given the measurements on this spectrum. m denotes 
the rotational quantum number provisionally assigned to the lines of 
each band, \ and v being as usual wave-length in Angstroms and wave- 
number respectively. In Band 0 three lines were obscured by the 
extremely intense argon line \1066.71, and in Band 3, which is very faint 
two lines at the head were obscured by the intense line \1215.68 of atomic 
hydrogen. The probable values of these missing lines have been inserted 
in parentheses to complete the table. The wave-lengths given in the 
table are, with a few exceptions as in the case of faint lines, the average 
of three or more independent measurements. The greatest deviation 
from the mean is in every case equal to or less than .20A°. 

Assuming the applicability of the well known formula 


v=A+2Bm+Cm? (1) 


for the lines of a band, it follows that the second differences should be 
equal to the constant, 2C. While there is considerable deviation from 
constancy in the second differences in Table I, the regularities are 
sufficient to demonstrate the band character of these groups. Many of 
the smaller irregularities are probably due to experimental errors in the 


3J. J. Hopfield and S. W. Leifson, Astrophys. J. 58, 61 (1923) 
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wave-lengths ; the larger irregularities are real as shown by their constant 
appearance in all sets of measurements. There is no doubt, for example, 
that in bands 4-11 inclusive there are irregularities about the head, 
and that approximately constant second differences are obtained in these 
cases only if the first two lines be omitted in forming the differences. 














TABLE I 
The Lyman Bands 
“m Inten- iN v Differences m Inten- N v Differences 
sity ist 2nd sity ist 2nd 
Band 0 Band 3 
1 4 1062.98 94 075 1 (1215.02) (82 303) 4s) 
7 45 
2 (1063.51) (94 iad ee 2 (1215.68) (82 258) . (60) 
113 105 
3 (1064.79) (93 915) (83) Ss @ 1217.24 82 153 (49) 
196 154 
4 (1067.02) (93 719) (83) : 3 1219.52 81 999 82 
279) 236 
$6 6S 1070.21 93 440 (83) 3 2 1223.04 81 763 56 
362 292 
6 4 1074.37 93 078 79 6 O 1227.43 81 471 ————— 
441 Ave. 61.7 
7 1 1079.48 92 637 
ee Band 4 
Ave. 78.8 1 8 1268.52 78 832 
24 
Band 1 z § 1268.90 78 808 81 
1 8 1112.08 89 922 105 
46 3 10 1270.60 78 703 53 
2 8 1112.64 89 876 66 158 
112 4 10 1273.15 78 545 57 
3 10 1114.03 89 764 75 215 
187 5 10 1276.65 78 330 59 
4 10 1116.36 89 577 76 274 
263 6 8 1281.13 78 056 51 
$ 6S 1119.64 89 314 78 325 
341 7 #0 1286.49 77 731 ————— 
6 8 1123.94 88 973 68 Ave. (excluding first value) 55.0 
409 
7 -& 1129.13 88 564 ——_——— Band 5 
Ave. 72.6 1 *( 1322.96 75 588- 
10 15 
Band 2 | 2 1323.22 75 573- 
1 8 1162.88 85 993 
38 *( 1324.64 75 492 
2 8 1163.40 85 955 71 10 107- 
109 3 1325.07 75 466- 40 
3 10 1164.87 85 846 65 147- 
174 4 10 1327.69 75 319- 51 
4 10 1167.24 85 672 74 198- 
248 5 9 1331.18 75 121- 54 
5 10 1170.63 85 424 66 252- 
314 6 5 1335.66 74 869- 38 
6 «68 1174.95 85 110 76 290- 
390 7 +O. 1340.86 74 579- 
1180.36 84 720 SS 
a Ave. 45.8 
Ave. 70.4 








*These doublets were not resolved sufficiently for accurate measurement. 
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TABLE I (Continued) 
The Layman Bands 

















m Inten- nN v Difference m _ Inten- PN v Differences 
sity 1st 2nd sity ist 2nd 
Band 6 Band 9 
1 6 1377.99 72 569 1 6 1539.36 64 962 
108 24 
3 7 1380.05 72 461 2 1 1539.92 64 938 
132 ‘ 76 
4 8 1382.58 72 329 51 3 6 1541.74 64 862 22 
183 98 
5 8 1386.07 72 146 43 4 6 1544.07 64 764 28 
226 126 
6 1 1390.44 71 920 5 6 1547.07 64 638 26 
—-- 152 
Ave. 47.0! 6 2 1550.73 64 486 : 26 
178 
7 0 1555.01 64 308 
Band 7T —_—————— 
1 10 1432.83 69 792- Ave. 25.5 
4 1434.11 69 730 109 
3 10 1435.08 69 683- Band 10 
1 1436.11 69 633 | 121- 1 i0 1588.92 62 936 
4 10 1437.57 69 562- 44 
165- 2 1 1590.12 62 888 
5 10 1440.98 69 397- 36 49 
201- 3 10 1591.38 62 839 
6 8 1445.18 69 196- 40 82 
241- 4 10 1593.46 62 757 22 
7 1 1450.22 68 955- 104 
— 5 10 1596.10 62 653 17 
Ave. 40.0 121 
6 4 1599.19 62 532 23 
144 
7 0 1602.87 62 388 
Ave. 20.7 
Band 8 Band 11 
1 5 1486.97 67 251 1 3 1633.65 61 213 , 
44 1 
2 O 1487.93 67 207 16 2 3 1634.03 61 198 - 
60 
3 4 1489.26 67 147 47 3 4 1636.36 61 111 
107 66 
4 4 1491.65 67 040 40 4 4 1638.14 61 045 15 
147 81 
5 3 1494.93 66 893 : 27 5 3 1640.32 60 964 . 13 
174 4 
6 O 1498.82 66 719 6 0 1642.84 60 870 
Ave. 32.5 Ave. 14.0 








The values of C obtained from Table I, though not very accurate, yield 
the empirical equation 

C= —(40—3p) (2) 
where # is the number of the band. This is an extremely large value of C. 
It shows that there is a very large increase in the moment of inertia of 


tThere are two lines that by all indications belong to this group, but which do not 
fit into the scheme. 
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the hydrogen molecule in going from the lower to the upper of the two 
electronic states involved in the emission of these bands. 

Bands 1 and 2 are apparently Q branches without perturbations. 
Fig. 2 is a Fortrat diagram of band 1. The remaining bands from 4-11 
inclusive can be fitted to parabolic curves in which the second line is 
usually faint or displaced or both. An example is Fig. 3, which is a 
diagram of band 11. It will be observed that in this diagram the angle 
of intersection between the parabola and the » axis is not quite a right 
angle, but an acute angle (if one uses the angle in which the parabola 
lies). This is true of all the bands from 6-11 inclusive and possibly of 
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Fig. 2. Fortrat diagram of Lyman band No. 1. 
Fig. 3. Fortrat diagram of Lyman band No. 11. 


some of the others. If, however, the outer lines 3, 4, 5, etc. of any band 
be used to compute the constants of the parabola, it is found that the 
computed head in all cases falls within 20 or 30 cm of the first observed 
line. On the whole these bands fit into the category of Q branches better 
than any other. 
The frequencies of the origin of the bands in any given system are 
given by the well known formula 
v=vetn'wo (1—2'n'+ -- -)—n”wo(1—2x"’n"+ ---), (3) 
where the primed letters refer to the initial state in emission and the 
doubly primed letters to the final state, f m being the vibrational quantum 
number. In this case the frequencies of the first lines of the bands fit 
the empirical formula 
v=94 075—4267p+113.5p?+ - - - (4) 
If these are Q branches, as we suppose, the first line of each band will 


tThroughout this paper primed letters refer to the initial state in emission and 
doubly primed letters to the final state. 
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lie very close to the origin and we may proceed to identify (3) and (4). 
Since x in Eq. (3) is positive, almost without exception, it follows that 
in Eq. (4) the variable part of the left-hand member is a function of 
n"’ rather than nm’. For no permissible transformation can change the 
sign of the coefficient of ~*. This shows that the initial state is constant 
and the final state variable. It seems highly probable, therefore, that the 
band of shortest wave-length would have the value n’’=0, thus making 
p=n"’. If in accord with the experimental results of Mulliken‘ and the 
theoretical results stated by Born and Jordan® half-integral vibrational 
quantum numbers were used, then n’’= p+}. In this paper the integral 
values will be used for the sake of convenience. 

The lower electronic level involved in the emission of these bands will 
be designated N, and the upper level A. 


MODE OF EXCITATION 


Lyman? describes in detail the conditions under which these bands 
are emitted to the exclusion of the rest of the secondary spectrum in the 
extreme ultra-violet. The two essential conditions are that the argon 
contain only a small proportion of hydrogen and that the discharge be 
uncondensed. That the argon plays an important réle is shown, further- 
more, by the fact that the head of the zero band lies between the two 
extremely intense resonance lines of argon, \A1048.26 and 1066.71. 
The corresponding resonance potentials are 11.78 and 11.57 volts, while 
the potential corresponding to the head of the zero band is 11.61 volts. 
These facts seem to indicate that the lower electronic level N is the 
normal level of the hydrogen molecule, and that due to the presence of 
the argon, almost all the excited hydrogen molecules exist in the one 
electronic and vibrational state A, m =a, where a is some definite integer, 
as yet unknown. 

Let us consider in detail the probable conditions in the tube in which 
these bands are excited. Since the argon is far in excess of the hydrogen, 
the argon will determine the velocity distribution of the free electrons. 
The general nature of this distribution must be something like that 
indicated in Fig. 4. There will be many electrons per volt of velocity 
below the lowest resonance potential, 11.57 volts, and big drops in the 
number per volt both at this point and at 11.78 volts. A very large 
number of the argon atoms will be in these two resonance states. 

The hydrogen molecules are initially in the normal electronic state, 
which will be assumed to be NV. The further assumption will be made 


‘*R.S. Milliken, Phys. Rev. 25, 119 (1925). 
5M. Born and P. Jordan, Zeits. f. Physik. 34, 858 (1925). 
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that almost all the hydrogen molecules in this electronic state are in the 
vibrational state n =0. Using the Boltzmann formula, a simple computa- 
tion shows that even at 1000°K under conditions of thermal equilibrium 
the number of molecules in the state NV, »=1 would be only 0.26 percent 
of the number in the state NV, »=0; and, while it cannot be assumed 
that a temperature distribution prevails in a discharge tube, it is at least 
not unreasonable to suppose that the percentage of molecules in higher 
vibrational states was in this particular case quite small. 














E 
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Fig. 4. Diagram showing the probable velocity distribution of the electrons in the 
discharge tube producing the Lyman bands. 11.57 and 11.78 volts are the resonance 
potentials of argon. 


The hydrogen molecules may be excited by two processes, by collisions 
of. the second kind with argon atoms having an energy of 11.78 volts, 
and by electron impact. Since the percentage of electrons with velocities 
greater than 11.78 volts is probably small, it follows that there will be 
very few hydrogen molecules with an energy greater than this value. 
This energy is sufficient to raise the hydrogen molecule from the state 
N, n=0 to the state A, m =a, an interval of 11.61 volts, but not sufficient 
to raise it to any higher vibrational or electronic state. Returning to 
lower levels, all possible transitions occur, namely, A, n’=a to N, 
n'’=0 to 11, thereby producing the Lyman bands. 

The value of a has not yet been determined. If we may assume that 
an appreciable percentage of the hydrogen molecules in the state A, 
n=a have been excited by electron impact, then the states A, n<a 
will also be excited, and instead of one series of bands there would be 
(a+1) series. Since only one series is observed this would necessitate 
making a=0. If, however, practically all the molecules in the state A, 
n=a have been excited by collisions of the second kind, then it is quite 
evident, that a may have any value in so far as the existence of a single 
series is concerned. The fact that argon lines of shorter wave-length 
than \1048.26 occur on these plates as well as the second and third 
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lines of the Lyman series proves that there must be a considerable 
number of electrons with velocities greater than 11.78 volts. The dis- 
cussion above indicates that the number of electrons per volt of velocity 
below 11.78 volts is considerably greater than the number per volt above 
11.78 volts. One would be inclined to think, therefore, that the per- 
centage of hydrogen molecules excited by electron impact would be 
appreciable, and that if a is greater than zero, at least faint series would 
be observed in addition to the Lyman bands. The fact such series were 
not observed may be considered as evidence in favor of the value a=0. 

With this value of a the radiation potential for the Lyman bands is 
11.61 volts. This is in good agreement with the experimental values® 
of a radiation potential of the hydrogen molecule, which range from 
11.5 to 12.0 volts. If a were greater than zero, the value of the radiation 
potential would be less than 11.61 volts. The value of w» for the electronic 
state A obtained in the latter part of this paper is 2695 cm™, which 
corresponds to .33 volt. From this value, it follows that if a were 1, for 
example, the radiation potential would be only 11.28 volts, which does 
not agree with the electron impact experiments as well as the former 
value. 

It is very probable that the radiation potential of 11.61 volts is the 
lowest one in the hydrogen molecule. For on this theory of excitation, 
if any part of the secondary spectrum in the extreme ultra-violet had an 
excitation potential less than this value, one would expect that fact to 
reveal itself by the presence on these plates of one or more additional 
series of bands similar to the Lyman bands. Although these plates cover 
the entire region of the secondary spectrum in the extreme ultra-violet, 
no other bands were observed. Since the excitation potentials of the 
visible secondary spectrum’ range from 13 to 15 volts, it is fairly certain 
that 11.61 volts is in fact lowest radiation potential. This conclusion is in 
agreement with the results obtained from electron impact experiments.® 

Eq. (4) may now be rewritten in terms of the vibrational quantum 
numbers, 


y=94 075—(4267m"—113.5n’2+ ---), (5) 


The value of wo, the frequency of infinitesimal vibration for the normal 
state, obtained from this equation is 4267 cm~ in fair agreement with 
the value 4880 cm obtained by Kemble and Van Vleck® from specific 
heat data. 


Bulletin of the National Research Council on Critical Potentials, pp. 114-120. 
70. S. Duffendack, Astrophys. J. 60, 122 (1924). 
8E. C. Kemble and J. H. Van Vleck, Phys. Rev. 21, 653 (1923). 
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HEAT OF DISSOCIATION 
From Eq. (5) it follows that the vibrational energy, E,, of the hydrogen 
molecule in the normal electronic state is 
E,, = h(4267n—113.5n?+ ---). (6) 


The frequency of vibration, w,, of the nuclei in the vibrational state of 
quantum number 7” is 
1 dE, 


o,=- 


h dn 





=4267—227.n+ --- (7) 
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Fig. 5. The frequency of vibration of the nuclei, w,, in the normal electronic state of the 
hydrogen molecule plotted as a function of the vibrational quantum number, n. 


Since the higher powers in Eq. (6) are small, dE,/dn is practically equal 
to AEF,, if the latter be defined as 


AE, (n+4) = E,(n+1)—E,(n). (8) 


The advantage of using the first difference is that its value may be taken 
directly from the experimental data, as Eq. (8) shows. Fig. 5 is a graph 
of w, or 1/h AE, as a function of m. The dotted portion of the curve is an 
extrapolation. The general nature of this extrapolation is justified both 
by the trend of the observed part of the curve and by the fact that the 
hydrogen molecule is homopolar. For the potential energy function of a 
homopolar molecule, when expressed in descending powers of the inter- 
nuclear distance 7, begins with a power of r equal to or greater than two, 
and Kratzer® has shown that in such cases w, becomes zero for a finite 
value of n. 


9A.Kratzer, Zeits. f. Physik. 26, 40 (1924). 
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According to band spectrum theory the heat of dissociation of a 
diatomic molecule is (£,) max, the maximum possible vibrational energy 
in the normal electronic state. As Eq. (7) shows, E, is a maximum for 
that value of » at which the frequency of vibration of the nuclei is zero. 
It follows by integration of Eq. (7) that!® 


(Ex)max= h f ” ii (9) 


where mp is the value of at which w,=0. Stated graphically Eq. (9) 
means that the area under the curve in Fig. 5 is a measure of (E,) max- 

Since the extrapolation in Fig. 5 is more or less uncertain it is best 
in estimating the value of (EZ,) max to get lower and upper’limits as well 
as the probable value. The lower limit was taken as the highest observed 
value of the combined vibrational and rotational energies, which was 
obtained by subtracting the energy of the line of longest wave-length 
in the Lyman bands from that of the shortest wave-length. Its value is 
4.10 volts or 94,600 calories per mol. The upper limit was obtained by 
using as an extrapolation in Fig. 5 a straight line tangent to the curve 
at the last observed point. Its value is 4.56 volts or 105,200 calories per 
mol. The probable value corresponds to the extrapolation indicated in 
Fig. 5. A better way of obtaining the probable value, however, is from an 
(n, E,) graph. Its value is 4.34 volts or 100,100 calories per mol. These 
results are in accord with the best experimental values. Isnardi’s result" 
(as corrected by Wohl) is that the heat of dissociation of hydrogen lies 
between 96,765 and 102,257 calories; while Langmuir’s” latest value is 
97,000 calories. | 


CRITICAL POTENTIALS 


Just as the visible secondary spectrum occurs in the same general 
region as the Balmer series of atomic hydrogen, so the ultra-violet band 
spectrum of hydrogen falls in the same general region as the Lyman 
series. In each case there is a gap” between the ultra-violet and visible 
spectra. According to Franck" the visible band spectrum probably 
holds the same relationship to the ultra-violet band spectrum that the Bal- 
mer series does to the Lyman series. The fact that the critical potentials 
of the visible band spectrum’ range from 13 to 15 volts makes this con- 


wCf. R. T. Birge and H. Sponer, Phys. Rev. 28, 259 (1926). 

UT. Isnardi, Zeit. f. Elektrochemie 21, 405 (1915). K. Wohl (Jdid., 30, 49, 1924) 
corrected a slight error in computation in Isnardi’s work, thereby raising his value about 
5000 calories. 

12]. Langmuir, G. E. Rev. 29, 153 (1926). 

183A. Sommerfeld, Atombau and Spektrallinien, pp. 519-520. 
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clusion fairly certain. Furthermore, even in the visible there is a close 
parallel parallelism between the Balmer series and the secondary spec- 
trum. This is shown by the diagram due to Glitscher™ in the fourth 
and earlier editions of Sommerfeld’s Atombau und Spektrallinien. This 
diagram is a photometric curve of the secondary spectrum, giving the 
intensity as a function of the wave number, the resolution being insuffi- 
cient to show individual lines. Glitscher points out that some of the 
most prominent peaks on this curve have almost the same spacing as the 
a, B, y, 6 lines of the Balmer series. All these facts seem to indicate that 
there is a correlation between the electronic energy levels of the hydrogen 
atom and those of the molecule, and that the spacing of these energy 
levels is about the same in the two cases. The radiating electron in the 
molecule, however, is more tightly bound than the electron in the 
corresponding orbit in the atom. This is shown by the fact that the 
corresponding potentials of the molecule are always higher. Thus the 
ionization potential of the molecule is higher than that of the atom, and 
the lowest resonance potential of the molecule is 11.61 volts, whereas 
that of the atom is 10.15 volts. Furthermore, on the Glitscher diagram 
the peaks a, 8, y, 6 are all on the high frequency side of the corresponding 
lines of the Balmer series. 

These facts seem to justify an attempt to introduce total electronic 
quantum numbers, é;, in the sense in which that nomenclature is used in 
atomic spectra. To the normal electronic level N will be assigned the 
value e,=1, and to the electronic level A the value e,=2, the difference 
between these two levels being 11.61 volts. On this theory the ultra- 
violet band spectrum is due to the transitions e,’=2 to e,’’=1, and the 
visible band spectrum to the transitions e,’=3 to e,’’=2. For the present 
it will be assumed that there is only one electronic energy level for each 
value of e;, although the reverse is almost certainly the case in reality. 

On the basis of this theory an attempt will be made to compute the 
higher critical potentials of the hydrogen molecule by two methods, 
first by use of the Glitscher diagram, secondly by use of a Rydberg 
formula. In the first method the assumption will be made that the 
peaks marked a, 8, y, 6 on the Glitscher diagram represent corresponding 
positions in the band systems due to the transitions e,’=3, 4, 5, 6 respec- 
tively to e,/’=2. The further assumption will be made that each peak 
a, 8, y, 6 represents the location of the (0, 0) band for the electronic 
transition in question. On these assumptions by adding the voltage 
corresponding to each of these peaks to 11.61 volts one should obtain 


MK. Glitscher, Sitzungsber. d. bayer. Akad. p. 125 (1916). 
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the higher critical potentials and by extrapolation the ionization potential 
of the hydrogen molecule. This is done in Tables II and III. The values 
of y are taken from the Glitscher diagram. The results of this computation 
are given in the second column of Table III. 

In the second method the assumption is made that the critical poten- 
tials of the hydrogen molecule follow a Rydberg formula 





1 1 
v=13.539| “ . 10 

(1—a)?  (e,—a)? - 
This was suggested by the preceding theory, as well as by previous 
work of Fowler, and Sponer."* The value of a was found from the 
lowest radiation potential by solving the equation 











1 1 
11.610=13.539) “ t. (11) 
(1—a)? (2—a)? 
TABLE II TABLE III 
Peak » V=1.2344X10-| e V Vicalc) 
a 16,650. cm ~— 2.055 volts 2 11.61 volts 11.610 volts 
8 21,850. 2.697 3 13.665 13.631 
Y 24,500. 3.030 4 14.31 14.323 
é 25,900. 3.197 5 14.64 14.639 
6 14.81 14.810 
0 15.19 15.193 








which gives a=0.0560. This value of a was used in Eq. (10) to compute 
the series of values under V(calc). It will be observed that the agreement 
between the values obtained by these two independent methods is quite 
remarkable. 

Thus far it has been assumed that to each value of e; there corresponds 
only one electronic energy level of the hydrogen molecule. In reality, 
however, it will probably be found necessary to introduce the azimuthal 
and inner quantum" numbers also in order to classify these energy levels, 
so that there will be several levels for each value of e;. Possibly the 
various levels corresponding to any given value of e; are close together. 
That would account for the results given in Table III. In any case a 
consideration of the remaining electronic quantum numbers will neces- 
sitate a reinterpretation of the results in Table III and may possibly 
alter the numerical values. These considerations may explain the 
discrepancy between the value of the ionization potential, 15.19 volts, 


4A. Fowler, Proc. Roy. Soc. A91, 208 (1915). 
16H. Sponer, Zeits. f. Physik. 34, 622 (1925). 
17R. T. Birge, Nature, Feb. 1926. R. S. Mulliken, Proc. Nat. Acad. Sci. 12, 144(1926). 
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obtained above and the experimental values,* which range from 15.6 to 
16.7 volts. 

On the other hand this discrepancy does not necessarily indicate that 
one or the other of these values is wrong. For the spectroscopic values of 
critical potentials represent a difference of electronic energy levels, but 
the significance of the values obtained from electron impact experiments 
in the case of molecules is not yet clear. According to recent work of 
Franck,'* and also Birge and Sponer,'® if an electronic transition causes a 
large change in the moment of inertia of a molecule, then the transition 
in question, considered as a statistical average at least, cannot occur 
without exciting a certain minimum of vibrational energy. Where the 
excitation is by electron impact this additional energy of vibration must 
come from the impacting electron. Consequently in such cases the 
observed critical potentials should be higher than the corresponding 
difference in electronic energy levels. 

This type of explanation would probably account for the discrepancy 
in the case of hydrogen. For, as Eq. (2) shows, there is an extremely 
large increase in the moment of inertia of the molecule in going from the 
normal level N to the excited level A. It is reasonable to suppose, there- 
fore, that large changes in the moment of inertia occur when the molecule 
jumps from the normal electronic level to various higher levels or when 
ionization occurs. If this is the case, one would expect the observed 
critical potentials to be higher than the spectroscopic values. 


REMARKS 


If J, is the ionization potential of the atom of an element, J,, that of 
its diatomic molecule, D the heat of dissociation of the neutral normal 
molecule, D’ the heat of dissociation of the ionized molecule, it follows 
from the principle of the conservation of energy that?® 


D+Iq=D'+In. (12) 


For hydrogen 
I,+D =13.54+4.34 =17.88 volts 


If we take J,,=15.19 volts 
D’ =2.69 volts 


If we accept the experimental values of I», D’ will be about 2 volts. 
Urey’s”! theoretical value is 3.12 volts. Sommerfeld,” on the other hand, 


18]. Franck, Trans. Faraday Soc. 21, part 3 (1925). 

19R. T. Birge and H. Sponer, Phys. Rev. 28, 259 (1926). 
Cf. R. T. Birge, Phys. Rev. 27, 641 (A) (1926). 

"1H. C. Urey, Phys. Rev. 27, 216 (1926). 

A. Sommerfeld, Atombau and Spektrallinien, p. 518. 
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assumes that D=I,,—J,, which automatically makes D’=0. The data 
from positive ray analysis** show that H+ and H;* appear at the same 
voltage as H,+. At low pressures (H*++Hs;*) forms only a small percent- 
age of the total number of ions, but as the pressure increases the percent- 
age of these ions increases also. This has been interpreted to indicate 
that the stability of H,* is small or zero. In view of the fact that the 
energy with which the ions collide after their formation in the apparatus 
is unknown, this evidence must be considered inconclusive. 

It is interesting to note that the First (or Red) Fulcher Band falls 
under the a peak in the Glitscher diagram. According to Dieke’s™ 
interpretation each of the so-called Fulcher Bands is a sequence of Q 
branches. (By a sequence is meant a group of bands for which An= 
n’'—n'"’ is a constant.) On this interpretation the first line of the band 
towards the violet® in the First Fulcher Band is 16,611 cm=!, whereas 
the a peak in the Glitscher diagram is 16,650 cm~!. Since the a peak was 
assumed to represent the location of the (0, 0) band for the electronic 
jump e,’=3 to e,’’=2, this fact suggests that the First Band may be 
an (m, nm) sequence with the (0, 0) band on the violet side. Both the 
individual bands and the sequence as a whole are then degraded toward 
the red. If in addition the assumption be made that the Second (or 
Green) Fulcher Band is an (nm, n—1) sequence due to the same electronic 
jump, the data permit the computation of the value of wo and xw» for the 
two electronic levels in question. The values obtained are: 

For the state e,=2, 
Wo = 2589 cm 
xWo = 67.8 cm; 

For the state e,=3, 
Wo = 2303 cm= 
xwW9 = 62.6 cm. 

These values are certainly of the right order of magnitude. As evidence 
of that fact it will be shown that the values of wo and xw, for the state 
e,=2 give about the correct value for the heat of dissociation, D’’, of the 
hydrogen molecule when in the excited state e,=2. It will be assumed, 
of course, that in this case the molecule dissociates into one normal 
atom and one atom in the first excited state, m=2. An accurate value of 
D"’ may be obtained from the equation 


Rot+D=R,,+D", (13) 


%H. D. Smyth, Phys. Rev. 25, 452 (1925); T. R. Hogness and E. G. Lunn, Ibid. 26, 
44 (1925). 

*4G. H. Dieke, Proc. Roy. Acad. Amsterdam 27, 490 (1924); Phil. Mag. 50, 173 (1925). 

*For a table of these bands see W. E. Curtis, Proc. Roy. Soc. A107, 570 (1925). 
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which is analogous to Eq. (12). Here R, is the lowest resonance potential 
of the atom, and R,, that of the molecule. Inserting the values of the 
known quantities 


D” =10.15—11.61+4.34 
= 2.88 volts 


If for the electronic state e,=2, the vibrational energy is 
E,, = h(2589n— 67 .8n?) , (14) 


the maximum value of £, is 3.05 volts. This is a little higher than the 
preceding value—a result one would expect, considering the fact that 
the higher powers in Eq. (14) were omitted. One should remember 
also that the first value applies to the upper electronic state A of the Ly- 
man bands, and the second to the lower state of Fulcher Bands, and that 
these two states may not be the same. 


OTHER BANDs 

From Lyman’s plates of the complete secondary spectrum in the 
extreme ultra-violet it was found that by mere inspection one could 
pick out groups of lines that resembled the Lyman bands. Measurements 
were therefore made of the lines in these groups and the usual numerical 
and graphical tests for bands applied. In this way some bands were 
found whose genuineness seemed fairly certain. Numerical relationships 
were found between eight of these bands and the Lyman bands, which 
showed that these eight bands certainly had the same final electronic 
state as the Lyman bands, and most probably the same initial electronic 
state. These relationships made possible the assignment of the vibra- 
tional quantum numbers. These bands are given in Table IV. 

The value of the vibrational energy function for the electronic state A 
obtained from these bands is 


E, = h(2695n—77n?+ +--+). (15) 


The values of the constants here are almost the same as the values in 
Eq. (14) for the final state of the Fulcher Bands. 
The correctness of the assignment of the values of the quantum 
numbers may be tested by the combination relation 
~ O(ny my! ,;m) —Q(ni nz’ ,m) ” 
Q(nz ,n1"’,m)—QO(ng , nz’ ,m) = 
F(nz’ ,m)—F(n{’ ,m), (16) 


where F is the term function for the final electronic state. The differences 
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TABLE IV 


Additional bands of hydrogen. 
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Inten- nN 








v Differences | m Inten- Py v Differences 
m sity sity 
1st 2nd [st 2nd 
Band A (n’=2, n’’=1) Band E (n’ =3, n’’ =4) 
1 8 1052.63 95 000 1 10 1159.76 86 225 
127 115 
3. 8 1054.04 94 873 3 9 1161.31 86 110 
104 75 
oe 1055.20 94 769 41 4 5 1162.32 86 035 33 
147 108 
, @ 1056.84 94 622 37 5 9 1163.78 85 927 61 
184 169 
6 9 1058.90 94 438 6 8 1166.07 85 758 
Band F (n’=3, n’’=5) 
Band B (n’=2, n’’=2) 1 6 1205.07 82 983 
1 6 1098.01 91 074 107 
113 3 6 1206.62 82 876 
3 6 1099.37 90 961 
97 4 3 1207.55 82 812 32 
& 2 1100.54 90 864 31 
128 5 4 1208.95 82 716 
5 6 1102.10 90 736 66 
194 Band G (n’ =4, n’’ =2) 
6 6 1104.46 90 542 26 1 4 1046.60 95 547 
220 114 
7 6 1107.15 90 322 48 3 5 1047.86 95 433 
268 103 
8 4 1110.45 90 054 4 3 1048.99 95 330 51 
154 
Band C (n’=2, n’’=3) 5 4 1050.68 95 176 12 
: § 1144.34 87 387 166 
122 6 4 *1052.52 95 010 
:: @ 1145.93 87 265 
Band H (n’=4, n’’=5) 
¢ § 1146.94 8&7 189 48 1 8 1174.32 85 156 
124 108 
& 2 1148.57 87 065 : 48 3 8 1175.80 85 048 
172 63 
6S 7 1150.84 86 893 4 4 1176.68 84 985 47 
110 
Band D (n’=3, n’’=3) 5 8 1178.21 84 875 55 
1 7 1115.06 681 165 
103 6 7 1180.50 84 710 
3 7 1116.34 89 578 
88 Band I 
a 1117.44 89 490 39 1 4 953.53 104 873 
127 120 
$ 8 1119.03 89 363 45 3 5 954.63 104 753 
172 106 
6 Ff 1121.19 89 191 38 4 4 955.59 104 647 30 
210 136 
7 § 1123.84 88 981 57 5 4 956.84 104 511 37 
267 173 
ae 1127.22 88 714 6 2 958.42 104 338 








tApparently coincides with a line of the Lyman bands. 
*Apparently coincides with a line of Band A. 
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obtained from these bands and the Lyman bands are given in Table V. 

While some of the individual lines in the bands in Table IV may be 
incorrect, the process by which they were picked out as well as the 
numerical relationships would seem to indicate that on the whole they 
are genuine. 


TABLE V 
m Band 1-Band 2Band A-Band Bm Band 4—Band 5 Band E-Band F 
1 3929 3926 1 3244 3242 
2 3921 on 2 3235 wan 
3 3918 3912 3 3237 3234 
4 3905 3905 4 3226 3223 
5 3890 3886 5 3209 3211 
6 3863 3896 
m Band 2—Band 3 Band B-Band Cm Band 2-Band 5 Band G—Band H 
1 (3690) 3687 1 10405 10 391 
2 (3697) om 2 10382 
3 3693 3696 3 10380 10 385 
4 3673 3675 4 10353 10 345 
5 3661 3671 5 10303 10 301 
6 3639 3649 6 10241 10 300 
m Band 3—Band4 Band D-Band E 
1 3471 3456 
2 3450 =a 
3 3450 3468 
4 3454 3455 
5 3433 3436 
6 3415 3433 


The writer wishes to express his thanks to Professor T. Lyman, who 
obtained the spectrum plates used in this investigation, and to Professor 
E. C. Kemble and Dr. R. S. Mulliken, whose criticism and suggestions 
have been of great value. 


JEFFERSON PuysicaAL LABORATORY, 
HARVARD UNIVERSITY, 
August 18, 1926. 


Note added in proof. While the spectroscopic data given in this paper 
are insufficient to determine a (the value of m’ for the upper electronic 
state A of the Lyman Bands), a consideration of the process of excitation 
and the experimental values of the lowest radiation potential of He led 
us to the probably conclusion that a=0. G. H. Dieke and J. J. Hopfield 
have recently shown, however, (private communication) from their 
admirable analysis of the absorption spectrum of the hydrogen molecule 
that this conclusion is incorrect and that a=3. This, of course, alters 
the value of the lowest radiation potential. Their value is 11.1 volts. 
They also find a third electronic level at 12.2 volts above the normal 
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level N. Designating this level as B, the other bands in this paper are 
due, according to their analysis, to the electronic transition BN. 
It might seem that these changes would entirely invalidate the results 
given in Table III. Such is not the case, however. For, using the termi- 
nology above, it seems probable that both the electronic level A at 11.1 
volts and B at 12.2 volts have the value e,=2. The upper of these two 
orbits is evidently more hydrogen-like, and is therefore the better one 
to use in computing the probable values of the higher critical potentials. 
Using 12.2 everywhere instead of 11.61 volts in computing the values of 
V and V (calc) in Table III, one obtains the results given in Table IIa. 


TABLE IIla 
et: 2 3 4 5 6 a) 
V: 12.20 14.26 14.90 15.23 15.40 15.78 
V (calc): 12.20 14.275 14.98 15.30 15.47 15.86 


The value of a used in computing V (calc) from Eq. (10) was a=0.0760. 
The agreement between V and V (calc), though not as good as in Table 
III, is still fair, and, what is perhaps more significant, the resulting value 
of the ionization potential is in good agreement with the best experi- 
mental values. In accordance with our previous statements the values 
in Table IIIa should not be regarded, strictly speaking, as the only 
higher critical potentials of Hz, but rather as one of several Rydberg 
or Ritz series. 














DECEMBER, 1926 PHYSICAL REVIEW VOLUME 28 


ON THE ELECTRICAL DISCHARGE IN MIXED GASES 


By F. RIcHARD TERROUX 


ABSTRACT 

Spectra of argon, hydrogen and oxygen in the negative glow and positive 
column of a discharge tube containing A— H.and A—O, mixtures.—The follow- 
ing mixtures were used: (1) H2 90% —A 10%, (2) H2 50% —A 50%, (3) O2 
90%—A 10%, (4) 0250%-A 50%. Tables are given showing the principal lines 
in each region, and their estimated relative intensities. In all four cases the 
change in concentration was found to make little difference in the distribution 
of electronic energy. In (1) the argon red spectrum is very strongly excited in 
the positive column and the blue spectrum appears most intensely in the neg- 
ative glow. A considerable number of electrons in the positive column possess 
energies of about 16 volts, while their energy in the negative glow reaches 
as much as 38 and 40 volts. In (3) and (4) the electrons on the whole possess 
energies of a higher order in both regions. The argon blue spectrum, the hydro- 
gen Balmer series, and the oxygen series and elementary spectra predominate 
in the negative glow, whereas the argon red spectrum is most intense in the 
positive column. The behavior of the Balmer lines in hydrogen and argon is the 
opposite of its behavior in hydrogen and helium. The striated state was produced 
in every mixture, and abrupt changes in the discharge occurred, when the 
pressure was reduced to critical values. The rotation of inclined striae is con- 
nected with the intermittency of the discharge. 


INTRODUCTION 


N examination of the spectra emitted by different regions of the 

discharge, in mixtures of hydrogen and nitrogen and of hydrogen 
and helium was recently carried out by Keys and Home.! The present 
paper deals with a similar investigation in mixtures of argon and hydro- 
gen, and of argon and oxygen. Different proportions of the gases were 
tried and their effect was recorded. 

The spectrographic examination of the discharge possesses the follow- 
ing advantages; (1) it introduces no foreign element into the discharge, 
(2) it is applicable to any region of any type of discharge with equal 
facility, and (3) it provides data whereby the average energy of the 
moving electrons and the states of excitation of the atoms and molecules 
may be determined. This method is only limited by our power to inter- 
pret the spectra in terms of atomic states and energy distributions, 
whether electronic or quantum. 

This method is not of recent inspiration, for De La Rue and Miller? 
found some fifty years ago, that in hydrogen, the Balmer lines were more 
strongly excited in the negative glow than elsewhere. The same discharge 

‘Keys and Home, Phys. Rev. 27, 709 (1926). 

*De La Rue and Miller, Phil. Trans. 178, 155 (1878). 
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was examined by Crookes’ who proved that the bluish sheath occasionally 
found on the convex side of striae was due to mercury vapour. More 
recently we have the work of Whiddington* on hydrogen and argon, 
and of Banerji®> on argon. The spectrum of the mercury vapour and 
hydrogen discharge has been studied by Turner and Compton,‘ and of 
the striated hydrogen discharge by Keys.’ 

In the present work the spectra of the negative glow and of the striated 
positive column were obtained and interpreted as far as possible. 


APPARATUS 


The discharge tube was of quartz; 2.3 cm in diameter and 90 cm long, 
fitted with aluminium disc electrodes, 2.2 cm in diameter, placed 62 cm 
apart. One of the electrodes was water cooled. A Cenco ““Hyvac”’ pump 
and a charcoal bulb in liquid air were used in exhausting the tube, which 
was excited by the direct current from a 300-6000 volt motor generator 
by Evershed. The spectra were obtained with a Hilger E2 quartz spectro- 
graph, and in addition a constant deviation glass spectrograph was 
frequently employed. The iron arc was used for comparison purposes. 
The gases were mixed and carefully dried before being admitted to the 
tube, which was washed thoroughly before an exposure was attempted. 
Wratten and Wainwright, and Ilford Rapid Process, Panchromatic 
plates were used throughout. 


OBSERVATIONS 


The conditions under which the four principal plates were obtained 
are shown in Table I. 


TABLE I 
No. Mixture Pressure Current Potential Exposure Plate 
I A 90%-H 10% .18 mm 8 m.a. 1100 volts 6 hrs. If. 
II A 50%-H 50% .09 mm 4m.a. 1500 volts 3.7hrs.§ W& W. 
III A10%-0 90% .01 mm 1 m.a. 1800 volts 4.5hrs. W&W. 
IV A50%-0 50% .07 mm 2 m.a. 1500 volts 7 hrs. Iif. 


Only the principal lines on these plates were considered and they are 
given in the following Tables II, III, IV. The columns under N.g. and 
P.c. give the estimated relative intensities of the lines in the negative 
glow and positive column respectively. 


3Crookes, Proc. Roy. Soc. 69, 399 (1902). 
4Whiddington, Nature 116, 506 (1925). 

5Banerji, Naturel16, 429 (1925). 

‘Turner and Compton, Phys. Rev. 25, 606 (1925). 
7Keys, Trans. R. S. C. 19, 143 (1925). 
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TABLE II 


The spectrum of argon in the negative glow and positive column of a discharge tube. 
Plate l= A 90%-H; 10%. Plate III=A 10%-O2 90%. Plate IV =50%-0? 50% 








Plate Plate 
Wave- I. III. IV. Wave- I, III. IV. 
length N.g/P.cN.g/P.c N.g/P.c| length N.g/P.c N.g/P.c N.g/P.c 
Blue spectrum 3034 2 0 1 0 
4848 3 0 2979 8 0 4 0 
4765 3 4 2943 10 0 4 O 7 2 
4727 5S i 2879 6 1 
4675 7 +O 2754 7 #O 3 0 
4658 3 1 2708 2 0 1 0 
4610 8 0 3 1 3 0 2479 4 2 
4590 7 #O 2439 4 3 
4579 7 +O 2421 3 0 
4545 8 0 2338 3 0 
4491 1 1 
4482 6 0 1 0 Red spectrum 
4432 5 0 6416 1 6 
4426 6 0 1 0 6032 0 5 
4401 5 0 2 0 6026 = 
4379 5 0 5912 1 4 
4371 3 0 5607 1 4 
4348 2 5559 1 4 
4331 7 O 5506 0 2 
4283 9 0 5496 1 4 
4277 9 0 8 4 5452 1 3 
4237 5 0 6 0 5253 1 3 
4223 3 0 §222 1 3 
4156 2 2 4 4 5163 1 4 
4132 > = 2 3 0 4868 1 4 
4113 2 0 4629 1 4 
4104 5 0 4596 1 4 
4082 4 0 4522 0 4 
4073 8 0 3 O 3 0 4511 410 3 4 2 5 
4053 6 0 2 0 3 0 4345 263 § 
4043 7 #O 3 0 4335 09 3 4 0 4 
4014 3 0 4300 3 10 
3996 4 0 4272 3 10 1 4 
3968 3 0 3 O 4266 2 8 
3961 4 0 4259 5 10 5 6 
3944 3 0 4201 5 10 4 7 6 6 
3919 10 0O 4198 3 10 
3915 9 0 4182 3 9 
3908 3 2 4164 3 68 
3851 . 8 3 *@ 4159 5 10 4 6 
3803 i a oe 4044 3 10 3 6 
3754 7 #9 6 1 3949 3 9 3 6 
3729 a 3894 0 3 
3582 7 0 6 1 3835 2 6 
3577 8 1 7 10 10 9 3670 ® 3 2 $ 
3560 6 0 3650 0 8 
3546 , © 2 F 3635 a -¢$ 
3535 . 2 6 gf 8 8 3554 0 5 
3509 6 0 2 0 3460 0 3 
3491 9 O 3374 7 8 9 10 
3392 2 0 3305 2 $3 
3286 $ 4 3022 S 2 
3282 + 4 2967 0 2 0 3 
3264 4 1 2 3 2834 0 1 
3093 $s 8 $ ®@ 6 1 2802 0 1 
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DISCUSSION 


Plate I. Argon 90 percent—Hydrogen 10 percent. In the positive column 
we find the argon red spectrum very strongly developed, whereas in the 
negative glow it is comparatively weak. On the other hand the blue 
spectrum, which is intense in the negative glow, is represented by 
three feeble lines in the positive column. The primary hydrogen spectrum 
is quite strong in the negative glow, and weak in the positive column. 
The secondary hydrogen spectrum is distributed with more impartiality 
in both regions. 

TABLE III 


The spectrum of hydrogen in the negative glow and positive column of a discharge tube. 
Plate l=A 90%-H: 10%. Plate II=A 50%-H:2 50% 








Hydrogen primary spectrum Hydrogen secondary spectrum 
Wave-length : Plate - Wave-length Plate I 
N.g/P.c N.g/P.c N.g/P.c 

6563 Ha 10 4 10 1 6299 0 3 
4861 Hp 7 2 8 1 6135 1 3 
5888 0 4 

5505 0 3 

4340 Hy 6 1 6 1 4474 5 0 
4171 1 1 

4101 7 1 5 0 4070 1 1 
3970 2 1 3 0 4063 0 3 
3835 5 4 3 0 3998 5 5 
3791 1 1 0 0 3993 2 1 
3771 1 1 0 0 3990 3 1 
3712 1 1 0 0 3872 1 1 
3805 5 6 

3797 1 1 

3684 1 0 

3674 1 1 








From the work of Dejardin,? Horton and Davies,? Shaver,’ and 
Barton," it appears that the argon atom is ionised at about 15.2 volts, 
and furthermore that at this potential the whole red spectrum is emitted. 
It is evident therefore, that a large number of argon ions are present 
in the positive column, and that the “velocity” of a great number of 
electrons in this region is close to 15.2 volts. Were it less, the red spectrum 
could not be so intense. On the other hand, the comparative weakness 
of the Balmer lines; which, according to Horton and Davies,” Smyth," 
and Duffendack," correspond to a potential of about 16 volts, indicates 
that it can hardly be in excess of the above value. 


8Dejardin, C. R. 172, 1482 (1921); Ann. d. Physique 10, 241 (1924). 
*Horton and Davies, Proc. Roy. Soc. 97, 1 (1920) and 102, 131 (1922). 
10Shaver, Trans. R. S. C. 16, 135 (1922). 
‘Barton, Phys. Rev. 25, 469 (1925). 
Horton and Davies,.Phil. Mag. 46, 872 (1923). 
8Smyth, Phys. Rev. 25, 452 (1925). 
“Duffendack, Phys. Rev. 20, 665 (1922). 
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The relative weakness of the red spectrum in the negative glow is 
perhaps due to the average energy of the electrons being greatly in 
excess of the first ionising potential. The great intensity of the blue lines 
requires potentials of a much higher order. 

A number of authorities are of the opinion that at 34 volts, when the 
blue spectrum appears, the argon atom is doubly ionised. (At high 


TABLE IV 


The spectrum of oxygen in the negative glow and positive column of a discharge ube. 
Plate III=A 10%-O2 90%. Plate IV=A 50%-Oz2 50%. 











Oxygen “series’’ spectrum Oxygen “‘elementary”’ line spectrum 
Plate Plate 
Wave-length Ill. IV. Wave-length Ill. IV. 
N.g/P.c N.g/P.c N.g/P.c N.g/P.c 

1S—mP 4662 4 1 

4368 (2) 3 1 3 0 4609 3 0 3 0 

3692 (3) 3 0 4590 3 0 

ls—mp 4415 4 3 

3947 (2) 3 6 3 0 4369 3 0 

1p—ms 4367 3 1 

4674 (7) 4 0 4345 3 4 

4588 (8) 3 0 4337 3 3 4 4 

1p—md 4276 8 4 

4773 (6) 1 0 4156 2 3 + 5 

4654 (7) 3 1 2 0 4154 2 0 

4233 6 0 3 0 4143 2 2 

2897 9 3 6 1 4122 2 0 

2895 9 3 6 1 4114 2 0 

2884 9 3 6 1 4070 3 0 

2882 9 3 6 1 4060 4 7 3 0 

2753 3 0 3998 4 7 5 6 

2708 1 0 3962 3 0 4 0 

2474 3 1 3952 3 0 

2446 4 3 3912 10 | 4 4 

2420 3 0 3907 3 2 

2325 3 0 3896 3 2 0 3 

2299 3 0 3883 3 2 5 0 
3805 7 9 7 8 
3755 7 9 6 7 
3712 4 7 5 6 
3390 2 0 
3135 6 8 7 8 








current densities, a 19 volt impact, doubtless with an ion, will produce 
the 34 volt blue spectrum; thus 15+19=34 volts.) In their experi- 
ments, Lowe and Rose," were unable to produce any blue lines below 
39 volts, and Barton," by positive ray analysis found no double ions 
below 45 volts. Stark" classifies a number of lines of the blue spectrum 
as “bivalent” or “trivalent,” and associates these with the formation of 
double or triple ions respectively. Horton‘and Davies* accept the forma- 
tion of double ions at 34 volts, and in their 1922 paper give tables showing 


Lowe and Rose, Trans. R.S. C. 18, 313 (1924). 
Stark, Ann. d. Physik. 42, 241 (1913). 
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the electron energies (in volts) necessary to excite a number of blue lines, 
as well as the variation of intensity with voltage. Using these data, 
which appear reliable, we can form an estimate of electron energies in 
the negative glow. The occurrence, as well as the intensity, of the blue 
lines in this region (cf Table II) points to the presence of electrons having 
“‘velocities”’ of as high as 38 and 42 volts. A number of double argon ions 
are doubtless formed in this region. It is known that line intensity 
depends also upon other factors, such as current density and the presence 
of other gases. The strong excitation of the Balmer lines may result 
from 29.4 volt collisions which, according to Horton and Davies,” can 
dissociate the hydrogen molecule and ionise both atoms. 

Plate II. Argon 50 percent—Hydrogen 50 percent. The argon spectra 
on this plate were distributed in exactly the same manner, and point 
to the same distribution of energy as in the last plate. True, the number 
of argon lines is somewhat less, but this may be accounted for by the 
smaller number of argon atoms present. Even though more hydrogen 
was present in this case, the Balmer lines are both fewer and weaker than 
in the preceding case. This may be accounted for in two ways: first, 
that the velocity of most electrons in the positive column was lower 
than in the previous case, or second, that the Balmer lines were enhanced 
in the previous case by the presence of a great excess of argon atoms. 
Indeed both causes may have co-existed. In the negative glow, the 
Balmer lines are as intense but no more so than in the first Plate. 

Spectra taken of both sides of striae in this mixture show only this 
difference, that the lines are more intense on the cathode side, indicating 
an excess of excited atoms on this surface, as is to be expected. It was 
also found that the spectra of striae were more intense than of the uniform 
positive column in the same mixture. 

Plate III. Argon 10 percent—Oxygen 90 percent. With regard to the 
argon spectrum, two facts are to be noted; First, that much fewer lines 
are present than in Plates I and II, and second, that the contrast between 
the lines in the two regions is less marked. The scarcity of lines is at- 
tributed to the small proportion of argon atoms present. 

In this case, the pressure is low, the potential across the tube high 
and the current small. We should therefore expect higher electron 
energies in both regions. A number of blue lines is found in the positive 
column, which may arise from electron collisions with single ions. The 
“‘velocity”’ of a number of electrons is therefore at least 19 volts and 
perhaps as high as 34 volts. Radiation may also play an hitherto unde- 
termined part. Not only are there many single argon ions formed in the 
positive column, but also some double ions. 
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In the negative glow however, the blue lines present are of such an 
intensity that they point to electronic velocities of over 42 volts, and it 
seems certain that double ions are formed by single electron impacts. 
Thus it seems that-im-this region also, the average electronic energy 
is rather greater than in cases I and II. 

The oxygen “series” spectrum is strong in the negative glow, and 
less so in the positive column. The notation in Table IV is Fowler’s. 
Two striking pairs of lines; 2897-5 and 2884-2 are found in the ultra- 
violet. The resonance and ionisation potentials are given by Foote and 
Mohler,”’ as 7.9 and 15.5 volts respectively, and further, the second and 
third ionisation potentials of 32 and 50 volts are given by Payne.'® 
According to Fowler,!* the series spectrum is due to the neutral oxygen 
atom, and this is excited by collision of 15.5 volts. To dissociate the 
molecule and ionise an atom requires, according to Hogness and Lunn,” 
a velocity of 20 volts. 

Though the oxygen atom may be ionised by a 15.5 volt collision, the 
dissociation of the molecule by a 7.5 volt collision has not been observed. 
The greater excitation in the negative glow is attributed to the greater 
proportion of electrons having energies of 20 volts in that region. 

The elementary spectrum is due, according to Fowler,!® to ionised 
oxygen, and the calculated potential for excitation is 29.5 volts, which 
is in close accord to the value given by Payne.'* This spectrum is more 
strongly developed in the negative glow, as is to be expected, and where 
it occurs in the positive column may be attributed to a cumulative 
process. 

Plate IV. Argon 50 percent—Oxygen 50 percent. In this Plate the 
argon spectrum is naturally stronger than in Plate III. From the distribu- 
tion of the red and blue spectra, it appears that the average electronic 
energy in the negative glow is about 38 volts, and that in the positive 
column the majority of electrons have energies of about 16 volts. The 
oxygen spectrum occurs in the same manner as before, but the number 
of lines is diminished by the smaller proportion of oxygen present. It is 
evident that until more has been done, co-relating the exciting potentials 
and the spectra emitted, it will be very difficult accurately to interpret 
all the data available. 

In the discharge in hydrogen and helium, Keys and Home! found the 
Balmer lines more strongly developed in the striation than in the 


17Foote and Mohler, Bull. Bur. Stand. 16, 669 (1920). 
18Miss Payne, ‘‘Stellar Atmospheres’’. Harvard (1925). 
Fowler, Proc. Roy. Soc. 110, 476 (1926). 
*°Hogness and Lunn, Phys. Rev. 27, 732 (1926). 
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negative glow, whereas the reverse appears in hydrogen and argon. This 
may be due to the fact that in argon and hydrogen the ionisation potential 
of argon is but slightly less than that of hydrogen, whereas that of 
helium is one and a half times as great. An electron having a velocity 
of a little over 15 volts would probably make an elastic collision with a 
helium atom, and could still ionise a hydrogen atom; but the same 
electron colliding with an argon atom would ionise the latter and lose 
its kinetic energy. Thus in Plates I and II the red argon spectrum was 
very intense and the hydrogen primary spectrum weak. A further 
number of mixtures must be tried under different conditions to form a 
basis for a general theory. 


OBSERVATIONS ON STRIAE 

1. Striae were produced in every mixture ‘tried, and in some cases 
remained steady for several hours. 

2. As the pressure was gradually diminished, a critical value was 
reached at which a group of from three to ten striae suddenly disappeared 
from the negative end of the positive column. This group reappeared 
again several times, but if the pressure still diminished, finally vanished 
completely. The process was reversed by increasing the pressure. Every 
time such a group was dropped, the current fell to about one quarter of 
its original value. | 

3. Inclined striae occurred when the tube had not been used for several 
days, and these could be set in rapid rotation by a uniform magnetic 
field. Spontaneous rotation of striae, due presumably to the earth’s field, 
was noticed in helium and oxygen. The rotation of a column is a periodic 
phenomenon, and must be connected with a periodic cause. The current, 
even when a direct source was used, has been found to be periodically 
intermittent in the discharge, as proved by the rotating mirror, the 
telephone receiver and the cathode-ray oscillograph, and this must be 
considered in any explanation of the rotation. The inclination of striae 
is attributed to initial unequal charges on the walls of the tube which 
may deviate the streams of ions in the discharge. The inclination dis- 
appears in about half an hour, doubtless when the wall charges have 
become equalized by the ions. 

The writer is indebted to the National Research Council of Canada 
for a bursary, during the tenure of which this work was carried on, and 
to Dr. D. A. Keys of this Department for suggesting the problem and 
for his constant interest and advice. 
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McGIr._ UNIVERSITY, 
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DETERMINATION OF ELECTRONIC CHARGE FROM 
MEASUREMENTS OF SHOT-EFFECT IN APERIODIC 
CIRCUITS 


By N. H. WILLIAMS AND H. B. VINCENT 


ABSTRACT 

An outstanding difficulty in the measurement of electronic charge from 
shot-effect in a tuned circuit has been regeneration into this circuit. Former 
methods of dealing with that feature have added tedious computations to 
Schottky’s original calculation. The solution presented here yields the result in 
such a form that much of the labor is eliminated; the solution is of great 
mathematical simplicity, and measurement of high-frequency resistance and 
resonance frequency becomes unnecessary. The treatment may be generalized 
to include the non-resonant case if the assumption be made that the resonance 
curve of the amplifier is symmetrical. 

A non-inductive resistance may be used as the medium of coupling, and 
experimental work with this system yields the mean result for electronic charge 
of 4.774 X10" e.s.u. 

In work under conditions other than those of temperature limitation, the 
diminution of fluctuations seems to be due to high current densities rather than 
space charge in the region of the filament. 


INTRODUCTION 


F THE emission of electrons from the hot cathode of a vacuum tube 

is a random process, probability fluctuations of anode current are 
to be expected. In 1918, Schottky! derived an expression for the root 
mean square voltage one might expect to exist between the terminals 
when a temperature-limited thermionic current is caused to flow through 
a tuned circuit. This expression involves certain constants of the circuit, 
the current, and the magnitude of the electronic charge, € ; thus a measure- 
ment of the r.m.s. voltage, the current and the other factors involved, 
yields a measure, by purely electrical methods, of the value of e. 

Fiirth,? Ornstein and Burger,’ and Fry* have arrived at the same 
theoretical results by a variety of methods, while experimental work 
has been done by Hartmann, Hull and Williams,® and Johnson.’ Of 
these latter, the results of Hull and Williams are in agreement with the 

1 W. Schottky, Ann. d. Physik 57, 541-67 (1918); 68, 157-76 (1922). 

2 R. Fiirth, Phys. Zeits. 23, 354 (1922). 

+L. S. Ornstein and H. C. Burger, Ann. d. Physik. 70, 622 (1923). 

‘T. C. Fry, J. of Franklin Inst. 00, 199 (1925). 

5 C. A. Hartmann, Ann. d. Physik 65, 51 (1921). 


6 A. W. Hull and N. H. Williams, Phys. Rev. 25, 147 (1925). 
7 J. B. Johnson, Phys. Rev. 26, 71 (1925). 
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theory,—the others, working at much lower frequencies, have failed to 
realize the expected magnitudes. 
Schottky developed the thermionic current « into a Fourier series, 


c=2C;sin(w,t+¢x) 


and proceeded to determine the mean energy produced. If, however, 
use is made of an amplifier of the tuned-circuit type, each component 
of the series is amplified by a different amount, and this must be taken 
into account in the computations. The adaptations made by Hull and 
Williams to render the discussion applicable to the case where the 
voltage across the condenser of the tuned circuit is applied to an amplifier 
of this type, yields for the mean square output voltage of the amplifier 


E?=A@LigeF /2C?R - 


A, is the voltage amplification at the resonance frequency ; L is the self- 
inductance; C, the capacity, and R, the resistance of the tuned circuit, 
R to include losses in condenser and vacuum tube; t is the average 
thermionic current as read by a D.C. ammeter ; € is the electronic charge, 
and F is a factor which is obtained from the resonance curve, f(x), of 
the amplifier, where x =w/wo, wo being 27 times the resonance frequency 
of both the amplifier and the tuned circuit. It is the mean square voltage 
output divided by the output that would be experienced if all com- 
ponents were subject to the same voltage amplification, Ao. 

If the shot-voltage be disconnected and a sine wave of frequency 
wo/2m and r.m.s. voltage v; be applied to the amplifier, the output r.m.s. 
voltage will be Aov,. If this produces the same mean square effect as the 
shot-voltage, we have E?=A,°v,2=Ap?LueF/2C?R or v2 =LigeF/2C?R 
whence €=2C?Rv,?/LioF. 


DIFFICULTIES ATTENDING REGENERATION 


This substitution method will yield correct results only if regeneration 
effects are absent. This condition was realized by Hull and Williams in 
their first work on these measurements, but with larger values of Ao 
there are good grounds for believing that regeneration is unavoidable. 
That is, energy from the output of some or all of the tubes is fed back 
into the initial circuit where the shot-effect is generated. An ingenious 
method of procedure enables one to take account of feed-back. If the 
sine voltage v, be introduced into the tuned circuit as shown in Fig. 1 
the resonance curve of the system, f(x), may be obtained by the applica- 
tion of voltage of different frequencies. This will give a measure of the 
amplification with regeneration. If v; be applied to the system by the 
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potential drop across a small impedance L; of negligible resistance, 
carrying a known high-frequency current J;, the circuit is capable of 
development of shot-effect with the same efficiency as before. In this 
case one uses either the vacuum tube V T to produce a thermionic current 
and shot-effect, or, cutting off the filament current, causes J; to flow 
through L; to produce the voltage v; for calibration or comparison. The 
tuned circuit is never disconnected nor detuned and regeneration causes 
no difficulty since it produces the same effect in both f(x) and subsequent 


measurements. 
x cH To amplifier 


v.T. 


*) P Ss To generator 


Fig. 1. Diagram showing method of introduction of calibrating 
voltage into shot-circuit. 











Inconvenience is experienced however with this curve, f(x). What one 
wishes to know is not how a voltage introduced into the circuit, but 
rather the voltage across the condenser, is amplified. 

If vo- is the condenser voltage at the frequency a/27, and v%- at 
w,/2m, then with J; held constant 





Voc/ Vic = V we + (L2/R2) (wx? — wo?) ?/we 


If ¢(x) be the curve obtained by plotting relative power output against 
x, and f(x) the curve that would be obtained were the condenser voltage 
maintained constant, we have 


$(x) = E2/E¢ = Ag vke? f(x)/Aeg v0? 


f(*) =$( x) 002 /ved 


That is, each ordinate of the experimentally determined curve $(x) 
must be multiplied ‘by the ratio v,.2/v,.2 to obtain the curve desired for 
the determination of F. 

This inconvenience becomes on further analysis a remarkable simpli- 
fication of the work of Schottky. The following development due to the 
authors is here presented for the first time. 


and 


SIMPLIFICATION OF THE TUNED-CIRCUIT PROBLEM 


The power factor of the circuit varies with the thermionic current, 
but it may be maintained constant by the addition of suitable resistances. 
Let this be done. 
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If now we take the expression given by Hull and Williams for the mean 
square output voltage due to the k-component of the thermionic current, 
we have 

x? f(x) 
(1 _ x?)2+4- 72x? 





E? aa 5L*wG A eC? 


x? Vo2 
=17%AaC2 — 
$L*wp AGCE Ga) *47g 72 





where r=R/Lw. But 
v2 we +(L2/R*)(w? —we)? 





Vee we 


me — x7)2+ 7242 


r?x? 





B= c24(s) 
~oRce * 
Substituting for C,? its value C2= (4t9€w/27)dx we obtain for the total 
mean square output voltage 


—.. —L*AP? 4roew 
2—=SFE2 = ~ 4 "So(x)dx 
2R°C? ar 


QipeL?2A F 
“a i 


where v (the frequency) =w/27; ¥(v)=(x); and dx=d(w/wo) = (1/w») 
d(2xv) =(22/w)dv. fy(v)dv becomes simply the area under the curve 
(x) plotted against frequency. If we call this area A, the above equation 
yields 


E? = 212A 2A/R°C? 





If as before we introduce a voltage v,; which causes the same output 
as the shot-effect, we have i=v,/R where 7 is the current in the tuned 
circuit and v, has the frequency vp>=w)/27, and the condenser voltage 
v- is t/woC or v1/RCwo. Also E?=A v2 =A o'v;2/ R8C*we? = 2ueL2A P@A/R°C? 
so that €=0;7/2L%w "9A. 

It may be noted that by this means we may avoid the complicated 
evaluations of the original shot-integral. Also, since v; is introduced by 
a current J, flowing through an inductance L, of negligible resistance, 


we have 
e= LPI Pw} /2L Awd = LPI? /2L%9A 
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This measurement is independent of all frequency measurements 
except those of frequency differences for the area A. This results in the 
possibility of much greater accuracy than does the method of substitution. 


ANALYSIS OF THE GENERAL CASE 


Hitherto all the work that has been published on shot-effect has 
considered tuned circuits only, and indeed the preceding development is 
of the same class. The following shows however that a general solution 
may be made which is applicable to all circuits suitable for the production 
of shot-effect. This may be stated in general as an inductive resistance 
in parallel with a capacitance. A series capacity obviously makes im- 
possible the application of an accelerating potential to the anode. 

The above discussions apply to circuits tuned to the resonance fre- 
quency, vo, of the amplifier, and of such small resistance that R? may be 
neglected in comparison to L*w,*. The following discussion is more 
rigorous and completely general for the circuit in that it involves no 
assumption regarding the relative magnitude of R, L, and C, and makes 
no mention of a natural period of the circuit. It applies, indeed, equally 
well to circuits which are aperiodic. In the following, wo will refer to 27 
times the resonance frequency of the amplifier, and has no connection 
with the natural period (if one exists) of the circuit where the shot-effect 
is generated. It is here assumed that the power factor of the circuit is 
invariant, and this condition, as has been pointed out above, may be 
realized. 

We have as above, «,=C; sin (wit-+@,) whence 12= $C,2. If the shot- 
current be caused to flow through an impedance Z, the mean square 
voltage produced across it by the k-component is given by 

v4. -” gL Cy” 
and | E2=3Z22C2A f(x) 
where Ay and f(x) have the significance assigned above. 
Thus F2=34 2DZ2C2f(x). 

If the impedance is of the form shown in Fig. 1, and $(x) is the curve 
obtained as power output when the input current J; through the induc- 
tance L, is maintained constant, we have, where 7 is the current generated 
in the circuit, 7=L,J\w/£ where & is the series impedance of the cir- 
cuit, £=V R2+(Lw—1/wC)?. So that i=Lilw/V R?+(Lw—1/wC)? 
and v,=Lilw/wCV R?+(Lw—1/wC)? where v, is the condenser voltage. 
Thus 











Ca L2l? C?2[R2+(Lox—1/wC)?| 
2 C2[R2+(Lwo—1/aeC)?| Lil? 
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where vo=/27, is the resonance frequency of the amplifier and v,, 
the condenser voltage at vr. 


If, as _— we set x=w;/wo, 
Vo 1 RC %wF x? + (1 — LC we x?)? 


-X 

ne? RC%P+(1—LCwe)? 2 
Now from our method of its derivation 

Et _ eA vee Ag f(x) 

$(x) = : 

E? | Vo2 Ag 2 
So that f(x) =$(x)v0/vee ; F? =}3AsEZ2C f(x) where Z;2= 
(R’+L’w, "YRC, + (1 — LCwi*)*) and Ci2 = 4igewodx/2r. 


So that 
R?+L*w? 


E?=3A34 2 f - 
2440 Lo€(wo/ 1) Rw? +(1—LCw2) f(x 








R?+-Lw? x? Voz 
= 2A § tye(wo/ 27) f ——- X —-4(x)dx 
RC we x r+(1— Cw? x 2)2 Vee 
2A¢ Lo€ Wo R? + L*w? x? 
-xX<— { - ——_——-$(z)dz - 
~ RC? +(1—LCw?)? 2r Jo 


x? 











2A 0 Lo€ x=*| ate d ms \d (ads | 
= — —%( x x 
RC%¢ +(1—LCw?)? Qe f-- = fi: ‘ 


where 1—«x to 1+x, x1, are the limits over which the integration 
need be extended to include all values of x for which ¢(x)+0. In 


1+ « 


o(x)dx/ x? 


1—« 
set z=1/x, dz= —dx/x*. Then if ¢(x) is symmetric with respect to x=1, 


so that $(1/(1+4) )=¢(1—6) =(1+4), 


l+« 1+« 1+« 1+« 
f 6(x)da/at= [ 6(1/2)de= f o(e)ds= f o(x)dx 
1—« 1—« 1—« l—« 


since a definite integral is independent of the variable of integration. 
B= = xe [oR d +fo “Lied o(x)d | 
2o(x)dx w x 
RC%od +(1—Lwe)® el J. ; 


Aduc(R?+L%w¢) [wo rc 
[= =f #(2)dz | 
pra +(i-— [Cw )? 1—« 


A § woe( R?+ Lu") A 
RC % oF +(1—LCw?)? 
= 2A g°Z2 iA 
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where Z, is the impedance of the shot-circuit at the resonance frequency 
of the amplifier, and A has the same significance as formerly. This 
discussion is independent of the relative magnitudes of L, R and C. 

If be the series impedance of the circuit at the frequency vo, we have, 
where a voltage v; is introduced into the circuit by the current J, flowing 
through the inductive reactance Liwo, 1=0:/&=LiI,w0/E where 7 is the 
current in the circuit. The condenser voltage 


Ve = t/wgC = Li woo/woC§ = LiTs/8C 


If the voltage v; introduced into the circuit causes the same mean 
square output voltage E?, as is occasioned by the shot-effect, 


Agu? =E*=2Z3 Ag eA 
or substituting for v, its value given above, 
A oli], 1°/ # C 2 ox 2A oZ. Pe toeA 
Whence «=L,"J,?7/2Z°2C,?A. For this type of system #=R?+ (Lay 
—1/wC)*. 

If this be applied to a periodic circuit of small resistance having a 
natural period 27/w», we have Z»>=L/RC, &=R, so that e=L,*J,°/ 
2(L7/R°C?)R°C%9A = L7I?/2L*u9A which is precisely the result obtained 
for this type of circuit in the previous discussion. 


ANALYSIS FOR A PURE RESISTANCE 

The experimental part of this investigation deals with the case in 
which the shot-circuit is a non-inductive resistance R. Since a substi- 
tution method was used in these measurements, a modification of the 
general method of the preceding paragraph becomes necessary. No 
effects of energy fed back from the output into this resistance were to be 
observed, so a method of substitution should lead to correct experimental 
results. The method of computation follows closely those previously 
outlined. 

If, as above, the thermionic current traverses the resistance R, we 
have for the k-component of the Fourier series into which the whole 
current may be developed 


y= Ci sin (w,t+¢x) 
and v= Ri, where v; is the voltage introduced across the resistance by 


tx Thus %=RC;, sin (wt+¢x) and o2=43RCY. If EP=v7 Adf(x) 
where E,’, Ao and f(x) have the significance previously assigned, then 


the total mean square voltage output 
Fi=3EF = Ao 20? f(2) 
=4R*A GDC? f(x) 
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If, as before, we substitute for C;,? its value 


CE = Atoewod x! Qe 
we have 


B= 4RAG Aue o/2n) f f(x)dx 

F — 

where A is the area under the curve which represents relative voltage- 
square amplification plotted against frequency. 

If now the system producing the shot-effect be disconnected and a 
voltage v; at the resonance frequency, vo, of the amplifier be applied to 
the input, it becomes after amplification Av;. v; may be adjusted so 
that the output has the same r.m.s. value as that occasioned by the shot- 
effect. 

We have then E?=A,’v,2=2R?Ag’ueA whence €=0;2/2R%xA. 


A-* 


THE RESISTANCE R 


The selection of a resistance suitable for the measurement of these 
effects is a matter of some interest. High resistances of vanishingly small 
self-inductance are readily obtainable. These usually consist of a paper 
base with a coating of India ink, Aquadag or other similar substance, 
but unfortunately they exhibit the well-known property of fuzziness. 
That is, when carrying a direct current from a battery the resistance 
is not constant, but exhibits a random fluctuation. 


rs 


“ T. R Vo omipliver 


Fig. 2. Diagram of aperiodic circuit used in obtaining measure- 
ments submitted. 








The resistance used in this work was a line of graphite on the etched 
surface of a glass tube } inch in diameter and 3 inches long. Investigation 


showed that this when properly prepared had a constant resistance, 
and was in every way suitable. 


CAPACITY AND LEAKAGE EFFECTS 


One could not assume, however, that the magnitude of R was the 
impedance in the path of the thermionic current. If we examine the 
circuit, we note that we have in parallel with R the leakage across the 
socket and tube V.T. and across the amplifier input as well as attendant 
capacity effects. Thus it seemed necessary to measure the impedance 
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of the circuit as it was actually used. The capacity effects alone are 
dependent on the frequency, and if these are small and the resonance 
curve not too broad, it will make little difference at what point in the 
region the impedance is measured. If it be measured at the lowest fre- 
quency of the resonance curve, it will be too great, at the highest, too 
small. Hence it was measured at such a frequency that an ordinate 
through this point passes through the center of area of the region under 
the resonance curve. If we consider that the impedance of the circuit 
is the one obtained in this way, and that it is constant throughout the 
pass-band of the amplifier, the error introduced is vanishingly small. 

Thus in the expression for E? we shall write Z,—where Z is the im- 
pedance obtained under the conditions mentioned above,—in place of 
R in our former consideration. The value of E? then becomes 


E2 = 2Z2A2 weA 


or solving for € as before, 
e=07/2Z%0A 


MEASUREMENT OF 2 
The measurement of v; was carried out by precisely the method used 

by Hull and Williams,*® and it will be discussed here very briefly. The 
method utilizes the inductive drop in a short length of a long straight 
brass rod surrounded by a concentric cylindrical return conductor. 
Hull and Williams have shown that if the cylindrical return be connected 
to the central rod by a block of brass or other material of small resistance, 
carefully sweated in so that it makes contact with the cylinder at its 
inner edge, then the field is uniform right up to the inner surface of the 
disc, and hence this may be considered the zero point and all measure- 
ments made therefrom. The inductance per centimeter of such an 
arrangement is 

Lem= 2log(R/r) e.m.u. 


where R is the radius of the cylindrical return and r the radius of the 
central rod. 

In the apparatus used R/r=6, so that L.,=2 log. 6X10-° henries, 
and the inductance per length used, —1, which has been referred to 
formerly as L!, L;=2 | log. 6X10~-* henries. Thus if a current J; from a 
generator traverses this inductance, v7, the potential across it will be 
v,=L,/J,w and in particular when the generator frequency is the same 
as the resonance frequency of the amplifier, 


V1 = L,I wo= 21 log 6X 10-7 ,wo 
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The design of the apparatus permits the use of 3, 6, 9, 12, 15, 18, 21, 
or 24 centimeters of length since it is tapped at these points. 


THE AMPLIFIER 


The amplifier is a five stage cascade tuned-impedance-coupled system. 
The impedances consist of 400 turn coils wound on hard rubber cores 
1 inch in diameter and } inch in length, the coils being in parallel with 
suitable capacities. The tubes used in the amplifier are screen grid tubes 
similar to those used by Hull and Williams, and supplied through the 
courtesy of Dr. Hull of the Research Laboratories of the General Electric 
Company. Each stage is contained in a metal case which shields from 
outside influence, and all high voltage lines are carefully filtered. The 
amplification used was not measured but was estimated from previous 
experience to be a voltage amplification of about 10°. 


DETECTION 

The method of detection is perhaps deserving of special mention since 
it is not precisely that used by Hull and Williams in obtaining the results 
they have published, but a method later devised by them and used in 
some more recent work. 

A coil, whose ends are connected across the heater element of a 900 
ohm vacuum thermocouple, is placed in the field of the coil in the plate 
circuit of the last amplifier tube. The output is read on a galvanometer 
connected to the couple:side of the thermocouple. These leads are con- 
nected inside the case of the amplifier by a large condenser. Investiga- 
tion showed that the apparatus obeys the square detection law within 
the limit of error of the measurements; that is, the galvanometer reading 
is proportional to the power input. 


EXPERIMENTAL PROCEDURE 


The method of finding the particular v7; which corresponds to a certain 
to in our formula, is as follows: 

The thermionic current t) is caused to traverse the impendance Z. 
The voltage across Z is applied to the input of the amplifier and the 
deflection of the galvanometer in the output noted. This system is now 
disconnected and the voltage v; across the self-inductance L; is used as 
input. If v; be now adjusted so that the output galvanometer experiences 
the same deflection as before, we have, where 7 has the frequency vo 


Agu? = E?=2Z2A 2 eA 


ore=v;2/2Z%x,A. We have shown before that v;=21 log. 6X10~* Iwo. 
The determination of | consists in the selection of a suitable tap on L; so 
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that to produce the desired voltage, the current J; should be of a magni- 
tude convenient for measurement. 


THE GENERATOR SYSTEM 


The current is generated in a movable coil placed in inductive relation- 
ship to another coil carrying the generator output. Capacity coupling 
is avoided by the use of a static screen. The mutual inductance and 
hence J; is altered by rotating the coil. The measurement of the current 
is effected by the use of a vacuum thermocouple together with a calibra- 
tion curve. 

A large cage of wire mesh about the amplifier and a smaller one about 
the generator prevent interaction. The source of energy for each system 
is within the cage that contains it. 


EXPERIMENTAL WoRK 


The first work with this aperiodic circuit was carried out at a frequency 
of about 50 kilocycles. The effect was easily perceptible, but certain 
other considerations led to the use of higher frequencies. When the 
amplifier was actuated by the shot-voltage, the output galvanometer 
exhibited random fluctuations in deflections. These were believed to be 
other than variations in battery voltage, since this random effect dis- 
appeared when the generator system was used as input. The magnitude 
of these fluctuations was decreased by the introduction of a thermocouple 
of larger thermal capacity, but they still caused such inconvenience that, 
while the mean of a set of readings yielded results of the proper order of 
magnitude, individual readings would differ by as much as twenty 
percent. This phenomenon is perhaps a consequence of the flicker effect 
discussed by Schottky in his recent paper. A change to higher resonance 
frequency led to the disappearance of this annoyance. The first work 
which is to be presented here was carried out at a frequency of 146 
kilocycles. 

The resistance used had a value of 48300 ohms, and a measurement 
of the impedance -by the method outlined in a preceding paragraph 
yielded the value 34500 ohms. 


THE AREA A 


The area A was to be determined as the area under the curve repre- 
senting relative voltage square amplification plotted against frequency. 
Since the apparatus obeys the square detection law, the reading of the 
output galvanometer at any fixed frequency is proportional to the power 


* W. Schottky, Phys. Rev. 28, 74-103 (1926). 
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input. If a voltage v; of constant magnitude and varying frequency be 
applied to the input, the galvanometer deflections, divided by the 
deflection for vo, will give the ordinates of the required curve. 

In actual practice it is the input current J;, and not v; which is main- 
tained constant. If ¢(v) be the curve obtained in this way, and f(r) 
the curve required, we have 


(vx) =Advn*f(vx)/Adoe 
where »; is the value of v; at the frequency »;. Thus 
S (vx) = (00°/ 047) G (Vx) = (LPT Pw0?/Li7T Pa?) b (vx) = (va)wo’/wr?. 
That is, each ordinate of the experimentally determined curve ¢(v,) 
must be multiplied by the ratio wo?/w,’. 
This correction produces an increase in the ordinates on one side of 
the resonance frequency, and a decrease on the other. The change in 


area is quite insignificant, but was taken into account in obtaining the 
value of A. 


TABLE I 


Summary of measurements leading to the determination of electron charge. 0, is given in 
microvolts « in coulombs X10" 





a 


l M1 Z A 





Frequency = 146 kilocycles 
9 31.7 34500 

9 39.1 34500 
9 42.4 34500 
9 44.4 34500 
9 46.7 34500 
12 49.7 34500 
12 54.7 34500 
12 59.1 34500 
15 62.8 34500 
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Frequency = 114.25 kilocycles 
9 23.6 36870 


9 28.9 36870 6231 
9 33.0 36870 6231 
9 34.7 36870 - 6231 

37.0 36870 6231 


Ave 





EXPERIMENTAL DIFFICULTIES AND LimiT OF ERROR 


A consideration of the foregoing results leads to a matter of some 
interest, viz. how far experimental difficulties may be overcome and the 
resulting limit of error that may be placed on results obtained by this 
method. 
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Variation in battery voltage is a source of some annoyance, since small 
variations, with an amplification of the order of magnitude used, produce 
very appreciable changes in results. If sufficient care be taken to avoid 
this difficulty, individual readings vary between narrow limits. It seems 
that if calibrations could be made and maintained with such accuracy 
that the systematic error were known to be negligible, then considerable 
precision might be anticipated. 

The region of uncertainty in the preceding measurements is about 
1 percent. 

It will be noted that the mean values obtained agree, within the limit 
of experimental error, with the value given by Millikan,—1.5913 x 10- 
coulombs, 


SPACE CHARGE 


A study of the effect produced by the probability fluctuations of 
thermionic emission in a vacuum tube may be carried out under condi- 
tions other than those of temperature limitation. The foregoing work is 
of interest in that it leads to a determination of the electronic charge e; 
investigation under other conditions may lead to some knowledge of 
the effect produced by amplifier tubes in actual use. 

The tube used in the preceding work was a Radiotron U.X. 120. 
The grid and plate together formed the anode and were maintained 
at a voltage which exceeded that of the cathode by some hundred to 
a hundred and twenty volts. This straight filament tube was employed 
to eliminate suspicion of residual space charge. Fear was experienced 
that, with a filament of the A type such as is used in the Radiotron 
U.V. 201A, even with as high anode potentials as one might apply, some 
space charge might still exist in the region where the two branches of the 
filament lie near together. The following investigation will show that 
space charge may be eliminated even with a filament of the M type, 
such as is used in the U.X. 112 tube. 

In customary use the potential of the grid is maintained at a much 
lower value than in the preceding work and the magnitude of the prob- 
ability fluctuations varies proportionately. 

For the following curves, the anode potential and the space current 
were maintained constant, the filament current and grid potential being 
the variables. 


These curves which, within the limits ‘of experimental error are 
straight lines, show that if account be taken of the change in tube 
impedance, very little variation occurs in the distribution of electrons 
striking the anode when the space charge, but not the plate current, is 
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increased. It would seem that the diminution of shot-voltage experienced 
by others has been due in a great measure to higher current densities 
in the tube rather than to an accumulation of electrons in the region of 
the filament. 
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Fig. 3. Curves showing decrease of probability fluctuations with an increase of 
space charge. Ordinates represent percent fluctuations compared with those produced 
under conditions of temperature limitation,—the abscissae show corresponding grid 
voltages in volts. Due account is taken of the change in tube impedance. Upper curve 
taken for plate current of 1 m.a., lower, 2 m.a. 


DISCUSSION OF RESULTS 

The theoretical work of this paper has a significance of fundamental 
importance in connection with the accuracy one may attain in these 
measurements. The analysis for the tuned circuit makes the measure- 
ments independent of a determination of the resonance frequency, and 
the results of this are very far-reaching. A wave-meter measuring ranges 
of frequencies is always subject to possible changes in the position of the 
mechanism, and resulting changes in calibration. Any variation which is 
likely to occur will affect the actual frequency reading far more than a 
reading of frequency differences. The method permits the use of a totally 
uncalibrated crystal oscillator. The crystal will maintain a definite 
frequency, and even if this be unknown, frequency differences may be 
read by a method of beat notes and sound standards. These latter may 
be known and maintained with great accuracy. 

The analysis eliminates all necessity of a knowledge of the resistance 
of the circuit. Even an exact measure, in ohms, of resistance differences 
is unnecessary. If an impulse be applied to the circuit, and the condenser 
voltage to a detector tube, and if further conditions be adjusted so that 
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the cessation of the thermionic current, and the simultaneous introduc- 
tion of a resistance produces no change in the detector action, then the 
necessary condition is fulfilled. 

The labor of computation is greatly reduced, since that required to 
obtain the area A is negligible compared with the manipulation entailed 
in the evaluation of F. 

The use of an aperiodic circuit possesses some advantages. It is 
remarkably less subject to regeneration effects than is a tuned circuit. 
The accuracy of results with a periodic system depends in a large measure 
on a precise tuning of the circuit. This is entirely eliminated, increasing 
both ease of manipulation and freedom from error. Especially at low 
frequencies, where capacity effects become negligible, may a higher plate 
impedance be attained with a resistance than is possible for a tuned 
circuit. 

Regarding the values given for electronic charge, the first set, while 
taken with considerable care, does not represent so great precision as 
the second. The authors hope to be able to publish in the near future a 
series of results whose region of uncertainty will be even more narrowly 
limited. 


UNIVERSITY OF MICHIGAN, 


August 14, 1926. 
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AN EFFECT OF LIGHT ON THE ELECTRON EMISSION 
FROM HOT FILAMENTS* 


By W. H. Crew 


ABSTRACT 

Photo-electric currents from hot, oxide-coated platinum filaments.— 
The increase in the electron emission from hot, oxide-coated platinum filaments 
when illuminated by the full radiation from a water-cooled quartz mercury arc 
was measured, for different filament temperatures, as a function of potential 
between filament and anode. The photo-electron currents were large enough 
to be readily measurable with a galvanometer. Measurements on one filament 
showed the photo-electron current increasing with potential to a maximum 
at about 14 volts. For another filament, twice as thick, the maxima were 
between 2 and 4 volts. In the case of both filaments increasing the temperature 
shifted the maximum to lower values of potential. No photo-electric fatigue 
was observed. By the use of various absorbing screens and different sources 
of light it was found that the photo-currents are, for the most part, due to 
radiations of wave-lengths shorter than \3000; but that the long wave-length 
limit is somewhat above that value. 

Photo-electron currents from other filaments.—In all, four types of 
filaments were tried: (a) oxide-coated platinum; (b) plain platinum; (c) oxide- 
coated tungsten; (d) plain tungsten. Of these, only the oxide-coated filaments 
gave an appreciable emission due to the light. 

The possible source of the photo-electrons is discussed and calculations are 
made as regards their velocity distribution. Results suggest that the action 
of the light is to free electrons from a thin film of metal of which the work- 
function varies with temperature of the filament. 


HE photo-electric effect, discovered by Hertz in 1887, was first 

observed in the case of metals by Hallwachs in the following year. 
This phenomenon has since been studied with regard to its variation with 
temperature by Stoletow,'! Zeleny,? Thomson,’ Millikan,‘ Piersol,’ and 
others. In 1921, Merritt® extended some experiments previously described 
by Case,’ and found that in one instance the heating to incandescence 
of an oxide-coated filament increased its photo-electric emissivity 
1400-fold. Obviously, then, photo-currents obtained from hot oxide- 
coated filaments are enormous when compared with those obtained at 
normal temperatures, and may be studied by use of a moderately sensi- 
tive galvanometer. 


* Published by permission of the Director of the Naval Research Laboratory. 
1 A. Stoletow, Comptes rendus 108, 1241 (1889). 

2 J. Zeleny, Phys. Rev. 12, 321 (1901). 

3 J. J. Thomson, Cond. of Elec. Through Gases, p. 239. 

*R. A. Millikan, Phil. Mag. 14, 188 (1907). 

5 R. J. Piersol, Phys. Rev. 8, 238 (1916). 

* E. Merritt, Phys. Rev. 17, 525 (1921). 

7 T. W. Case, Phys. Rev. 17, 398 (1921). 
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In view of recent work done by Rouse and Giddings‘ and also by Foote 
and Mohler,’ the possibility was entertained that the phenomenon 
might be a result of a secondary effect of the light. More precisely, 
Rouse and Giddings found that the radiation \2536 alone produced 
positive ions in mercury vapor; and Foote and Mohler showed that 
positive ions could be made to increase greatly the emission from a 
filament by neutralizing the limiting space charge thereof. Accordingly, 
experiments were made to see whether the increase of photo-emission 
with increase of temperature was due directly to the action of the light 
on the filament or indirectly to the production of positive ions in the 
surrounding vapor. 

A description of the experimental examination of this point, in which 
the direct action of the light was found to prevail, and a further study of 
the photo-emission from hot filaments embrace the chief endeavors of 
this paper. 

APPARATUS 

A two-electrode vacuum tube, 2.5 cms in diameter, was constructed of 
Pyrex glass as indicated in Fig. 1. One end of the tube was closed by a 
quartz window Q, fused on by means of a quartz-Pyrex union. Various 
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Fig. 1. Diagram of apparatus. 


filaments F were used in these experiments and were secured to tungsten 
leads by means of small clamps made of molybdenum. The plate electrode 
C was an iron cylinder surrounding the filament. All leads entered the 
tube through tungsten to glass seals, and no ground glass or wax joints 
were used. 

The evacuating system consisted of a mercury vapor pump backed by 
a “‘High-Vac’’ oil pump, a McLeod gauge, and a liquid-air trap located 


8 C. F. Rouse and G. W. Giddings, Phys. Rev. 25, 893 (1925). 
9 P. D. Foote and F. L. Mohler, Phys. Rev. 26, 195 (1925). 




















EFFECT OF LIGHT ON THERMIONIC EMISSION 1267 


next to the tube. For all experiments a pressure of 10-* mm of mercury 
(per gauge) or better was used. 

Various potentials between filament and plate were applied by means 
of a battery of storage cells and controlled by a potentiometer of the 
slide wire type. Electronic currents were measured by a Leeds and 
Northrup high sensitivity low resistance galvanometer, which was 
capable of measuring the photo-currents from a hot filament, but was 
practically insensible to the relatively insignificant photo-electric currents 
from the filament at room temperature. An auxiliary circuit M (Fig. 1) 
was arranged so that balancing currents could be applied to the gal- 
vanometer in order to bring the reading to zero at will. The source of 
radiation for these experiments was a Cooper-Hewitt quartz mercury 
arc A cooled by running water. A shutter S was located between the 
arc and tube to admit the light to the tube as desired. 

An electric oven was built to slip over the tube in situ. This served 
not only to bake out the tube but also, in conjunction with the liquid air 
trap, as a means of removing residual mercury vapor from that part of 
the apparatus. 

EXPERIMENTAL PROCEDURE 

In the first set of experiments a strip of platinum foil about 2 mm wide 
and 10 mm long was used as a filament, and was coated with the oxides 
of barium and thorium. The tube was then evacuated to a pressure of 
less than 10-* mm of Hg; and with the pumps running, was thoroughly 
baked-out for several hours at a temperdture of 400°C. After the tube 
had been allowed to cool, a potential was established such that the 
electron current was from filament F to plate C, and the galvanometer 
deflection due to the thermionic current was counter-balanced by the 
auxiliary circuit M so that the scale reading was zero. The shutter S 
was then opened, and the total radiation from the mercury arc shone 
on the filament and caused a deflection of the galvanometer which was 
noted. A series of readings taken in this manner at different values of 
applied potential comprised a run, three of which are plotted in Fig. 2. 
Curve J is a run made before the baking-out process had eliminated the 
mercury vapor from within the tube. This curve shows a gradual in- 
crease of the photo-electron current from zero at 2 volts potential to a 
saturation value of 4.5 cms deflection at about 6 volts. Curve II is a run 
made after the mercury vapor had been partly eliminated from the tube, 
and Curve III is a run made after prolonged baking out had rather 
thoroughly removed the mercury from the tube. Curves II and III rise 
almost linearly to a value of photo-electron current at 8 volts potential 
which is nearly five times as great as that in Curve I. 
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These curves are taken to show that the removal of mercury vapor | 
from within the tube greatly enhanced the photo-electron emission from 
the filament, and that therefore this emission was due to the direct action 
of the light upon the filament and not to a secondary process of ioniza- 
tion of the mercury vapor. 
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Fig. 2. Photo-electric current from an oxide-coated platinum filament 
as a function of applied potential. 

Operating the tube in the condition in which the mercury vapor had 
been removed according to the manner previously described, a set of 
curves, Fig. 3, was obtained giving the photo-current as a function of 
applied potential for several values of the filament heating current. The 
curves for which the filament heating current was 2.0 and 2.1 amps. 
show saturation at about 16 volts; whereas the 2.2 and 2.3 ampere curves 
rise more abruptly to a maximum value of current and then decrease 
beyond 14 volts. The 2.4 ampere curve has a maximum ordinate at 
about 13 volts. 

As a check to the consistent performance of the apparatus a run was 
made at a constant value of 14-volts applied potential at values of 
filament heating current from 2.0 to 2.4 amps. The galvanometer 
deflections thus obtained differed from those on the 14-volt ordinate of 
Fig. 3 by not more than 2 percent. This is taken as an ‘indication of the 
accuracy with which observations could be repeated. 

Upon repeating this experiment with a new oxide-coated platinum 
filament which was double the thickness of the previous one, the curves 
of Fig. 4 were obtained. In this case the maxima are seen to be some- 
what accentuated and appear in the neighborhood of 3 volts. 
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_ There is observed in these curves a shift in the position of the maximum 
to lower values of applied potential with increase in filament heating 
current. A similar shift is suggested by the curves of Fig. 3, although the 
indistinctness of the maxima leaves this fact less certain. However, the 
shift seems to be perfectly real and consistent. 
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Fig. 3. Photo-electric current from an oxide-coated platinum filament as a 
function of applied potential for different filament temperatures. 





In all of the foregoing curves the points were plotted in order of 
increasing voltages, and then a few check points were made in the 
reverse order. The fact that these check points were found to coincide 
with the curve indicated that the falling off of photo-current at higher 
potentials was not the result of photo-electric fatigue. 


VARIATION WITH WAVE-LENGTH OF INCIDENT LIGHT 

An attempt was made to observe the photo-emission when the filament 
was exposed to monochromatic light from a quartz monochromatic 
illuminator. Because of the reduced intensity of the light and relatively 
low sensitivity of a galvanometer, no deflections were obtained in this 
manner. The following experiments indicate, however, that the radiations 
of shorter wave-lengths are the more effective in producing the photo- 
emission from the hot filament. 

Glass screens of various thickness were interposed between the mercury 
arc and the quartz window of the tube and the resulting decrease in 
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galvanometer deflection was noted. A lantern-slide cover glass, 2 mm 
thick, reduced the deflection due to the transmitted light to zero. Several 
specimens of thin-blown Pyrex glass admitted of small deflections. 
These results indicate that the emission of photo-electrons is due pri- 
marily to radiations of wave-lengths less than \3000. A high pressure 
mercury arc was constructed of Pyrex capillary tubing, and was found 
to give exceedingly intense radiations down to A3125. The photo- 


emission due to this source amounted to about 10 percent of that due to 
| 
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Fig. 4. Photo-electric current from an oxide-coated platinum filament which 
was double the thickness of that used in obtaining the results shown in Fig. 3. 


the quartz arc. These observations indicate that the most effective 
radiations of the mercury arc are those of shortest wave-length, but that 
the long wave-length limit (if indeed there is any limit at all) lies above 
3000. 

The effect of the removal of mercury vapor from the tube has already 
been shown (Fig. 2) to increase enormously the emission of photo- 


electrons. As is well known, mercury vapor in the unexcited condition 
is capable of absorbing the core of the radiation 42536. It is probably 
the reinstating of this portion of the line upon removal of the vapor 
that is responsible for the increased photo-emission. It has been shown 
by R. W. Wood that the core of the radiation \2536 from a mercury arc 
may be greatly fortified by water-cooling the arc. This was done and 
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found to increase the emission of photo-electrons about 4-fold. These 
results indicate that the radiation \2536 is especially effective in pro- 
ducing the photo-emission. 


OBSERVATIONS MADE WITH OTHER FILAMENTS 

Experiments were carried out with the oxide-coated platinum filament 
replaced by those of (a) plain platinum, (b) plain tungsten, (c) oxide- 
coated tungsten. 

Using a plain platinum filament in the tube and employing the same 
technique as in the foregoing experiments, no increase of current was 
observed when the light was admitted to the tube. In fact the thermionic 
currents from this filament, even when heated to whiteness, were so small 
as to be barely perceptible on the galvanometer which was used. 

The next filament installed was a piece of pure tungsten ribbon 2 mm 
wide and 0.075 mm thick. When heated this provided ample thermionic 
currents, but gave no evidence of a photo-emission when light was 
admitted to the tube. This filament was then given a coating of the oxides 
of thallium and barium. As a result the thermionic currents were con- 
siderably increased and an additional current due to the light from the 
mercury arc was observed, but this latter was less in proportion to the 
thermionic current than in the case of the oxide coated platinum. Conse- 
quently, it was only by balancing off enormous thermionic currents that 
the photo-currents became perceptible, and in this condition it was not 
possible to keep the apparatus steady long enough to make a good run. 

This observation with tungsten establishes one important fact; 
namely, that the photo-electrons are not released from the space-charge ; 
for if they were, it would have been possible to observe photo-electrons 
with the use of the plain tungsten filament, where there evidently existed 
an ample space-charge. 


DISTRIBUTION OF ELECTRONS 

A set of readings was taken with the oxide-coated platinum filament 
in which the thermionic current was not balanced off. At each value of 
applied potential, readings were obtained with and without the light 
shining in the tube, as shown plotted in curves I and II, respectively, 
of Fig. 5. Curve III is proportional to the difference between curves I 
and II and represents the current due to the light alone. Here again is 
observed a maximum value of photo-current at about 2 volts which 
gradually decreases with higher values of applied potentials. If the 
logarithm of the ordinates of curve II, Fig. 5, are plotted against the 
abscissae, one obtains Curve I of Fig. 6. The portion of this curve in the 
region 0 to 2 volts may be considered as linear and is expressed by the 


equation 
log 1,=CV +k, 
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where I, is the thermionic current and V is the applied potential. It was 
recently pointed out by Langmuir" that if a current of electrons flowing 
to a negatively charged collector has a Maxwellian distribution of 
| velocities, the logarithm of this current bears a linear relation to the 
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iy Fig. 5. Curves I and II, total electron emission from an oxide-coated platinum 
i filament with and without light shining in the tube. Curve III is proportional to the 
difference between I and II. 


i potential of the collector. This is precisely the condition within the tube 
below 2 volts applied potential; for at zero volts the cathode is sur- 
rounded by a highly negative space-charge. As the plate electrode is 
made positive up to 2 volts, the negative space-charge is diminished 
} and more electrons flow from filament to grid. This is indicated by the 
portion of Curve II, Fig. 5, which is concave upwards. Therefore, there 
is probably a Maxwellian distribution of velocities of the electrons which 
il reach the plate when the thermionic emission is limited by space-charge. 

Curve II of Fig. 6 is a semi-logarithmic plot of Curve III of Fig. 5; 
and. here, too, the portion of the curve lying between 0 to 2 volts is linear. 
From this it may be concluded that the photo-electrons which .reach 
the plate in this region of applied potential have a Maxwellian distribu- 
tion of velocities. 

The slopes of the initial portions of Curves II and I (Fig. 6) are in the 
ratio 1 to 4. Since the temperature corresponding to the mean velocity 
of electrons which have a Maxwellian distribution of velocity is inversely 
proportional to the first power of the slope of the semi-logarithmic plot, 
the temperature of the photo-electrons in this experiment is of the order 
4 times that of the thermo-electrons. 


= So ape 
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10], Langmuir, Phys. Rev. 26, 585 (1925). 
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DISCUSSION OF RESULTS 

In his Report on Photo-electricity, A. Ll. Hughes" gives typical 
current-voltage curves for the photo-electric emission from pure metals 
at normal temperatures. In these curves the photo-electric current 
increases with voltage to a saturation value and there remains constant 
for higher values of applied potential. The corresponding curves of the 
present investigation (Figs. 3, 4, 5) are of a distinctly different character, 
in that the photo-current reaches a maximum and then gradually 
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Fig. 6. Semi-logarithmic plot of curves I and II of Fig. 5. 


decreases with further increase of applied potential. It remains to be 
explained, then, how the photo-sensitive surface of a hot oxide-coated 
filament behaves in order to give rise to a distinct maximum in a current- 
voltage curve. 

A point of view, which has been successfully applied by Ives" and by 
Ives and Johnsrud® in the case of pure potassium metal, is to consider a 
possible change in work-function of the photo-active material. There is 
evidence of the formation of thin metallic films on the surface of heated 
oxide-coated filaments. Case’ has stated that in heating an oxide the 
pure metal is to some extent set free. J. E. Harris has found that if an 
oxide-coated platinum filament is glowed in air, some of the platinum 

11 A. LI. Hughes, Bull. Nat. Res. Council 2, 10, 92 (1921). 
12 H. E. Ives, J.0.S.A. 8, 580 (1924). 


18H. E. Ivesand A. L. Johnsrud, J.0.S.A. 11, 579 (1925). 
“4 J. E. Harris, Phys. Rev. 24, 679 (1924). 
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enters into chemical combination with the oxides of the coating. If then 
the filament is glowed in vacuum, the platinum is liberated from the 
oxide, but remains in the coating in a finely divided state. There is 
evidence, then, that metal in a pure state may be present in the oxide 
coating of a filament. 

Koller expressed the belief that this metal formed a film over the 
oxide and was the source of the thermionic emission. The effect of very 
high temperatures was to partly destroy this film, and consequently 
decrease the electronic emission; but that subsequent reduction to 
normal temperatures renewed the metallic film and restored the thermi- 
onic emission to its original value. 

In the experiments at hand it is quite possible that the photo-electrons 
come from just such a thin metallic film, and for such a film, it is not 
difficult to conceive of a value of the work-function much less than for an 
appreciable thickness of the same metal. It has been definitely found by 
Koppius" that the work-function for oxide-coated platinum decreased 
with increase of temperature, whereas for plain platinum it was practi- 
cally constant at 4.80 volts (corresponding to a long wave-length limit 
2571). 

In direct agreement with this are the observations already described ; 
namely, that large light-induced currents were found only when oxide- 
coated filaments were used. To account for the maximum observed in 
the current-voltage curve, it would be necessary to extend this reasoning 
to the effect that the applied potential in some way changes the work- 
function of the light-active film. It has been suggested to me by Dr. 
Millikan that this change may be brought about by the fact that new 
gases appear because of bombardment and change the work function of 
the filament. 

Although it has been shown that the space-charge alone is not the 
source of the photo-electrons, it may be that the gradual decrease of the 
space charge with increase of. potential alters the work-function of the 
metallic film in such a manner as to give rise to the maximum in the 
current-voltage curve. 

This investigation was commenced at the Johns Hopkins University 
and completed at the Naval Research Laboratory. I am very grateful 
to Dr. A. Ellett for valuable aid and many generous suggestions. I am 
indebted to Dr. R. W. Wood, Dr. A. H. Pfund, and Dr. E. O. Hulburt 
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A VELOCITY FILTER FOR ELECTRONS AND IONS 
By WILu1AM R. SmyYTHE* 


ABSTRACT 

If a charged particle, moving along the x-axis with a velocity v, encounters 
successively two identical alternating electric fields of frequency », which are 
everywhere perpendicular to the x-axis, it will emerge from the last field un- 
displaced and traveling in the original direction under the following conditions: 
(1) Each field has two similar halves whose distance between centers is a; 
(2) The distance between the fields, center to center, is D =sa/n, where s and n 
are odd integers; (3) The velocity of the particle is »=2ay/n. The distribution 
about the velocity is computed when particles enter and leave the system 
through slits of width yo on the x-axis. The results show that the emergent 
beam can be confined to a verv narrow velocity range. 

Applications of the velocity filter—Possible applications of the velocity 
filter, chiefly to positive ray work, are mentioned. It has already proved a 
successful and convenient substitute for pure magnetic analysis. It can be 
used to analyze a beam which is inhomogeneous both in mass and velocity 
when combined with either electric or magnetic deflection methods. The 
latter combination can be arranged to give a rigorously linear mass scale. 


Most methods hitherto used for isolating from a stream of charged 
particles, moving in a high vacuum, those having a given velocity require 
the use of a magnetic field. The measurement, maintenance and repro- 
duction of a constant and homogeneous magnetic field is, in many cases, 
difficult or inconvenient. On the other hand the recent development of 
radio technique has made it a comparatively simple matter to generate 
and regulate high frequency oscillating electric fields, so that a method 
using such fields should prove a valuable addition to those now available 
for positive ray analysis and similar work. 

The first arrangement which suggests itself is an alternating electric 
field at right angles to the beam. If it were possible to make such a field 
uniform and sharp edged then those particles whose velocity is such that 
they pass through the field in a whole number of cycles will evidently 
have received as much acceleration in one direction as in the other and 
will emerge parallel to their original direction of motion. Simple con- 
siderations show however that they will be displaced from their path 
by an amount depending on the phase of the field when they entered it. 
If now a second identical field be placed at such a distance from the first 
that these particles enter it in opposite phase to that in which they 
entered the first, then the displacement will be reversed in the second 
field and the particles will emerge from it undeviated and undisplaced. 


* National Research Fellow. 
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It is impossible in practice to make such a uniform sharp edged field 
but in the theory which follows it is shown that fields which are neither 
uniform nor sharp edged and whose actual form is unknown can be used 
equally well, provided they satisfy certain conditions of symmetry. 


I. THEORY 


(CONSIDER a charged particle moving originally along the x-axis 
with a velocity v which encounters successively two identical 
alternating fields that are everywhere perpendicular to the x-axis. The 
origin is chosen at the center of the first field which lies entirely between 
—aand +a. For a given value of x the field strength at any instant is 
f(x)W(t). The wave form of the alternating field may be written 


r=00 


v(t)= >°C,sin(2rxvt+¢,) 


rl 


where ¢, is the phase of the rth harmonic as the particle crosses the y-axis 
and vy is the fundamental frequency. Between —a and +a we may 
express f(x) as a Fouriers series 


f(x) = Bo/2+ SBycos(qrx/a) + 5A ,sin(pra/a) 


q=1 


The acceleration and y velocity component of the particle of mass m and 
charge e are respectively 
dy 


om t) and —>=— d 1 
== and == fyaywoat (1) 


d*y 
dt? 


Since the particle has a uniform x velocity component we may write 
x=vt, dx=vdt, so that on emerging from the first field 


dy e a (=a 

dt mv Jf sow v P 
Let k=2zv/v and substitute values given above for f(x) and W(x/z). 
This gives 


dy e T=00 +a quo 
7 LC, { (0/24 2B ,cos (qxx/a) 


d. mv rel -—a q=l 


p=no 


+ >°A,sin (prx/a) ) sin(rkx+9,)dx 
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Integrating this equation gives 


es SS ( (mm & 2rka?* 
an en CA i——4 —1)°B Far aa Sinrasin r 
dt mv X rk ui ua r? ka? — g?x? ° 
nay 2pra 
;sinrkacos¢s) (2) 


+ F1-1)%4,. 
X( ) ” hap ee 


When ka=nz, n being an integer, all terms are zero except those for 
Let rn=u and the above expression becomes 





which rn =q=p. 

dy ae = 2(—1)? sinur 

—=— }°C,(B,using,+ A ppcos¢,) Se 

dt mv a1 T u®— p® 

Let u—>p and substitute ae/mv=nre/kmv=ne/2myv and we have 
dy me = ; 
ee >C,(Bnsing,+A rnCOSQy) ( 3) 
at 2mv r=1 


The Fouriers coefficients B,,, and A,, are 
rmnnx 
dx. 


i sre nT x 1 ste 
Bu = -f f(x)cos dx and A,,=- f f(x)sin 
oo a 6 Pus a 


If we make f(x—a) =f(x) and if rn is an odd integer then both B,, and 

















A,r, are zero because 
rnn(x—a) rma x 
{(x—a)cos —-—= — f(x)cos 
and 
rnx(x—a) _ nex 
= — f(x)sin 
a 


f(x—a)sin————_- = 

a 
Thus particles emerging from the first field will have no y velocity com- 
ponent if there are only odd harmonics in the alternating field, if f(x—a@) = 


f(x), and if the velocity of the particle is 
vo= 2av/n (4) 


f60) 
, i ie 


+— a—I - lo—s—ae-—o—al 








<—a—> 





Fig. 1. 


where v is the frequency of the alternating field, 2a is the length of the 
field, and n is an odd integer. A form of f(x) which meets the above 


requirements is shown in Fig. 1. 
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DISPLACEMENT IN FIELDS 
The y velocity component at a point x in the first field is, from Eq. (1), 


7 ¢ Xe. f (su2+ Fn satin 


dt mv rai 
+ Fa psin(prx/ .)) sin(rkx+¢,)dx 
p=1 
The displacement on emerging from the first field will be 
ref o* 


Integrating this twice we obtain finally 








i B 
72 seh —sinrkacos¢,+rkacos(rka—¢,)) 
i (r2k2a2-+ g?x?) 
2 rence _ 1 9B | (= _ ‘ 
sites — LC; * 2, | r?k?q2—g?x?\ r?k®*a?—q?xr? —_ (S) 


+rkacos(rka—<)) | 











— 1 2rka 
+ (-1)"24,] ( ee, sinrkasing, | 


gal 2 k2g?— pr? r2k2q2 i p>x? 
+prsin(rho—¢,) )] 


When ka=nz all the first terms in the above square brackets drop out 
except those for which rn=q=p. In this case let rn=u and let u—>p. 
Evaluating the indeterminate form gives eventually the following 
expression in which p¥rn, q#rn, ka=nz, and rn is odd. 


| -(< + y(-1 —_ INTCOSS, | 


rntg? 2 liiniat 








ate = 


2A» 
7o— LC, - x- NT prsing,} 


mv? —p*)a 2 











7 (sing, +2rnrcos¢,) 

| 2rne 2rnr } 
But we have chosen rn odd and made f(x—a) =f(x) so that B,, and Ara 
are zero and odd values of g and p drop out, since for them B, and A, 
are also zero. Substituting the value a’e/rmv?=(nv/2v)? e/rmv?= 
n*e/4armv? gives the equation 
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=. Leaf - ~(=*+ += more costs + E p a - sing} | (6) 


” dame rool que rn? —q? p=2 rn? — p? 











Where there appear only even values of g and p and odd values of r and n. 


FINAL DISPLACEMENT 


Suppose the charged particles pass through a second field identical 
with the first but with its center at a distance D from the origin. Consider 
the particle having the velocity vp =2av/n which passed the origin when 
the phase of the rth harmonic was ¢,. It passes D when the phase of this 
harmonic is ¢,’. Since it traveled parallel to the x-axis between fields 
its final — is 


rc. \- ( +5 = a 7 —*,) cost eos) 


” doom paar oud 











~~ 2pA, 

+2, patinb tends ) 
p=2 7°n*— 

For the rth harmonic this will be zero if ¢,’ = 7s,+¢, where s, is any odd 

integer. This condition is satisfied if D=s,a/rn. We can choose s,=rs 

where s is an odd integer and it will then be satisfied for all odd harmonics 

at once since 


D=rsa/rn=sa/n (7) 


OTHER VELOCITIES TRANSMITTED 


Certain other velocities will also be transmitted for, with a given 
setting, D/a=s/n=k and if any other odd integers, m and , can be 
found such that k=m/p then the corresponding velocity, v= 2av/p will 
pass. If s and m are incommensurable then » must be an odd multiple of 
s so that the other velocities which pass the filter will be v’ =v/h where h is 
an odd integer. These velocities are all less than v. If the alternating field 
is sufficiently strong so that the spread of the velocity between the fields 
is the maximum permitted by diaphrams in the apparatus then any 
lower velocity v’ will generally have a wider spread and be cut out 
partially by the diaphrams. 


VELOCITIES DIFFERING ee FROM 0 


We will now find the displacement of a particle with the velocity 
v=v9+Av at a distance d beyond the end of the second field. Since the 
easiest experimental arrangement makes f(x) =f(—x) we will consider 
this case, leaving only cosine terms in our Fouriers Series. If the time of 
passage from x=a to x=D-+a is 7; and the time from x=D-+a to 








' 
? 
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x= D-+a+d is 72; if the y velocity component on leaving the first field 
is (dy/dt); and on leaving the second field it is (dy/dt)2 and if the dis- 
placement in the first field is y; and in the second y2; then the displace- 
ment when x=D+a-+d is 


y’ =71(dy/dt)i+yityet+T2(dy/dt)2=YotyityetYs 


Starting with Eq. (2), expanding trigonometric functions in terms of 
the small angles Av/vo, neglecting powers of Av/vp higher than the second 
and neglecting Av/vp compared with one in the coefficient of g we obtain 
yo. By a somewhat similar procedure, starting with Eq. (5) we obtain 
y, and yo. We get ys in a manner similar to yo. Adding the results gives 


2n— 2nd Av\? 
Bal (= ee 0 «0, sinds)(—) 


2 Vo 
r=00 


nes Av 
Cr) +2sing,(—) | 
4mv? r=1 Vo 


= | (SS . 








~~, 

T 
M 
a] 








sing, 





2n—s+2nd Av\? A 
Ph ; * wn. cos r)(—) +2sing,(~) | 
Vo Vo 


Since (Av/vp)? is very small the (Av/v9)* term is negligible except when 
sin @, is of the order of (Av/v). In this case the sin ¢, term in the coeff- 
cient of (Av/vo)? may be neglected since it is of the order of (Av/v9)*, so 
we have finally 


Sin nes . do (a+ x sey cos(“*) 


4mv? jo q=2 1’n?— g? 2 Vo 


Av 
+2sin¢(—)) ] (8) 
Vo 


In our further considerations we will assume that only the fundamental 
or one of the harmonics is present. In this case Eq. (8) takes the form 


A we 2r2n?B 2n — 2nd Av\? 
ais “(Bot > rn ‘(= n—s+2n  cose( =) 


4mv? q=z 7°? — g? 2 Vo 


Av 
+2 sing(—) ; (8’) 
Vo 


where A is the maximum value of the field. From Eq. (6) we know that 
the maximum width of the beam between the fields is 
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W =2Y max= (9) 


0 


Anes 2 ee *) 
4mv? mrs q=2 7°n? —g? 


Substituting this value in (8’) gives 


i mar(= —s+ 2ad/a) | oso(—) A deine — *)) (10) 
2 2 Vo vo 





INTENSITY CONSIDERATIONS 


In practice the beam will not be confined to the infinitely narrow X-axis 
but will have a finite width yo. Hence there will be in the emergent beam, 
which we will also confine by a slit to a width yp along the x-axis, a certain 
distribution about the velocity vo. For an apparatus of given dimensions 
we may compute the relative number which will emerge with any 
velocity v=v9+Av. Let yo be the width of the slit, ie. the maximum 
value which y’ can have and pass. Make the substitutions 








where 
2R? 4Ws 





Av ye {a . pu ena st2nd/a)y 


vo Wsrr 


then Eq. (10) becomes 





—1 1+4R —1 1+4) 
y’'/yo=R (— << TY cose +4/ iv? a (11) 


Let tan@ = (1/ Va 1 +V1+4Ry and this takes the form 
y¥'/yo=sin(>+8) (12) 


The displacement y’ is always a maximum when sin (¢+6)=1. When 
this maximum is less than yp all values of @ contribute to the emergent 
intensity, but when it exceeds yo only certain values of ¢ contribute. 
The point where this change occurs is 


A —14+/1+4R? 
Yam +1 or (—) =+—~ / : (13) 
Vo/ m , 2R? 


W srx 

















If Io is the intensity of the transmitted beam of particles with the 
velocity vo=2av/n, then the intensity of any other value of Av/vp and 


$ will be 
yo |’ | | 
tiie Io = (1 --2");, 
Yo Vo 
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Where |y’| is the absolute value of the displacement for a given Av/v 
and ¢. It is assumed that the entering beam is equally intense in all 
velocities and phases but enters parallel to the x-axis. (4, 4) is zero 
when |y’|/yo>1. To get the value of J(,,,,y we must sum up for all 
values of @ which permit that value of Av/vp to pass the filter. From 
Eq. (13) all values of ¢ contribute when YyS1. The expression for J(4,/,,) 
in this region is then 


I r—6 
Taneo=— f (1— | ysin(¢-+6) |)do= (1-22), (14) 
ae 


When ¥21 only values of ¢ from —@ to ¢; and from t—20—¢; to 
a—@ contribute. Here ¢; has the value ¢=sin™ (1/~) —@ so that 





2Io 
Tessie =— in (1— |ysin(o+6) |)de 


(setae 


This expression can be expanded, giving 
r== (14+ EP So A I : i. \rp 
ry 3-4y7> 4 5-6y 4-6 7-8 y 
= (my)—(1+ .0833p~-2+ .0250~-*+ .0112¥-*+ .0061y-8+ - - -)Io 
From this a table of I/JIp in terms of y can be computed. 


y ; 0 Ss 10 15 20 30 50 80 12.0 
I/Io 1.000 .682 .363 .221 .163 .107 .064 .040 .027 





The value of Av/vp corresponding to any of the above values of I/J 
can now readily be found from 











Av +40 gf Sina eet 


- i_ ss. 
2R? Were * sia 


vo Wsrer 


In most cases R can be neglected. At least it can be considered constant 
for a given apparatus in which the ratio a/D does not vary greatly and 
the second slit is at the end of the second field (d=0) for then 


- (2n—s+2nd/a) yo _ (2a/D—1) yo 
% 4Ws 4W 
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D, a, yo and W are all dimensions in the apparatus. If R is neglected 
Av/vo can be computed from the formula 
Av yo 


= 16 
vo Wsrr (16) 





The distribution of velocities emerging, computed from Eqs. (14), (15) 
and (16) are shown in Fig. 2. The dimensions of the apparatus now set 
up are used. These are a=4.9 cms, D= 24.5 cms to 27.5 cms, yo =.02 cms 
and W=.3 cms. The ordinates represent the relative intensity and each 
abscissa scale gives the corresponding value of Av/vp when the is chosen 
as indicated in the vertical column of figures. 


1.0- 






































Fig. 2. 


We have assumed heretofore that the entire beam of width W is per- 
mitted to pass between the two fields. An increase in resolving power 
with only a small loss in intensity can be obtained by cutting off the 
outer edges of this beam with a diaphram. If the width passed is Wo 
we can see from Eqs. (6) and (9) that those particles which enter in the 
phase ¢ will be eliminated if Wo/W<cos ¢<1. The effect of this on the 
intensity distribution curve can be found by modifying Eqs. (14) and 
(15). We neglect R (and hence @) and let cos ¢>= W/W so that when 
W<1 we have instead of Eq. (14): 


Io t- 2 W lw 
Io . (1 Ivsing Doom (1-2 (coms 24 40 ‘\)n (17) 
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When isy< 1/V1—(W./W)’ we have instead of Eq. (15): 


2Io $1 . 
=—-| (1—|sing |)d¢ 


T Jo 


=-(si “ae Tt y(4/1--))1 (18) 
ne sin r cos W YW 0 


When 1/V1—(W./W)?sy, I=0. 
The distribution curve obtained by letting W,o/W=.9 is shown by the 
broken curve in Fig. 2. 

If the above dimensions are used and the frequency applied is v= 
3X10-* 1/sec, corresponding to a radio wave-length of 100 meters, we 
can cover the following voltage songee of positive rays by choosing 
proper values of n as shown. 


n Positive ray with velocity v» 
1 437 volt Ht to 1748 volt Het 
3 193 “ Het to 770 “ o+ 
5 208 “ ct to — Sct 
7 204 “ Nat to 753“ Rbt 
9 208 “ Kt to 737“ Bat 
11 209 “ Nit to 750 “ Bit 
13 203 “ Brt to on * ut 
15 206 “ Agt to 458 “ ut 


For a given choice of m the alternating potential used to obtain the 
theoretical distribution will be proportional to the accelerating potential 
required to give the charged particles the velocity vp. The factor of 
proportionality can only be found experimentally since the form of 
f(x) is unknown. 

The chief source of error in the above theory lies in the assumption 
that “the field is everywhere perpendicular to the x-axis.’’ Clearly this 
can only be strictly true along the axis itself. At other points there will 
be a longitudinal component retarding or accelerating the particle along 
the x-axis. The actual computation of this effect involves assumptions 
as to the nature of the field which are uncertain and depend on the 
individual apparatus. If the curvature of the field is sufficiently great 
the velocity with which a particle leaves the first field parallel to the 
x-axis will vary appreciably from v» for those values of the phase which 
correspond to large displacements. Only those particles which have the 
velocity vo will reach the second field in the correct phase to reverse the 
displacement and thus pass the slit. Also, in general, those particles 
which do not travel between fields parallel to the x-axis will be lost. 
Therefore, the chief effect of the curvature of the field, will be to weaken 
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the intensity of the emergent beam rather than to destroy its purity. 
Similar considerations hold for most of the accidental errors such as 
irregularities in the dimensions or positions of condensers, errors in the 
setting of D and so forth. 


II. EXPERIMENTAL ARRANGEMENT 


The experimental set up required to meet the conditions of the theory 
is obvious. We must apply an alternating potential of frequency v 
to four condensers in parallel. These four will be grouped in two pairs. 
In each pair the distance between the centers of the condensers is a, 
and the distance between the pairs, center to center, is D. We must put 
the condensers plates far enough apart so that the curvature of the 
lines of force in the region used is negligible. All condensers must be of 
identical construction and must be placed in identical chambers in which 
are suitable apertures to permit the beam to pass through. Since it is 
desirable to be able to use different values of m for different regions the 
distance D should be adjustable. 


II]. APPLICATIONS OF THE VELOCITY FILTER 


The more obvious applications of the velocity filter are: 

1. It can be used instead of a magnetic field to analyze the velocities 
in a beam of similarly charged particles of equal mass. 

2. It can be used to determine the relative masses present in a stream 
of similarly charged atoms or molecules which have fallen through the 
same potential. 

3. Combined with electrostatic or magnetic deflection methods it 
can be used to find the masses of the constituents of a stream of positive 
rays containing all masses and all velocities. For precision work this 
possesses certain decided advantages to be discussed later. 

The second application mentioned above has already proved success- 
ful. Dr. Klein, in this laboratory, completed last fall a velocity filter 
which he uses to identify the positive ions from the various thermionic 
emitters with which he works in his study of the secondary electron 
emission from positive ion bombardment. He varies the frequency 
applied to the filter until a maximum current passes through. A wave- 
meter and a voltmeter reading give the frequency and the accelerating 
potential and e/m is easily computed. The method seems quite con- 
venient and accurate, the apparatus working successfully at the first 
trial. 

Dr. Mattauch and the author have just set up a filter of higher resolv- 
ing power which may be used as the one just mentioned or as in applica- 
tion three above. In the latter case it sorts out one velocity from a 
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heterogeneous beam of positive rays. The frequency determining the 
set of possible velocities can be kept constant with a piezoelectric oscil- 
lator. We may attach to the filter a magnetic or electrostatic analyzing 
device. Magnetic analysis will be used where a photographic record is 
desirable as in exploring work. We deflect our beam in a semicircle by 
means of a magnet with semidisk polepieces 25 cm in diameter, receiving 
them on a photographic plate. If positive ions are to make much im- 
pression on a photographic plate they must have a velocity of 5000 volts 
or greater. This would require an inconveniently high frequency on the 
filter and also, for heavy ions, a prohibitively powerful magnet. The 
difficulty is solved by applying 15,000 or 20,000 volts accelerating field 
immediately in front of the plate. At this point all particles, having 
completed a semicircle, are traveling parallel to each other and at right 
angles to the photographic plate, so a symmetrical accelerating field 
produces no distortion. It is unnecessary that this field be constant. 
The displacements on the plate are proportional to the radii of curvature 
in the magnetic field and these are directly proportional to the masses, 
since the velocity is constant. Thus we have a rigorously linear mass 
scale. All factors affect the image symmetrically so there is nothing to 
produce a relative shift between mass lines except inhomogeneities in the 
polepieces. The latter are of soft annealed steel run far below saturation 
and irregularities should be very small if they exist at all. They can be 
determined by comparing with the electrostatic method to be described 
next. 

The electrostatic method may prove more satisfactory than the above 
for accurate work. The positive rays after passing the filter are deflected 
between two curved plates two mm apart and caught in a Faraday 
cylinder connected with an electrometer. Only a small range of masses 
passes between the plates with a given field but by altering the field suc- 
cessive masses are brought on the slit. The masses are directly propor- 
tional to the potential difference applied to the plates and can be com- 
pared as accurately as the potentials can be measured. All masses can be 
checked directly against oxygen, we hope with great precision, and our 
computations indicate that we should be able to determine the masses of 
most atoms within one hundredth of a unit of atomic weight. Such 
determinations would be of considerable interest in atomic theory. 

The author wishes to thank Dr. Bowen for valuable suggestions and 
Professor Epstein for checking some of the equations. 


‘ CALIFORNIA INSTITUTE OF TECHNOLOGY, 
July 16, 1926. 
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STUDIES IN THE ELECTRIFICATION OF DUST CLOUDS* 
By V. E. WHITMAN 


ABSTRACT 


Dust clouds were formed by blowing various pure chemical substances 
through tubes and the net electric charge imparted was determined as a 
function of the composition of the dust, tube material, area of contact between 
dust and tube during blowing process, velocity with which the dust moved 
through the tube, and length of path of the dust through the tube. An ap- 
paratus is described with which photographic records of the paths of particles 
in an electric field were obtained. Such photographs show the presence of 
positive, negative, and neutral particles in all dust clouds, even of very pure 
substances. The ratio of positive to negative electrification in a cloud is found 
to change as the larger particles in the cloud settle out but evidence is obtained 
which contradicts the hypothesis that the large particles carry an opposite 
charge from the small particles in a given cloud. The paper closes with a few 
remarks bearing on the relation of the present experimental data to the concept 
of a tribo-electric series. 


I. INTRODUCTION 


HE experimental work described in the following pages was done as 

part of a much larger program of the Bureau of Entomology, U.S. 
Department of Agriculture, concerned with the general study of the 
effect of static charges on the distribution and adherence of insecticides. 
That part of the above program which is described in this paper was 
conducted in the laboratories of the U. S. Bureau of Standards, in order 
to determine whether or not abnormally large charges could be imparted 
to particles in a dust cloud by a suitable choice of the material from which 
the cloud was blown. Although the results were negative from a practical 
point of view, they are considered interesting from a purely physical 
viewpoint as possibly adding something to our meager knowledge of the 
electrification of dust clouds in general. 


II. HistToricAL 


Very little quantitative work has been published relative to the 
electrification assumed by dust particles when the latter are blown into 
the form of a cloud. In 1902, O. Knoblauch! investigated the charge 
remaining on a surface from which different substances fell as the surface 
was rotated about a horizontal axis. In the same article he put forth a 

* Published by permission of the Director of the National Bureau of Standards of 


the U. S. Department of Commerce. 
1 Knoblauch, Zeit. Phys. Chem. 39, 225 (1901). 
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theory which demanded that acids and acid salts should acquire a 
negative charge as they fell from the inverted surface; bases and basic 
salts should acquire a positive charge. This was consistent with his 
experimental findings. 

In 1912-13-14 W. A. D. Rudge? published a series of articles on the 
electrification of artificial dust clouds. These experiments, when corrected 
as to the sign of electrification® lead to experimental laws in agreement 
with those demanded by Knoblauch’s theory. Rudge was of the opinion 
that most of the particles in a cloud were of one sign, the opposite sign 
residing either on the air or on very fine dust particles. 

A. Staiger’ has carried this work forward recently from a slightly 
different angle, being primarily interested in explaining atmospheric 
phenomena. He describes experiments which led him to conclude that 
in any dust cloud, particles of both signs of electrification are present, 
the large and small particles being oppositely charged. 

The investigation to be described in this paper was undertaken to 
determine the charge imparted to a dust cloud as a function of such 
controllable variables as the dust composition, the composition of the 
surface from which the dust was blown, and the relative velocity of the 
dust and the surface as the cloud was raised. It was also desired to 
determine how the charge on a dust cloud was distributed over the 
particles making up the cloud. 


III. APPARATUS 


A. Cloud formation and electrometer. The apparatus used to form the 
clouds and measure the net charge upon them is shown diagrammatically 
in Fig. 1.. The cloud material in the form of a fine powder was inserted 
as a small cylindrical slug into the right hand end of the tube A, which 
was carefully insulated from all grounded parts by the fused quartz 
pillar D. The slug of dust resting in the right hand end of A was approxi- 
mately in the form of a cylinder filling the tube A completely for a short 
length. The method of inserting the slug was equivalent to placing a 
piston in the right hand end of the tube for about 5 mm, then placing A 
in a vertical position with the piston at the bottom, pouring the desired 
amount of dust into the top of A, tapping the tube so that the dust all 
went to the bottom and rested against the piston, and then carefully 
returning A to its horizontal position and withdrawing the piston. The 
left end of A projected through an opening into the wooden chamber B. 


2 Rudge, Phil. Mag. 23, 852 (1912); 25, 481 (1913). 
3 Rudge, Proc. Royal Soc. London 90, 256 (1914). 
4 Staiger, Ann. d. Physik 76, 49 (1925). 
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The fused quartz tube C was then inserted behind the slug of powder 
in A and a blast of air, of any desired pressure P, was released from the 
reservoir V when a cloud was desired. The dust was thus blown through 
A and into the box B where it formed a cloud which slowly settled under 
gravity into the particle polarity recorder at F. This part of the apparatus 
will be described in detail below. The process of cloud formation just 
described will hereafter be referred to as forming a cloud “through the 
tube A.” Preliminary experiments showed that the presence of the 
box B had practically no effect on the phenomena observed. 

Since repeated experiments showed that no charge was imparted 
to A by simply blowing dust-free air through it, the charge it acquired 
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Fig. 1. Diagram of apparatus. A, metal tube through which dust cloud is formed; 
B, box in which cloud settles; C, quartz tube for directing blast of air through A; D, 
quartz post insulator; EZ, bulb for raising pressure of air; F, particle polarity recorder; 
G, ground connection; H, arc light; K, electrometer case; M, key used in calibrating 
electrometer; P, pressure gauge; V, air reservoir; v,, source of voltage for calibrating 
electrometer; v*, source of voltage for electrometer plates. 


when a slug of dust was blown through it to form a cloud was necessarily 
equal and opposite to that residing on the cloud particles. This charge 
on A was measured by the electrometer shown at the right of Fig. 1. 
K is an Edelmann unifilar electrometer, v2 the source of plate potential, 
and v; a source of calibrating potential which could be applied to the 
fibre through the key M. 

It should be clearly recognized that electrometer readings with the 
apparatus described indicate only the “net” charge on the cloud as a 
whole and should not be interpreted as a measure of the charge associated 
with individual particles. An indication of the latter charge was made 
possible by the apparatus described below which will be referred to as a 
particle polarity recorder. 

B. Particle polarity recorder. A photograph of this apparatus with 
part of the case removed is given in Fig. 2. The cloud of dust enters at 


” 
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H and settles under gravity, part of it coming into the electric field F 
between the electrodes E,, E;. To photograph the particles in this field F, 
light from an arc at A was focused on a slit mounted at B. The image 
of the slit was focused at F by means of an F : 3.5 lens at C and the 
prism D. The axis of the camera lens G was perpendicular to this beam 
of light so that light entered the camera only after reflection from 
particles. 

As a cloud settled through F, the shutter of the camera was opened 
and a time exposure of about one second duration made. A Sept motion 
picture camera was used for this purpose, its original lens being replaced 
by a microscope objective installed as seen at G. 





j 


es et Ge Se ar 


ESR) ee eee nlite alain its Nee OF | 


Fig. 2. Particle polarity recorder. A, direction of entrance of light from arc; B, tube 
containing optical slit system; C, lens to focus image of slit onto F; D, prism; E; Es, 
electrodes; F, field between electrodes; G, lens of camera; H,H, direction of entrance 
of dust cloud. 


With no difference of potential between E, and E:, the photographs 
obtained showed straight streaks as seen in Fig. 3, A. When an electric 
field was established between E; and £, the particle paths took on the 
typical form seen in Fig. 3, B. The illustrations in Fig. 3 are typical 
photographs recorded by this apparatus. ~ 

Electrodes with chisel shaped ends, with the chisel edges vertical, 
as well as those with truncated cone ends, were tried, with no noticeable 
difference in the results. 
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In the interpretation of photographs taken with this apparatus, the 
streaks were taken to be the paths of neutral, positive or negative 
particles according as they went parallel to the electrodes, or sloped 
toward one electrode or the other. Such an interpretation is justified as 
follows: (1) The possibility of air currents causing particles to trace 
curved paths not parallel to the electrodes was ruled out by repeated 
experiments with no electrostatic field between the electrodes. Paths 
under such conditions-are to be seen in Fig. 3, A as practically straight 
lines, parallel to the electrode surfaces. Aerodynamically, conditions at 
Band A of Fig. 3 were the same and therefore air currents could not have 
caused the curved paths noted. Moreover, the occasional appearance of 





A B 


Fig. 3. Sample photographs made with particle polarity recorder. A, particle paths 
with no electrostatic field between electrodes; B, particle paths with electrostatic field 
between electrodes. 


straight paths parallel to the electrode surfaces as in Fig. 3, B makes it 
very improbable that air currents could be responsible for the majority 
of paths which are curved. (2) The possibility of the force exerted on a 
particle of high dielectric constant by a non-uniform electrostatic field 
causing path curvature is ruled out by evidence against it, also to be 
seen in Fig. 3, B, where some particles cross the center of the field to 
strike the opposite electrode, and still others fall undeviated, near and 
parallel to the electrode surfaces. 


IV. RESULTS 


The substances used in this work were in the form of fine powders 
and were of the grade commercially known as “chemically pure.” 
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Particles ranging in diameter from 0.1 mm down to sub-microscopic size 
were present in all clouds, but most of the particles present were of the 
order of 0.02 mm. Throughout the experiments, all carried out at room 
temperature, the samples of powder were in equilibrium with the at- 
mosphere at about 50 percent humidity, except in some special runs 
using ground SiO. where the samples were carefully dried. 

A. Electrometer measurements. A series of readings were first taken in 
order to determine the net sign of the electrification imparted to different 
dust clouds formed through various tubes. No attempt was made to make 
the readings quantitative. No special precautions were taken with the 
tubes through which these clouds were formed. The aluminum and 
copper tubes were used as obtained from the machine shop: the “‘plati- 
num tube” consisted of a brass tube lined with platinum foil. The 
results are given in Table I. 


TABLE I 
Showing net sign on different clouds formed through different tubes 








Cloud Al Cu Pt Cloud Al Cu Pt 
Material tube tube tube Material tube tube tube 
Se » cai re = As20; - —- -_ 
Al _ - ae ZnO + + ted 
Zn + + + S - - - 
Bi.O; — _ - SiO, - = = 








( *) No measurements made. 


For this random lot of substances used, the net sign on the cloud 
appears to be independent of the tube used except in the case of the 
aluminum dust. This aluminum dust was the commercial variety used 
as a pigment. It was repeatedly washed in ether before being used in 
this work in an effort to remove all traces of stearic acid, with which all 
such powders are coated. 

These preliminary runs showed the great difficulty of obtaining 
readings which would check quantitatively. It was found necessary to 
use exactly the same amount of sample and to force it through the tube 
at the same velocity each time. These precautions led to values which 
could be reproduced sufficiently well for the work in hand. A change of 
sign was never noted in any series of readings. Most of the values 
recorded are an average of ten readings, and would be expected to deviate 
from the average of an infinite number of readings by less than 10 percent. 

A series of experiments were conducted in which the mass of dust 
was held constant and the dependence of net charge on air pressure 
investigated. In Fig. 4, the unbroken curve was determined directly 
from experiment; the velocities plotted in the dotted curve were calcu- 
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lated from the observed pressures by assuming that the air at a given 
pressure served only to accelerate the mass of dust considered as a 
frictionless piston. 

Although only one substance, ground fused quartz, was used in the 
experiments just described and summarized in Fig. 4, the shape of the 
curve plotted is not believed to be peculiar to any one material. The 
general form of the relationship sought should be independent of all 
variables except those plotted. 

A few experiments were conducted which showed conclusively that 
the net charge acquired by a cloud resulting from a slug of given mass 
increased as the area of the surface over which the slug rubbed increased. 
The form of this relationship was not determined. 
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Fig. 4. Curves showing dependence of net charge on cloud upon the velocity with which 
the forming cloud rubs along the surface from which the cloud is blown. 


The results of a series of runs conducted to determine quantitatively 
the net charge per gram acquired by equal volumes of different dusts 
as they were blown through the same tube are shown in Table II. 

The above values were obtained when the clouds were formed through 
a brass tube whose inner surface had not been touched except by washing 
with alcohol. Its inner coating was therefore probably quite free from 
oil and grease but heavily oxidized. The values given under the heading 
“Electrification of cloud e.s.u> per gram’”’ were calculated from the mass 
of material and the charge imparted to the tube with the assumption 
that the charge was directly proportional to the mass of dust used. This 
assumption was justified experimentally within the experimental error. 

Although Rudge? had dismissed such a possibility, it now seemed 
evident that the net charge acquired by a cloud of dust should depend 
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upon the nature of the surface from which the cloud had been raised. 
Ground fused quartz, carefully dried, was chosen as the cloud material 
and blown through a number of different tubes. The insides of the 
aluminum, copper, brass, and steel tubes were carefully drilled and at 
the beginning and middle of each experiment were reamed and washed 
with alcohol. The Pt and Ni tubes were obtained by lining the inside of 


TABLE II 


Showing net charge acquired by tube and dust as clouds of different materials were 
formed through the same brass tube 





Material Borax NaHCO; CaO SiO. NH,Cl Na:CO; NaF 





Volume of mater- 
ial (cc) .24 .24 .24 .24 .24 .24 .24 





Mass of material 
(gms) 15 B ej .07 .13 .19 .12 33 





Electrification of 
tube(e.s.u.) +1.5 —2.0 — 8.1 +11.5 +2.1 + .1 — 5.9 





Electrification of 
cloud (e. s. u. 
per gr.) —10 +12 +115 —88 —11 —0.8 45 





two brass tubes with thick foil of these two elements. The inside surfaces 
of these two tubes are believed to have been in substantially the same 
mechanical condition and practically free from oxide and grease. 

The net charge on clouds of SiO, blown through these various tubes 
is given in Table III: 


TABLE III 


Showing net charge acquired by tube and dust as clouds of ground fused quartz were 
formed through tubes of different materials 





Tube Material Al Cu Pt Steel Ni Brass 
Mass of dust used. (gms) .13 13 13 13 13 13 
Charge on Tube. (e. s. u.) +78 +55 +89 +61 +54 +64 
Electrification of cloud 

(e. s. u. per gr.) — 600 —425 — 685 —470 —415 —495 





The readings in Table III are averages of ten separate determinations, 
all slugs being of the same mass and forced through the same length of 
tube with the same air pressure and hence with the same velocity. The 
values given as “Electrification of cloud e.s.u. per gram of dust” were 
calculated, as in Table II on the assumption of a linear relation between 
mass and charge. 

It will be noticed that the value of e.s.u. per gram for fused quartz 
blown through a brass tube is over five times as large in Table III as in 
Table II. This may be due either to the difference in surface of the two 
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brass tubes or to the difference in moisture content of the SiO, in the 
two experiments. 

No other work was done to determine the effect of moisture content on 
electrification, although it was believed to be important as suggested by 
the effect of drying on the SiO, blown through the brass tube. The 
results given in this report are believed to be comparable among them- 
selves, and refer, unless otherwise stated, to dust which had probably 
attained equilibrium with a room humidity which averaged about 
50 percent. 

B. Photographic Results. Photographs were taken with the apparatus 
described in Section III B, of clouds of different materials blown through 
the same brass tube as was used in obtaining Table II. These photo- 
graphs were taken about one second after the air cock was opened, and 
a count of the traces left by different particles is given in Table IV. 
Each figure is an average based upon about teven separate exposures. 








TABLE IV 
Relative number of positive, negative, and neutral dust particles in different clouds 
Cloud material Borax CaO SiO. NH,C] Na:CO; 
(+) Average particles per exposure 2.1 | 1.4 0.7 1.0 
(—) Average particles per exposure 3.9 2.0 2.4 1.8 1.4 
Neutral Ave. particles per exposure 2.1 1.0 1.6 2.0 2.4 





The slopes of the’ paths of both positive and negative particles in the 
same exposure were always so similar that it seemed necessary to con- 
clude that they carried for the most part nearly equal opposite charges. 
It will be noticed that on this assumption, the sign of the net charge 
predicted for a cloud by Table IV is that found experimentally and 
recorded in Table II. The values given in Table II must therefore be 
regarded as net charges due only to the difference between two much 
larger opposing effects. 

Some of Rudge’s experiments suggested to him that the large and 
small particles in a dust cloud might be oppositely charged? Stiger 
carried out some further experiments which led him also to conclude 
definitely that the small particles are oppositely charged from the 
large ones. From the nature of Stiger’s experiments, however, it was 
evident that he was measuring only a “‘net’’ charge, which, to be sure, 
he observed to change sign as the large particles in a cloud settled out. 

It was therefore thought desirable to investigate this point with the 
particle polarity recorder. Two substances, Sulphur and SiQs, were 
selected for the cloud materials and ten clouds were formed of each 
through a Pt tube. Photographs of charge distribution were taken at 
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t=0, 10, 20, 30, 40, and 50 seconds after the formation of the clouds. 
After this time had elapsed practically no more particles appeared in the 
field and no records were made. The sulphur was analyzed and found 
to be 99.99 percent pure rhombic. The quartz powder was of the same 
order of purity as the sulphur. Throughout the experiments both samples 
were kept in a dessicator until the small slug of material was inserted in 
the tube A. 

The results given in Figs. 5 and 6 are averages for the ten clouds of 
each material. In both of these curves the vertical lines show the limits 
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Figs. 5 and 6. Curves showing the distribution of positive and negative 
charges among particles of different sizes. 


within which the ordinates of the curve might vary from the mean. 
They show that the ratio of positive to negative electricity was in favor 
of the negative in that part of the cloud made up of the larger particles 
(i.e. those falling first). After these larger particles settled out, or as 
time elapsed, smaller particles which were found to be mostly positively 
charged came between the electrodes. This indicates that the net sign 
on that part of the cloud composed of particles of the size falling at this 
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time would have been positive although the net charge on a cloud of the 
larger particles would have been negative. Further examination of 
Figs. 5 and 6 shows that still smaller particles had a net negative charge 
again. Fig. 5 shows still a fourth group of very fine particles, falling 40 
seconds after the cloud had been formed which had an excess of positive 
electrification. The accuracy of these measurements allows no great 
significance to be attached to the results. They show conclusively, 
however, that any general statement to the effect that the large particles 
in a cloud are oppositely charged from the small ones is incorrect. The 
results embodied in Figs. 5 and 6 also indicate the distribution of charge 
among different sizes of particles is not purely random. 

It has already been mentioned that the positive and negative streaks 
in the same exposure had practically the same slopes, and therefore, 
for the same sized particles, carried the same numerical charge. In the 
runs from which Figs. 5 and 6 were plotted, the slopes of the paths 
did not change appreciably with time, or, what is the same thing, with 
particle size. This shows that, within the experimental error, the charge 
per particle was directly proportional to its mass. 

From Stokes’ law, the mass of a particle photographed at any instant 
is inversely proportional to the cube of the difference in time between 
that of cloud formation and that at which the exposure was made. Such 
a consideration, taken together with the actual number of particles 
photographed at any time, shows that less than 1/1000 of the mass of 
dust falling was photographed and counted after the first exposure. 
This, taken together with the conclusion of the previous paragraph, that 
charge per particle is proportional to the mass of the particle, shows that 
the net sign of a given cloud should be the same as that given by the 
first ({=0) point on curves such as Figs. 5 and 6. The agreement between 
Figs. 5 and 6 and Table I is therefore complete. 

Although these results are not inconsistent with those of Stiger they 
give a decidedly different aspect to the mechanism by which the charges 
must have originated. They show that the size of the particle does not 
solely determine the sign of its electrification, there being charges of 
both signs present on all sizes of particles, although perhaps in different 
proportions. It was the net effect of this “proportion” factor that 
Stager measured. . 


V. Discussion OF RESULTS 


The usual statements concerning tribo-electric phenomena, and in 
particular, the description of results by the tribo-electric series’ neces- 


5 P. W. Shaw, Roy. Soc. Proc. 94, 16 (1917). 
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sarily implies that any substance when rubbed against another substance 
should receive a charge of perfectly definite sign, depending upon the 
relative position of the substances in the series. Such a concept precludes 
the possibility of opposite signs existing in a cloud of one pure substance 
blown from an equally pure material. H. F. Richards® has concluded 
from experiments conducted by him that, in general, tribo-electrification 
can be regarded as a superposition of two effects, one a contact electrifica- 
tion, and the other an inertia effect of mobile electrons. Richards states 
that these two effects may even be opposite in sign, citing as a possible 
example the anomalous behavior of mercury, which, when struck with a 
glass rod, becomes positively charged, but becomes negatively charged 
when rubbed with the rod. It is not probable, however, that the normal 
component of velocity in the experiments described in the present work 
was sufficiently large to give an inertia electrification of the same order 
of magnitude as that acquired by friction or contact. Knoblauch’s 
theory,' which is consistent with the concept of a tribo-electric series, 
likewise fails to explain the signs existing in such a cloud. 

A. Contamination possibilities. The present results on powdered 
chemical elements such as S in a Pt tube can not be accounted for by 
assuming either impure powder or a non-uniform surface. The order of 
the results observed is such that the chemical impurity of neither powder 
nor surface can explain them. Neither is it apparent that the observed 
effects could be-expected to result from mere mechanical irregularities 
in the shape of the surface. 

The experimental fact that the net charge acquired by the dust is 
dependent upon its chemical composition shows that any gas films 
present’? must be penetrated during the process of electrification or else 
that the composition of the film must depend greatly on the chemical 
nature of the particle. 

It is quite improbable that some particles of a given elei.ent are 
covered with impenetrable gas films while others are penetrated. Ad- 
mitting such a possibility, the present theories could account for the 
results given here only if the tube material happened to occupy a place 
in the tribo-electric series somewhere between that of the particle 
material and that of the gas film. If all particles are coated with im- 
penetrable films the situation becomes the same as with all films pene- 
trable, except that the chemical composition of the active material (in 
this case the film) is now different from that of the core of the particle. 


® Richards, Phys. Rev. 16, 290 (1920); 22, 122 (1923). 
7 Shaw and Gilbert, Proc. Phys. Loc. Lond. 37, 195 (1925). 
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B. Crystallographic possibilities. It is very probable that the electrifi- 
cation of the observed clouds was a superposition of the following effects : 
first, an electrification due to the contact between the dust and the tube; 
second, an electrification due to contacts between different crystallo- 
graphic faces of the small particles forming clouds. This second effect 
has been noted by Rudge in the case of large crystals; its action in clouds 
would lead to equal numbers of positive and negative particles while 
contributing zero to the net charge on the cloud. The net charge would 
then be affected solely by the first effect, the existence of which is proven 
by the dependence of net charge upon tube material. The existence of 
the second effect with its implied contact electric differences between 
different crystallographic faces of like crystals, logically demands that 
it should manifest itself in a more careful analysis of the first effect. 

Any such analysis leads to the prediction of a distribution of charges 
too complicated to warrant consideration in connection with the present 
experimental data. 

The photographs of particle paths, previously described, show that 
whatever effects are existent, they developed charges of substantially 
the same magnitude. 

We can therefore explain the existence of particles of both signs in 
clouds of pure substances blown from clean surfaces, without recourse 
to any other than the classical contact potential theory if we admit that 
particles in a cloud can become charged either by contact with the clean 
surface, or by contact with the other particles, and if we further assume 
that charges developed by all types of contact are of the same order of 
magnitude. 

C. Atomic possibilities. In the case of compounds, say SiOz, sliding 
along a surface of an element x, charges of both signs might be expected 
on the cust particles in the special case in which x occupied a position 
in the tribo-electric series intermediate between Si and O; in this event, 
a Si atom rubbing along x might get an opposite charge from that 
acquired by a particle if one of its O corners happened to come into 
contact with x. 

The experiments described herein seem to show that such a special 
position of the surface x in the tribo-electric series is not necessary. 
Dust clouds of all of the powders tried when raised from any of the 
surfaces were found to contain particles of both signs. 

It is possible to formulate a theory which will account for the presence 
of an excess or deficiency of a few electrons per particle if it is assumed 
that (1) the transfer of an electron can take place when two atoms are 
sufficiently close for two electrons to be shared by orbits in both atoms, 
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and (2) at the instant of separation, the decision as to where the electrons 
go depends in part upon the geometry of the contact and partly upon the 
chemical nature of the separate atoms (probably as evidenced by their 
photo-electric work functions). Since the configuration of such atomic 
“contacts” at the instant of separation might be any one of a great 
number, the transfer of electrons in such a mechanism would be subject 
to the laws of probability, making the appearance of particles of either 
sign possible. The effect of the photo-electric work functions in such a 
concept would be to so distort the probability curve that an excess of 
particles of one sign of electrification would in general predominate. 

Although such a theory, based on probability considerations, seems 
to be consistent with the appearance of particles with an excess or 
deficiency of one or two electrons, it, however, seems to demand a very 
high order of improbability in order to account for the appearance of 
charges corresponding to a larger number of electrons.*® 

From data obtained in this work and from’any one of several assump- 
tions, which, while necessarily rough, seem to be fairly probable, it can 
be calculated that the charge per particle in these experiments quite 
often exceeded 20 electrons. 


VI. CONCLUSIONS 


1. When powders are blown into dust clouds, some of the particles 
in the resulting cloud are positively charged, some negatively charged, 
and some neutral. This presence of both signs of electrification on clouds 
of pure substances is not accounted for by the usual theories of frictional 
and contact electrification. 

2. The present investigation indicates the presence of particles of 
both signs, regardless of particle size. In a dust cloud, the large particles 
carry most of the charge. 

3. The electrometer methods of measurement employed by Rudge and 
Stiger measure the net charge on a cloud as a whole and therefore can 
not be interpreted as measuring the charge associated with individual 
particles. The net charge on any cloud depends both upon the chemical 
nature of the cloud material and that of the surface from which the cloud 
is blown. The net charge may depend upon the physical nature of the 
dust and upon the surface from which it is blown. The net charge depends 
upon the area of “‘contact”’ between the dust and the surface from which 
it is blown. The net charge increases with-either the velocity or pressure 
at this contact, or both. 





8 Cziiber, Wahrscheinlichkeitsrechnung 1, 184 (1908). 
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The present investigation has impressed the author with the impor- 
tance of controlling and measuring humidity in any further work of this 
nature. The work of investigating electric charges arising at solid-solid 
interfaces has now reached a stage where it should be transferred to a 
vacuum “machine shop” as used by Millikan. The most important of 
the heretofore uncontrolled variables might then be fixed and the results 
interpreted accordingly. 

In conclusion, the author wishes to express his indebtedness to Dr. 
F. B. Silsbee for his interest and many helpful suggestions throughout 
the course of these experiments. 
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July 19, 1926. 
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TORQUE ON REVOLVING CYLINDRICAL MAGNET 
By A. L. KimmBaLt, JR. 


ABSTRACT , 


In a recent article Zeleny and Page have shown that the torque on a 
revolving cylindrical magnet, with a side arm dipping into a mercury trough, 
consisted of two parts: namely, a torque arising from a reaction between the 
current in the side arm, and the external magnetic field, and a torque produced 
by the reaction between the current flowing in the magnet and the flux within 
the magnet. In the following paper the torque is considered as arising from 
the reaction between the external circuit and the external field. From the 
viewpoint of the electrical engineer, this is the better way of looking at the 
problem because it involves the conception of a reaction between a magnetic 
field revolving with the rotor and a fixed external circuit, which is in con- 
formity with the usual method of analysis of rotating electrical machinery. 
A detailed analysis is given from this point of view which gives a value for the 
torque identical with that of Zeleny and Page. That there must be such an 
agreement can also be shown from general considerations, such as from the 
law of action and reaction, or from considerations of flux linkage. 


N A recent number of this magazine! attention was called to the fact 

that the usual explanations of the cause of the electromagnetic rota- 
tion of a vertical cylindrical bar magnet carrying a side arm (Fig. 1) 
which dips into a circular trough of mercury were incorrect. An analysis 
of the problem was given—the results of which were experimentally 
verified. The viewpoint which was taken in the theory developed was 
that the torque which is produced arises from a reaction between the 
flux and current, both of which are carried by the magnet, involving 
the necessity of thinking of the flux carried by the magnet as fixed to 
outside space. 

While this method of analysis gives the correct: result, there is another 
way of looking at the problem—suggested by Mr. E. H. Hull, of this 
laboratory—which does not involve the necessity of considering a flux 
fixed to outside space. If the flux be thought of as fixed to the magnet 
and revolving with it, no torque can be produced by the current in the 
magnet or that in the cross arm, because, since both the current and the 
flux are “‘fixed” to the magnet, and the reactions between them are equal 
and opposite, they must balance out. The torque on the magnet then 
comes entirely from the reaction between the external flux of the magnet 
and the fixed external circuit which is not carried by the magnet. This is 
the better way of looking at the problem from the view point of the 


1 Zeleny and Page, Phys. Rev. 24, 544 (1924). 
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electrical engineer because it brings the problem into conformity with the 
usual methods of analysis of rotating electrical machinery, wherein the 
flux is thought of as fixed to the armature, and the reaction which 
produces the torque as coming entirely from the external flux of the 
magnet and the fixed external circuit. 

Although it can be shown from the law of action and reaction, or from 
considerations of flux linkage, that the torque must be the same whether 


Z 
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Fig. 1. Diagram of magnet showing where the current leaves the end of the side arm 
at A, passes through any external circuit, and enters the magnet at B. 


calculated on the basis of the reaction upon the internal or the external 
portion of the electrical circuit, a direct calculation of the torque from the 
viewpoint of the reaction upon the external portion of the circuit is of 
interest. 

In the following discussion the magnitude of the torque is calculated 
on this basis using the Biot-Savart law for the electro magnetic reaction 
on an element of electric current in a magnetic field. 

Consider an external circuit AB, Fig. 1, which may follow any path 
between the points A and B where it leaves and enters the magnet, this 
circuit containing the source of voltage used to drive the current. Con- 
sider an element dr of this circuit in the external magnetic field of strength 
H. The force dF on this element is equal to 
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—IHXdr. (1) 


Its moment about the origin O on the axis of the magnet is equal to 


rXdF (2) 
The scalar magnitude of its component along the Z-axis is equal to 
dL=k - (rXdF) 


=(kXr) - dF (3) 


where k is the unit vector along the Z-axis. 
Substituting the value of dF given in (1) 


dL=I(kXr) - ( HXdr) (4) 


in scalar magnitude, dropping the minus sign. By an interchange of 
dot and cross, this expression becomes 


dL=I(kXr)X H: dr (5) 
Thus 


B 
L={ l(kX1)XH - dr 


A 
B 
=I| R-dr (6) 
A 


(where the vector (kXr)XdH is signified by R) represents the total 
moment of the forces on the circuit about the axis of the magnet, or from 
the law ‘of equal action and reaction it equals the torque on the magnet 
about its axis. This is seen to be the product of J into the line integral 
of the vector (kXr)XH=R along the electric circuit from A to B. 
It will be shown that the value of this integral depends only upon its 
limits, so that the torque is the same for any path which may be taken 
by the electric circuit from A to B, and the torque can then easily be 
calculated for certain cases. 

For the integral (6) to be dependent upon its limits only, the quantity 
dy=R - dr must be an exact differential. The condition that dy be an 
exact differential is 


vx R=0 — (7) 
or in words that the curl of the vector R vanish. 


Expressing the vector R=(k Xr) XH in terms of its components by 
substituting r=ix+jy+kz and H=iH,+jH,+kH, and reducing 








TORQUE OF REVOLVING CYLINDRICAL MAGNET 1305 


R=iH, x+jH.y—k(A. x«+Hyy) (8) 


His derived from a potential function which will be called ¢. The curl 
of H is equal to zero, such that 


H ,=0¢/dx ; H,=8¢/dy ; H.=0¢/d2. (9) 


From (8) and (9) 
R,= xd¢/dz ; Ry=y0¢/d2 ; Ra= —( x09/dx+-y0¢/dy) (10) 


Using these values for the components of R and making use of Eq. (10) 
and also remembering that for constant torque the flux is symmetrically 
distributed about the magnet such that 


xd¢/dy = ydh/dx 


the condition (7) is found to be satisfied. The torque represented by the 
integral (6) therefore depends upon the position of the ends of the external 
circuit only, and not on the path of this circuit. 

In finding the torque, the circuit between A and B then can be placed 
where most convenient for calculation. 

Imagine the flux line which passes through A and that which passes 
through B each to be revolved about the axes of the magnet, thus 
describing a pair of coaxial surfaces of revolution, on one of which 
lies the point A and the other the point B. From a consideration of the 
Biot-Savart law, as expressed by Eq. (1), when part of the electric circuit 
lies on one of these surfaces of revolution no torque can arise, because 
the magnetic force on each element of this part of the circuit is always 
normal to the surface. Therefore a convenient circuit to use between 
A and B in calculating the torque is one which goes from the surface of 
revolution containing A to that containing B by a perpendicular path. 
The remainder of the circuit is taken on the surfaces of revolution and this 
contributes nothing to the torque. 

An examination of the integral (6) reveals the fact that the vector 
(k Xr) XH is perpendicular to the surfaces of revolution. Therefore, 
if the integration is performed along the direction of this vector, perpen- 
dicular to those surfaces, the integral may be expressed as a scalar inte- 
gral, or j ’ 


B 
L=1f aHdr (11) 
A 


where a=the length of the radius drawn perpendicularly from the axis 
of the magnet to the element dr. 
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This integral can be expressed in terms of the flux passing between 
the two surfaces of revolution on which A and B lie. 

The rate of change with respect to r of flux contained within such a 
surface in a direction perpendicular to these surfaces is 


d¢/dr=2nraH 
or 
aHdr=do/2x (12) 
Substituting (12) in (11) 
Lat do/2e=1(Na—Na)/2x (13) 
A 


where the integration is performed between the surfaces of revolution on 
which A and B lie, and NV, is the total flux enclosed inside of the A 
surface and Nz that within the B surface. 

This expression is seen to check the one given by Zeleny and Page. 

Another way to solve this problem from the external circuit viewpoint 
is to extend the current sheet idea of Zeleny and Page, regarding the 
circuit from A to B, of Fig. 1 as a special case of a dissymmetrical current 
sheet flowing in the symmetrical external field. By substituting H for 
B and integrating the flux between concentric rings passing through A 
and B as limits, the same expression for the torque is arrived at. 

A physical picture of the problem which appeals to some minds can be 
obtained by remembering that torque is equal to the work per radian of 
rotation and thinking of the work done in terms of the number of mag- 
netic lines of force cut by the fixed external circuit when the magnet 
with its field fixed to it is rotated through one radian. If the circuit is in 
form of a closed loop and the field is symmetrical, evidently the resultant 
number of lines of force cut is zero. If the external circuit goes from 
A and B along any path the number of lines cut per radian of rotation 
is the total number passing through the anular band surrounding the 
magnet and whose edges pass through A and B, divided by 27, i.e. 
(Ng—N./2m and since the work done (per radian) is equal to the 
number of lines cut times the current, 


L=I(Ns—Na)/20 


which agrees with the values given previously. Simple geometrical 
considerations make it clear that the lines of force cut by the open 
circuit depend only upon the positions of A and B in the field. 
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An experiment was tried in which a cobalt steel magnet was suspended 
vertically in a conducting sheath in which the magnet was fixed but 
from which it was electrically insulated. The magnet was suspended on 
a 7 mil tungsten wire whose elastic coefficient was found by oscillation 
measurements using a mass of known moment of inertia. The angular 
deflections were observed by the deflections of a spot of light reflected 
from a small mirror. This experiment was tried to see if any difference 


CURVES OF TORQUE 
vs. 
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Fig. 2. Curves of torque with and without the sheath produced by varying the position 
of B of Fig. 1 from the tip of the magnet D to the middle point opposite A. 


in the torque on the magnet arose when the current flowed through an 
insulated conducting sheath instead of in the magnet itself as in the 
experiments of Zeleny and Page. A series of values of the torque were 
observed for the current entering at a series of points along the magnet 
sheath 1 cm apart, beginning at the lower tip. The current in every 
case flowed out from the end of the horizontal“arm. The same series 
was repeated with the sheath removed as a comparison. Fig. 2 shows the 
two curves of torque plotted against distance from the lower tip of the 
magnets. The curves are substantially alike, as indeed would be expected 
from the theory of the experiment. In both cases, the torque is zero 
when the current enters and leaves the magnet on the same surface of 
symmetry which coincides with the magnetic lines. Under the condi- 
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tions of the experiment, the small difference between the curves can be 
explained by a slight dissymmetry of magnetization. The maximum 
possible torque which arises when surfaces A and B include the entire 
flux of the magnet is given by the sum of the maximum positive and 
negative ordinates of the curves which is the same for the two cases. 
Incidentally using this torque and the corresponding current, the total 
flux from this magnet is found from Eq. (13) to be 29600 maxwells, 
giving a strength of pole of 2360 c.g.s. units. 
RESEARCH LABORATORY, 
GENERAL ELEctrRIc CoMPANY, 


ScHENEcTADY, N. Y. 
July 2, 1926. 
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ON THE CONFIGURATION OF A LORENTZ ELECTRON 
MOVING ARBITRARILY ALONG A STRAIGHT LINE 


By S. C. WANG 


ABSTRACT 


In the first part of the paper, by a natural extension of the contraction 
hypothesis of a Lorentz electron in uniform motion to the case of arbitrary 
linear motion, a differential equation is obtained of the form (dx/da)?+ 
(dx/du)*=1, (where u=ct, a and x are the distances of a point of the electron 
from its center when it is at rest and when in motion respectively). It is then 
shown that this differential equation is invariant under a Lorentz transfor- 
mation. In the second part the exact solution of this equation is obtained, 
satisfying also the condition that the motion of the center of the electron 
shall be x =any given function of u. 


HEN a Lorentz electron is moving with a constant velocity Bc, 

it is supposed to shrink to an oblate spheroid so that the dimen- 
sion of the electron along the direction of motion is in the ratio (1 —§*)! : 1 
to the original, while the dimensions perpendicular to the motion remain 
unchanged. Little has been discussed, however, regarding the shape 
of the electron in other kinds of motion. It is the object of this paper 
to make the most natural extension of our supposition to the case of 
linear motion with the distance as an arbitrary function of time and to 
obtain an exact solution of the problem so formed. 


PartTA 


In the case of linear motion since there is an axial symmetry about 
the line of motion, it seems very plausible to assume that the dimensions 
perpendicular to the motion remain constant; the problem is therefore 
one-dimensional. We will use x as the coordinate along the direction of 
motion and referred to a fixed origin. Next we will assign a parameter 
a to the planes imbedded in the electron and parallel to the y-z plane; 
it is to be measured by the distance from the plane to the center of the 
electron at rest. For the time coordinate we will use u (=ct). 

Then for any point of the electron in a certain a-plane, the x coordinate 
at a time wu will be a certain ‘function of a and u; thus x=x(a, u). The 
velocity of the point a, divided by c, is 


v/c=dx(a,u)/du 


In the case of an electron moving with a uniform velocity 8c, the 
x coordinates of any two points a, and a: are related thus: 
1309 
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v1 





— Xe 2 

%1— X2= (a@1—a2)(1—B2)* or ( ) +p?=1 
ai Ae 

The immediate extension of the above statement to the more general 

case of linear motion is to apply the formula to an element da, whereupon 


it becomes! 
(Ox/da)?+(dx/du)?=1 (1) 


which is the differential equation we propose for the electron in linear 
motion. 

As a law of the property of the electron in motion and hence a law of 
electrodynamics, it is important to know whether it is invariant under a 
Lorentz transformation, as electrodynamical equations generally are. 
Let the Lorentz transformation be defined by 

x’ +Bu’ . : u’+Bx’ 
s=————_-, y= z=: , 4«=——— 
(i—pye? 7 Bp 


The first question to ask is, naturally: How does a transform? We 
defined a as the distance from a plane, perpendicular to the direction 
of motion and imbedded in the electron, to the center of the electron 
when it is at rest. Hence the a’ of that plane is its distance, measured 
on the moving system, from the middle of the electron when the latter 
appears at rest to the moving system. This distance, as measured on 
the fixed system, is equal to a(1—§?)!, from the simple form of the 
contraction hypothesis. Measured on the moving system, it is a’= 
a(1 —6*)#/(1—6?)t=a. 

The equation of motion of a point a in the fixed system is x=x(aq, u). 
When expressed in terms of quantities in the moving system, it becomes 


x’ +Bu’ u’ + Bx’ 
——-= x(a’, =) (3) 

(1—8)* (1—6%)# 

If this equation is solved for x’, we would get 
x’ = x(a’ ,u’) (4) 


which is the equation of motion in the moving system. 
We will now compute the value of (0x’/da’)?+(0x'/du’)*?. Differenti- 
ating Eq. (3), we have 
dx'+Bdu' _**,, ~(= + ~~) 
(1-8?) da du\ (1—6?)* 
‘Although the writer is not aware of the law explicitly stated in this form in the 


literature, the idea of extending the simple hypothesis by applying to the linear element 
is by no means new. See, for instance, Page, Phys. Rev. 11, 392 (1918). 








CONFIGURATION OF LORENTZ ELECTRON 1311 


(1—8?) tax/da dx/du—B 
- da’ + du’ 
1—Bax/du 1—Bdx/du 


, 





Hence 
(8x/da)?+6*[1—(dx/da)*|]+(dx/du)*—28dx/du 
(1—Bdx/du)? 
By the relation (0x/da)?+(0x/du)?=1, the above reduces at once to 
(Ox'/da’)?+-(dx’/du’)?*=1 





(dx’/da’)?+ (dx'/du’)?= 


We therefore see that this equation is invariant under a Lorentz trans- 
formation. 


Part B 


We will now proceed to solve this partial differential equation with 
proper initial conditions. The most useful form of the initial condition is 
probably that the coordinate of one point (say the mid-point) of the 
electron shall be a given function of time. Our problem is then to find 
a solution x(a, u) for the time interval u,; to ue, satisfying the partial 
differential equation and also the identity 


x(0,u)=f(), 


where f(u) is a given function of u for the time interval considered. 
The given differential equation can be solved for 0x/da, giving 


8x/da=(1—(dx/du)?)4 (5) 


(the case with the negative sign before the radical could not arise without 
passing through the transitional stage with a velocity equal to that of 
light).2 For all physically permissible values of 0x/du (|0x/du| <1), 
our problem, with the initial condition as stated, constitutes what is 
known as a Cauchy problem,’ and we know there is a unique solution. 

It happens that this particular problem can be readily solved by the 
well known method of Lagrange.® 

By mere inspection it is easy to see that the following is an integral 


x=au+a(1—a*)i+d 


which contains two independent arbitrary constants a and b. It, there- 
fore, affords all that is needed to obtain the most general solution. 
Proceeding in the usual way in solving a problem by the Lagrange’s 


? It might perhaps be less ambiguous to use Eq. (5), instead of Eq. (1), as the 
basic differential equation. 
3 Goursat-Hedrick, Mathematical Analysis, Vol. 2, 53 and 246, also 236. 
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method, we first put b=¢(a), where @ is an unknown function to be 
determined later, and get 


au+a(1—a?)!+¢(a)—x=0 ° (6) 
Differentiating Eq. (6) with respect to a, we have 
u—aa/(1—a*)*+¢(a)=0 (7) 


If the form of function ¢ is known, Eqs. (6) and (7) form a simultaneous 
system from which we can eliminate a and obtain x as a function of a 
and u; it is important to realize that in this system a is to be regarded 
as a function of a and u. 

To determine the form of ¢, we use the given initial condition 


a(O,u) = f(u) (8) 


Putting a=0 in Eq. (6) and substituting into it the above value of 
x(0, u), we get 


ua(0,u)+[a(0,) ]|—f(u)=0 (9) 
Putting a=0 in Eq. (7), we have 
u+¢’[a(0,u)]=0 (10) 


Differentiating Eq. (9) with respect to u, we have 
a(0,u)+-da(0,u)/du+¢’ [a(0,u)]-da(0,u)/du—f’(u) =0 (11) 
From Eq. (10) and Eq. (11), we obtain at once 


a(0,u)=f"(u) (12) 
Substituting this value of a(0, u) into Eq. (9) and transposing, 
$[a(0,u) |=f(u)—uf'(u) (13) 


At this point we have to go a little into the detail of the nature of 
the function f(u). We shall suppose that f(u) possesses all the continuity 
and differentiability properties as far as we need them and, furthermore, 
that the time interval u; to wu: under consideration can be divided into a 
finite number of subintervals each of which belongs to one of the following 
two classes : 

(1) on the subinterval f’’(u) never vanishes, with the possible exception 

of the end points, 

(2) on the subinterval f’’(u) vanishes identically. 

Accordingly we divide the given interval of our problem into such 
subintervals and proceed to consider the solutions of the differential 
equation on them separately. 
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On subintervals of class (1) it is easily seen that the required solution is 
x=Bu+a(1—,?)! (14) 


Since f’’(u) =0, it means f’(u) =B=a constant; it is then obvious that 
the differential equation as well as the initial condition is satisfied by the 
above solution. 

On subintervals of the class (2), since f’’(u) #0 in the interior of the 
interval, f’(u) is a monotonically increasing or decreasing function of u; 
the equation a(0, u)=f’(u) (Eq. 12) can therefore be solved for its 
inverse 


u=y[a(0,u)], so that f’[y(a)]=a (15) 


where y is a single-valued, continuous and monotonically increasing or 
decreasing function of its argument a(0, uw) in the subinterval. 

The relation between u and a(0, u) is therefore such that we can make 
a legitimate change of variable from u to a(0, u). In terms of the new 
variable a(0, u), Eq. (12) becomes 


[a(0,u)]=ft¥[a(0,u)]} —v[a(0, w)]-/’{y[a(0, m)]} 
Or, briefly, 
$(a)=f{¥(a)} —¥(a)-f’{y(a)} 
=f{¥(a) } —ay(a) 
Similarly Eq. (10) becomes 
$'(a) = —(a) (17) 


Substituting the value of ¢(a) and $’(a) given by the above two equations 
into Eqs. (6) and (7), we get 


(16) 





x= auta(1—a?)'+f{y(a) } —ay(a) (18) 
=~———+4(6) (19) 
arr ¥(a 


Eliminating the uw in (18) by means of (19), we have 


a 





=o it Ho) (20) 
Here, by eliminating a between Eqs. (19) and (20), we could obtain 
x as a function of a and u explicitly. Since, however, such an elimination 
is rarely practicable, we shall regard (19) and (20), which make use of 
the additional parameter a, as the final form of the solution on sub- 
intervals of class 2. In these equations f(u) is the coordinate of the 
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center of the electron as a given function of time, and y is derived from 
f by the identity (15). 

The complete solution of the problem for the whole time interval is 
the assemblage of solutions on the subintervals of the form given by 
Eq. (14) or by Eqs. (19) and (20), according to the class to which the 
subinterval in question belongs. 

Professor Page has kindly informed me of the following criterion 
sometimes used to define the shape of the electron in motion: At any 
instant the electron shall appear to be spherical when measured (both 
regarding distance as well as time) on the system moving with the 
velocity which the center of the electron possesses at that instant. 
By a somewhat lengthy calculation it was found that the solution ob- 
tained above satisfies this criterion. It therefore follows that this criterion 
and the differential equation proposed above are equivalent. 

I desire to take this opportunity to thank Professor L. Page for taking 
the pains to read over the manuscript and for offering valuable sugges- 
tions. I also want to express my gratitude to Dr. J. C. Slater. It was 
in his course on relativity that this problem was first suggested to me and 
the original of this paper was submitted as a term paper in that course. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass., 
June 26, 1926. 
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ACOUSTICS OF THE PIANOFORTE 
By R. N. Guosu 


ABSTRACT 


The amplitudes cf fundamental and overtones of a steel string struck 
by a hammer as a function of time of contact. Vibration curves of a steel 
string struck by a tape-check system hammer taken from a piano were photo- 
graphed and analyzed. The duration of contact between hammer and string 
was also measured photographically. The time of contact was varied by 
varying the striking position on the strirg and by varying the mass of the 
hammer. It was found that the amplitudes of the fundamental, the cctave and 
the third harmonic were greatest when the time of contact was half the free 
period of vibration of the string. 

The factors which determine the choice of striking point are discussed. 


HE author has shown in a series of papers' that the duration 

of contact of the hammer with the string during impact depends 
upon the elasticity of the hammer, its mass and the striking distance. 
In this paper a short account is given of the experimental work on 
the amplitudes of partials for (1) the same hammer at different striking 
distances, and (2) for the same point by different hammers. The results 
show that the amplitude of the fundamental is a maximum when 7/¢ =2 
or 1, where 7 is the free period of vibration of the string and @ is the 
duration of contact. 


EXPERIMENTAL METHODS 


A steel string was fixed over two bridges in a sonometer kept vertical 
by suitable supports and the string was struck by a tape-check system 
hammer and key which were taken out of a piano for the purpose. The 
vemmiiy Ct ‘Inpact was kept constant by a mechanical device consisting 
0. an ecceutric wheel fixed just over the key. When the wheel was rotated 
it pressed the key once in a revolution. It was so arranged that a heavy 
load (1 kg) fell through a constant distance and gave only one revolution 
to the wheel. The point struck was photographed by a falling plate. 
To obtain the duration of contact in addition to the vibration curves the 
initial stages were simultaneously photographed with the trace of a 
vibrating tuning fork. In these experiments one precaution should be 
taken about the arrangement of the hammer system. The distance 


1 R. N. Ghosh, Phil. Mag. 47, 1125 (1900); Proc. Ind. Assoc., Calcutta, 9, III, 194 
(1925). See also reference 3. 
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of the hammer from the string in the rest position should be such that 
when the former is slowly pressed it just comes near the string but 
does not press it. This is the arrangement in the piano. 

The vibration curves were magnified fifty times and then a trace was 
taken. They were then analyzed by the schedule method given by 


Byas 


12% 


Fig. 1. Length of the string /=100 cm, freq. = 84, p= .096 gr/cm, 
velocity of impact =2 X 10‘ cm/sec. 
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Professor H. O. Taylor.2. A large number of curves was obtained and 
analyzed. Below is given a graphical representation of a few typical 
sets, obtained with a single hammer. The time of contact (¢) was varied 
by varying the striking point. 

George’ has plotted the amplitude of the fundamental with respect 
to the striking distances a, but no definite results could be obtained. 








Amplitude > 




















05 10 15 201% 
Fig. 2. 1=100, freq. =75, p=.0961/cm, a=18 cm, 
constant velocity =2 X 10‘ cm/sec. 
Curve (1) shows the relation between the amplitude of the fundamental 
and 7/¢. In the figure the amplitude is shown qualitatively as a function 
of the striking distance. A large number of observations were made and 
graphs drawn, but in each case the curve as related to 7/@ was the 


?H.O. Taylor, Phys. Rev. 6, 303 (1915). 
* George, Phil. Mag. 50, 491 (1925). 
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same. It will be observed that the amplitude reaches a maximum when 
T/@=2 or 1. It has been found that the amplitude of the octave and the 
third harmonic also follow the same rule. But the amplitudes of the 
octave and the third harmonic are greater at 7/@=2 than for T/¢=1. 

If the amplitude is a function of the ratio 7/¢, then it is to be expected 
that a variation of the ratio keeping the striking distance the same by 
using different hammers should show the same result as shown in curve 
(1). 

Fig. 2 shows the relation between the amplitude of the fundamental 
(upper curve), and 7/®¢ for a fixed striking distance. In all these cases 
T/d was experimentally obtained. The second curve shows the same 
relation for the octave. 
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Fig. 3. 1=100, p=.0971/cm, F =88, a=20 cm, 
constant velocity = 2 X 10 cm/sec. 


Fig. 3 shows the same relations, with a striking distance of 20 cms. 
From these experiments we therefore conclude that the amplitudes of 
the fundamental, the octave and the third harmonic are at their maxima 
when 7/¢=2. They are large again at 7/¢=1. 


CHOICE OF THE STRIKING POINT 


In general the striking point in the piano varies from //7 to //9 in 
the bass section, and //20 in the treble section. The hammers also vary 
in mass in different octaves, they are lighter in the higher octaves. From 
a musical point of view the choice of the striking point should be such 
that the first few harmonics should be present in considerable force. 
We have seen the first three components have maximum amplitude 
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when 7/¢@=2. Hence the choice of the hammer mass and the striking 
distance should be such as to insure this condition. Now 


- ==) Cm i) al 


where T is the tension, M the mass of hammer, uy its elasticity. Now 
from Eq. (1) we see that T/¢ mainly depends upon the product Ma 
which is now fixed for the particular ratio, viz. T/@ =2. 

Now a should not be very small for then the resulting amplitude of 
vibration of the string will be small since it depends upon the factor 
sin(sta/l).° It cannot be very large for then the reflections from the 
farther end will produce double contact which is detrimental to the 
production of a good note. Hence a is fixed between two wide limits. 
But since the character of the musical note depends also upon the con- 
vergency of the component tones, a is fixed. The convergency factor 
or the music factor for T7/@=2 is given below 

sin2m sin4m sin6m 


F=sinm, 5) ? al li (2)5 
6 60 210 


m=ra/l. 





Once the music factor is determined from the tone quality, a/I is fixed, 
and then M is calculated from Eq. (1). Thus we see that the choice of the 
striking point and the mass of the hammer must satisfy the following 
conditions 


T/¢=2, Ma=const, F=music factor (3) 


The striking point is usually closer to the fixed bridge. The reason for 
this is to minimize the free vibrations of the bridge and the board as far 
as possible, and to prevent the reflections from the bridge, and the 
slight variations’ of pressure during contact, the effect of which is to 
render the tone unmusical. 

The author has taken a large number of photographs of the vibration 
curves when the hammer, the striking point, and the velocity of impact 
were all kept constant, but the nature of the impact was changed. No 
change in the vibration was found. This is in accordance with the 
conclusions arrived at by Professor Miller that the tone quality cannot 
be changed by emotional touch of the key. As long as the position of 
the hammer is invariable, tone quality cannot be changed. 


* R. N. Ghosh, Phys. Rev. 24, 456 (1924). 
* Rayleigh’s Theory of Sound, Vol. 1, p. 190. 
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DouBLE CONTACT 


Fig. 4 shows that the hammer once left the string and again 
came in contact with it finally leaving it when the pressure became zero. 
When the distance of the striking point from the nearer end is small, the 
duration of contact is less than 7/2, and the hammer remains in contact 
with the string throughout the time of contact. Under this condition 
the wave generated by impact does not reach the farther end before 
the impact is over. The reflections from the nearer end may lead to slight 
variations of pressure as mentioned before. It is easy to show® that the 
string attains a velocity greater than the hammer when reflection takes 
place from the farther end provided the duration of contact is so large. 





Fig. 4. 


Let us take a case when the total duration of contact is approximately the 
same as the free period of vibration of the string, so that the hammer 
remains in contact when the wave is reflected from the farther end. At 
the point of impact the displacement of the string is given by 


y=Ae-K'l2sin gt 2/qg=T(approx) (4) 


The equation of the wave motion towards the longer side before 
reflection is 


y = Ae7K (et-2)/2¢ sin g(ct— x)/c . (5) 
As long as the impact lasts the velocity of the hammer is given by 
v1, =A Re-K*!? cos (qt+y) (6) 
The equation to the reflected wave is given by 


Ve= —AemK ett+2-21)/ 2 sin g(ct-+ x—21)/c (7) 


* Curves by Professors Raman and Banerji, Proc. Roy. Soc. 97, 99 (1920). 
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The velocity of the hammer continues to be represented by (6), but 


after reflection the velocity of the string at the point of impact is j+y,= 
v, and 


v,= A Re-K*/2(2+4 KT/2) cos gt(neglecting yp) (8) 


From (6) and (8) we find that the velocity of the point on the string is 
greater than that of the hammer and therefore leaves it. When the 
point returns after approximately a time 7/2 the velocity 


v= —A Re-K (txt /2)(24 KT/2) sin wt, /T (9) 


t;=t—T/2 
The velocity of the hammer at the same instant is 
v= —ARe * *+T!® sin et, /T (10) 
Thus we see from (9) and (10) that the point moves faster than the 


hammer, and therefore overtakes it. 


In a subsequent paper the author proposes to discuss the nature of 
vibration of the piano string, and the sound board as coupled together. 
Puysics DEPARTMENT, 


ALLAHABAD UNIVERSITY, 
ALLAHABAD, INDIA. 
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ON THE LARGE MOTION OF THE NODES OF 
A STRING AND AN AIR COLUMN 


By SATYENDRA RAy 


ABSTRACT 


From the result that the velocity of a wave cannot be independent of the 
amplitude of vibration the large motion of nodes of strings discovered by 
Raman is explained as well as the drift motion of lycopodium dust in Kundt’s 
tube experiment. 


ROFESSOR C. V. RAMAN has recorded some very interesting 

observations on the small vibration of nodes.'* The “small vibration” 
is small only in so far as the transverse part of the vibration is concerned, 
the longitudinal part, which also exists, being of very large amplitude, 
as Professor C. V. Raman himself points out. He says,—‘‘On account, 
however, of the small transverse motion at the nodes, the points of 
intersection (of two opposite phases of the actual motion of the string) 
or ‘fictitious nodes’ are seen to execute a motion of large amplitude 
parallel to the string—the range of motion being equal to the whole 
length of a loop.” 

In Sec. II on the “small motion at the nodes of a vibrating string’? 
are given photographs of 13 stages of the motion of the string (each giving 
two opposite phases of the motion of the string, as in the photographs in 
the PHysicAL REviEw. These photographs are described in the following 
words: “It will be seen that the point of intersection or ‘node’ which is 
first in the center moves off to one side of the field, first slowly and then 
more quickly, till after the lapse of a time which can be seen to be exactly 
half the period of the cycle it has gone well off the plate and the two 
positions of the string seen in the photograph are sensibly parallel. 
Direct observation shows that the point has moved off to a distance 
equal to half the length of a segment. It simultaneously appears at an 
equal distance on the other side and moves in from that direction first 
quickly and then more slowly till it reaches the center again, and the 
cycle is complete.” 

The longitudinal motion of the node has therefore an amplitude 
equal to \/4. This longitudinal motion is moreover not of the S.H.M. 
type. From what has been quoted, and more especially from the photo- 
graph, the equation for this longitudinal motion appears to be approxi- 
mately of the form 


1 Raman, Phys. Rev. 32, 309 (1911). 
? Raman, Researches in Acoustics. 
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x= atan2nt/r (1) 
instead of the usual form 


y=bcos2nt/r (2) 


which is apparently still true for the transverse component. In the form 
of Eqs. (1) and (2) the phase relationship of the two motions indicated 
by the photographs has been taken into account. If «/x and 4/y be 
plotted parallel to the axis of x+y, the locus of /X, ./y would describe 
a hyperbola xy++-ay—ab=0 having its asymptotes parallel to the axes. 
The x-component is however hardly of the nature of a stationary vibra- 
tion, the point flying off to infinity and then coming back to the center 
from infinite distance on the opposite side, the direction of the motion 
remaining always the same. Such a motion is certainly not amenable to 
Fourier’s analysis. 

Professor Raman gives a general explanation of the phenomenon dis- 
cussing only the “small motion.” He writes:—“The explanation of 
these phenomena is that the small motion at the node is not in the same 
phase as the large motion elsewhere. It is evident from the photograph 
that the small displacement at the node is a maximum when the large 
motion elsewhere is a minimum: in other words, that its phase differs 
by exactly a quarter of a period of the vibration from that of the general 
motion of the string. The sign of the phase of the small motion at any 
node may be found from the following rule, which is verified by observa- 
tion. If the tuning fork which imposes the obligatory transverse motion 
is exactly at a node, it is opposite in phase to the small motion at the 
next node, and in the same phase as the motion at the node next after 
that, and so on.” (Researches in Acoustics, Sec. II, p. 9.) An independent 
method of demonstrating that the small motion differs in phase by a 
quarter of a period is given in Sec. I of “Researches in Acoustics,’’ as 
well as in the PHysicaL REviEw. The equation 


Vsiné , san _ 
sinaxcos —cosaxsin 
R? P 2a P 





J= 


is given as “containing in a nut shell the complete theory of the transverse 
small motion.” The theory of the longitudinal motion of the node has 
however not been investigated by Professor C. V. Raman though accurate 
observations and beautiful photographs illustrating the nature of the 
longitudinal motion have been recorded and published. 

In the present paper the longitudinal motion of the node is investigated 
from a very simple but fundamental principle which has been shown by 
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the present author to be valid in the case of vibration of “ether’’ strings.* 
It has been shown that, for light of all wave-lengths to travel with the 
same velocity, a/A must be a constant. The same relation can easily 
be proved for waves along a string. Now the stationary vibration of the 
string is regarded as the superposition of two waves traveling in opposite 
directions. In the ordinary ease we assume 


y = asin2x(t/r— x/d)+asin2x(t/r+2x/d) 
= [2acos2(x/d) |sin2x(t/r) 


to give the stationary vibration of a string. 
Now let the tuning fork send a wave along the string from left to 
right, given by 
y = asin2x(t/r— x/d) 
The reflection will be a wave given by 
y = asin2x(t/r— x/d1) 


where both a and ) are different from a; and ), on account of absorption 
of energy at the reflecting wall on the right. As the “large motion” of the 
node of the string is due to the phase difference resulting from the difference 
in the value of \, we can as a first approximation, neglect the small differ- 
ence between a and a, and take into consideration the difference of X 
only. We have then for the stationary vibration 


y = asin2x(t/r— x/d) +asin2x(t/r+2x/d1) 


which immediately gives the motion of the node parallel to the x-axis as 
a result of the variation of the velocity, and therefore of the wave-length, 
of the two interfering waves. This fact indeed is pointed out by Professor 
Raman himself though in slightly different language. He says that the 
result of his mode of attachment of string to fork prong is that the 
“frequencies of vibration in the two planes at right angles differ slightly 
and this has the desired effect of keeping the two component vibrations 
confined to their respective planes, if the tension of the string lies any- 
where within a definite range.”” Obviously the apparent change in 
frequency, regarded necessary for the maintenance of the vibration, can 
be attributed to difference in velocity or wave-length if the frequency 
be taken constant. 

This can be shown in another way. For the stationary vibration the 
transverse motion is given by Professor Raman in the form: 


y= AsinaxcospT+ BxcosaxsinpT (3) 
3 Ray, Zeits. f. Physik 8, 112 (1922). 
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This can be thrown into the form: 
y= 4Asin(ax+ pT) +}Asin(ax— pT) 
+3Baxsin(ax+ pT) + $Bxsin(pT—ax) (4) 


which means that on two “‘waves of constant type,” travelling in opposite 
directions, two waves of variable amplitude moving in opposite direction 
are superposed. In the second case the amplitude is proportional to the 
distance from the fixed end for both the positive and negative waves. 
This becomes, indeed, obvious if we consider an‘extremely slow motion 
of the string to and fro with the prong, without considering the wave 
generated. The string would sweep through a small angle and each 
point would, on account of this “bodily motion” of the string, describe 
a periodic motion with an amplitude proportional to the distance from 
the fixed end. The wave is superposed on this motion. 

To find the large vibration parallel to the string we put, for the sta- 


tionary vibration: 


y = asin2x(t/r— x/d) + asin2x(t/7+ 2/1) 
where A, <A. Hence, 
y = asin2x(nt— mx) +asin2x(nt+m’ x) 


where »=1/17, m=1/\, m’=1/A=m-+dm. 
Hence, since dm is small we have approximately 


y = [2acos2rmx |sin2rnt+ [2raxdm |cos2x(mx-+nt) 


= [2acos2amx |sin2ant— [2max(dd/d2)]cos2a(mx+nt) (5) 


which gives the superposition of a progressive wave on a stationary 
vibration. For a node we have y=0. The nodes therefore satisfy the 


relation 
cos2rmxsin2rnt = [rx(dd/d?*)]cos2a(mx-+nt 


and therefore 


sin 2rnt|cos 2rmx+asin 2xmx}=acos 2rm-x cos Zant 


led 
awl Tz2— | OF 
x2 


\2/Aadr+tan2emx=cot2rnt 


where 


or putting \*/rxd\ = N where N is a large number 


N/wxd+tan2emx=cot2rnt 
or 


x= Ntan2rat+ xtan2rmcxtan2rnt. (6) 
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If we neglect the second term of the right hand expression it reduces 
to the form which the photographs in ‘“‘Researches in Acoustics” suggests 
to the eye. It is a periodic motion only formally and not of the simple 
harmonic type. Over it is superposed another term which is, formally, 
similar to the stationary vibration formula for transverse motion, but is 
of the same open type as the last one. 

To find the amplitude of the vibration we can throw it into the form 


tan2ant=(N/x+tan2rmx)-! (7) 


When ¢=0, x =0 satisfies the equation. After a quarter period the position 
of the node is given by N/x= —tan 2rmx or 


N=—xtan2amx (8) 


If x is positive tan 2rmx must be negative, and for a value a little over 
3X the relationship will still be satisfied. The maximum excursion on the 
negative side will be a little under 4A. The motion is therefore not 
perfectly symmetrical, as Eq. (1) at first sight seems to be. The actual 
equation has, however, the advantage of making the amplitude of the 
large vibration “finite” and equal to the quantity }A found experimentally 
by Professor Raman. Also there is experimental evidence of the slight 
asymmetry of the motion in the stroboscopic photographs in the “Re- 
searches in Acoustics.”’ 


The velocity of the node parallel to the string is easily found from 
Eq. (7). We have 


— Ndx/x*?+2xmsec?2amxdx= — 2xncosec*2rntdt 


Therefore 


dx 2rncosec?2rnt 


dt N/x?—2xmsec?2amx 





(9) 


x? 2r 


= + : 
N—x?2xrmsec?2xmx (N/mx?+2x)tan?2rnt—2xrtan*2ematan?2rnt 





This makes the velocity zero at x=0, but enormously large for positive 
and negative values of displacement from this position. This explains 
by the persistence of vision the appearance of the node at the points 
where it is expected from the elementary consideration, when in reality 
it is describing (formally) about this position, a vibration of amplitude 
of 3d parallel to the length of this string. Of course, it is a question if it is 
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permissible to call it a vibration when the direction of the motion is 
always the same and is never anywhere reversed during the period of 
vibration. 

The node really possesses a progressive motion away from the source 
of energy, the velocity of the motion being periodically zero and very 
large depending upon the distance from the source of energy, the average 
velocity of the node being equal to the velocity of the wave along the 
string. (Cf. quotation from “Researches in Acoustics,’ Sec. II, p. 9 
given earlier.) 

The results of the above investigation hold also for stationary vibra- 
tions in air columns. The “large motion” of the node is met with experi- 
mentally in Kundt’s tube experiment. A drift of lycopodium dust is 
found to take place from the source of energy to the fixed wall opposite. 
For example Barton observes “By a continued sounding of the rod’s 
note, by stroking it, the dust figures should then change slowly by a 
motion in the ventral segments, from the disk towards the stopped end of the 
tube, until the dust is in little heaps at the nodes. This state, which is 
somewhat difficult to obtain, is shown in Fig. 83 of Barton’s textbook 
on Sound, p. 369. This drift, indeed, is a well known fact, but one for 
which no explanation is given. The phenomenon is due to the motion of 
the node in an air column being a complete analogue of the large motion 
of the node in strings described by Professor C. V. Raman. The author 
is glad to place on record that Professor Raman has accepted the explana- 
tion given here of his experiment. 


LucKNOW UNIVERSITY, 
February 6, 1926. 
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BOOK REVIEWS 


General Physics for the Laboratory. L. W. Taytor, W. W. Watson, and Cart 
E. Howe.—“Three policies have predominated in the development of this book: the 
presentation of a fairly complete outline of the theory of each experiment; the inclusion 
only of experiments for which standard apparatus is procurable; the formulation of the 
laboratory instructions in a rather unusually specific and detailed way.” In pursuance 
of these policies, the authors have presented the theory of each of the 49 experiments 
in such form that it may be assigned for study and for classroom discussion. This has 
necessitated the omission of a number of familiar experiments that one rather expects 
to find, at any rate if the manual is to be used for first-year students. Among such 
experiments are those on the compound pendulum, friction, melting points and heat of 
fusion, resistance measurement by other means than the Wheatstone bridge, the simple 
lens, mirrors, and thermoelectricity. On the other hand a summary of alternating- 
current theory is given in connection with the measurement of self-inductance, and there 
is an excellent experiment on the characteristics of thermionic vacuum tubes; no mention 
is made, however, of oxide-coated or thoriated filaments. The experiments on optics 
are particularly good. There are a few instances in which the text might be improved 
by the addition of a little more detail. Thus in the experiment on the Wheatstone bridge, 
no reason is given for closing the battery key first, nor for interchanging the positions 
of the unknown and known resistances; units are not always clearly specified; under 
“Measurement of Capacitance’’ we read ‘“‘experience shows that for most galvanometers 
the ratio p of successive damped swings is almost a constant’’: in view of the importance 
of thedecrement of oscillating systems reference should also be made to the simple theory, 
according to which this quantity is constant. In this same experiment it is tacitly 
assumed that the galvanometer scale is circular, and that the deflection is proportional 
toQ. With reference to the decrement, it is only from the context that one knows whether 
the “‘successive swings’’ are in the same direction or not. Such minor defects as these 
do not detract seriously from the value of the book, which deserves high praise. The 
reviewer heartily approves of the policy of giving rather full directions for manipulation. 
The excellent photographs of apparatus should prove of great aid to the student. The 
book concludes with an appendix on trigonometry and on descriptions of various instru- 
ments. The customary tables are provided.—Pp. vi+247, 145 figs. Ginn and Co., 1926. 


Price $2.40. 
W. G. Capy 


A Handbook of Physics Measurements. (Second ed., revised). Vol. I, Fundamental 
Measurements, Properties of Matter and Optics. E. S. Ferry, in collaboration with O. 
W. Silvey, G. W. Sherman, Jr., and D. C. Duncan.—The new edition* of this excellent 
laboratory manual differs from the former one chiefly in the inclusion of a 17-page chap- 
ter on Color Analysis, with accompanying chart and tables. This chapter treats briefly, 
but very clearly, of such topics as the specifications of a color, fundamental color, 
excitations, and the color mixture triangle, and contains detailed instructions for the 
use of the Keuffel and Esser color analyzer. The only other new feature in this edition 
of the first volume is an appendix containing twenty-six interesting and suggestive ‘‘lab- 
oratory problems and projects”. Otherwise the book is printed from the old plates, with 
the exception of the revision of a few numerical data in the tables. In common with 
most other laboratory manuals, this book gives no references to the sources from which 


* For review of the first edition see Phys. Rev., 14, 457 (1919). 
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the table of ‘‘constants”’ are derived. It seems to the reviewer desirable that such refer- 
ences should be given at least in cases when there is lack of agreement between different 
authorities. Attention may be called to two slight errors: the dealer in scientific appa- 
ratus named on page 189 has gone out of business since the appearance of the first edition; 
and near the foot of page 192 ‘‘Exp. 30” should read “Exp. 31."—Pp. xii+288, 162 
figs., 18 tables. John Wiley & Sons, New York, 1926. Price $2.50. 

W. G. Capy 


Elements d’Astrophysique. ALBERT Nopon.—This attractively prepared book, by 
the President of the Astronomical Society of Bordeaux, contains, in a small compass, a 
great deal of information about modern atomic and astrophysical theories, and a series 
of illustrations—many of them excellent—derived mainly from French sources. It 
has evidently been written by an enthusiastic lover of the subject, in the hope that others 
may be led to share his interest. Most regrettably, the presentation of current facts 
and theories is marred by many errors—some of which, but by no means all, can be 
attributed to the printer. Many of the illustrations are admirable in themselves; but 
there is often nothing in the text to explain them intelligibly to the ordinary reader. 
Considerable space is devoted to the presentation of certain conclusions of the author’s 
regarding the ultimate nature of the ether, the origin of gravitation, and the like. These 
views are frankly presented as speculative, so that no criticism is in order, except to note 
that the hypothetical data—such for example as the number of ultimate particles in a 
cubic millimeter of ether, are given to four significant figures. Pp. viii+244, 42 figs., 
Librairie Scientifique Albert Blanchard, Paris, 1926. Price 20 frs. 

Henry Norris Russet 


The Elements of Internal-Combusiion Engineering. TeELForD PETRIE.—The ever- 
growing importance of the gas engine in modern life makes it a subject with which the 
physicist needs at least a general familiarity. While this small volume is intended as a 
class room textbook, it will be found very readable and interesting in the descriptive 
parts, as well as simple and direct in the analytical part. The first three chapters are 
concerned with a description of the various types and their historical development. The 
diagrams used are somewhat unique in that they are very frankly not simplified construc- 
tional drawings but are very successful attempts to show only the necessary parts and 
mode of operation, so that the general situation may be quickly and vividly understood. 
The next two chapters develop the thermodynamic relations ot the ideal gas and ideal 
cycles. These relations are applied in the following two chapters to the cases of constant 
and of variable specific heats. This leads up to the use of entropy, of entropy charts, 
and of the charts involving the other variables, which are such effective aids in the solu- 
tion of these problems in terms of the complex properties of the working materials. The 
following three chapters are devoted to the problems of the formation of the explosive 
mixture, that is, carburetor and injector problems. The book closes with a short stimu- 
lating account of the probable future developments, among which the author expects 
the gas turbine to occupy a prominent place. The book is perhaps exceptional in its 
persistent reduction to arithmetical terms of each and every algebraic result. As a con- 
sequence, approximate solutions are continually discussed with their required or avail- 
able accuracy. A large group of such arithmetic problems is given at the end of the book. 
xi+236 pp., 62 diagrams, Longmans, Green and Co., New York City, 1925. Price $3.75. 

J. R. RoeBuck 


Principles of Physics. CHARLEs C. BipweL_.—‘‘This text is a development from 
notes used for several years in mimeograph form by students of engineering and chem- 
istry at Cornell University as a basis of a second course in physics. It is designed for 
those students who have completed an introductory course in college physics, and have 
had a first course in differential and integral calculus - - - - . The present volume is a 
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revision of the material previously published (1922) under the title Outlines of Physics. 
Numerous corrections and changes have been made and a considerable amount of new 
material added.’’ This little book is chiefly a formulation and brief discussion of the chief 
laws of mathematical physics. Statics and the mechanics of liquids are omitted on the 
one hand, while on the other hand there is almost nothing on modern electron and atomic 
theory. For example, under magnetic induction, the author goes no further than to 
mention ‘‘magnetized molecules.’’ There is less on some topics than in many first-year 
textbooks, as for example interference and diffraction. In the field covered, however, 
the book offers a well-written basis for more extended lectures to second-year students. 
The law of electromagnetic induction, p. 131, is commonly known as Neumann’s Law, 
and not as Lenz’s Law.—Pp. 230+ ix, 182 figs. Comstock Publishing Co., Ithaca. 
W. G. Capy 


Numerical Drill Book on Physics. LLoyD WILLIAM TayLor.—The outstanding 
features of this excellent little book of problems are these: nearly every example is 
stated in algebraic terms, demanding an algebraic solution before numerical values are 
substituted ; and four independent sets of numerical data are provided for each example, 
in a compact table which also contains the answers. The various numerical values are 
cleverly chosen so as to illustrate the course of phenomena under varying conditions, 
and can in many cases be used for the study of maximum or minimum effects. While 
the advantages of this plan are obvious, it invites the criticism that many of the prob- 
lems tend somewhat to conform to one general type, requiring less reasoning ability 
than facility in selecting the right formula. Nevertheless, the problems are so well 
chosen, and illustrate the operation of important physical laws so convincingly, that the 
book should find a warm welcome among physics teachers. The more advanced prob- 
lems demand very careful thought, and indeed some of them seem rather beyond the range 
of the average first-year student of college physics. On pp. 21 and 25 we note a conflict 
in statements concerning the numbering of problems using the English units and the 
metric units respectively. At the end of the book are a few mathematical and physical 
tables.—pp. viii+95, Ginn & Co., 1926. Price $1.00. W. G. Capy 


Probleme der Atomdynamik. Max Born. (German edition of Professor Born’s 
Massachusetts Institute of Technology Lectures)—The German edition of these 
lectures differs from the English primarily through the insertion of a brief sketch of 
recent solution of the problems of the complex structure of spectrum lines and of the 
complex Zeeman effect by Pauli and by Heisenberg and Jordan in terms of the new 
quantum mechanics and the Uhlenbeck-Goudsmit spinning electron hypothesis. The 
added material occupies only eight pages, but it represents a major victory for theoreti- 
cal physics. The record of achievement to the credit of the new theory in the few short 
months since its conception is, indeed, nothing short of astounding. 

The use of bold face type for matrix quantities in the German edition of these 
lectures adds not a little to the clarity and attractiveness of the text. An index has also 
been appended. Pp. VIII+183, 42 figures. Julius Springer, Berlin, 1926. Price 10.50 
RM, 12.00 RM _ bound. 

E. C. KEMBLE 


Structure et Activité Chimique. In April of last year, there was held the second 
called meeting of the Conseil de Chimie of that unique organization, the Institut Inter- 
national de Chimie Solvay. The topic set for discussion by the committee is indicated 
by the title of the present volume, which publishes the results of the council’s work. 
It is set forth under the following sub-headings:—The Spreading of Liquids on Water 
and on Solids; Crystal Structure and X-Rays; Chemical Activity; Reactivity of Mole- 
cules. 
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Each topic is handled by individual reports and discussions, partly from the floor, 
and in some cases communicated, in the style familiar in the symposia of the Faraday 
Society. The discussions are full, and set forth without fear or favor. 

The book is a mine of information and opinion for physicist as well as chemist, 
covering as it does that field between the atom and chemical reaction, which is of 
interest to both sciences. In order to make it clear that the reports are of importance, 
and that the discussion of the reports is worth reading, it is only necessary to point out 
that they represent the work, ideas, and opinions of men such as the following: Sir 
W. B. Hardy; the Braggs; M. J. Duclaux; T. M. Lowry; M. Tiffeneau; J. Perrin; E. K. 
Rideal; Euler, and others. In closing, it may be said that probably the most interesting 
report is Perrin’s attempt at correlation of the mass law with a new statement of the 
radiation hypothesis, which called forth some sixteen pages of discussion, pro and con. 
The reviewer regrets that the absence of Tiffeneau prevented a discussion of his fine 
report on the influence of groups on reactivity, and on the inter-atomic ties in molecues. 

Taken as a whole, there is no other single place known to the reviewer, in which 
there can be found the views of so many European scientists on these topics. It is to be 
hoped that when the committee calls another council the international aspect may be 
still further stressed by the inclusion of some Central European and North American 
scientists. Pp. XIV+672. Gauthier-Villars and Cie, Paris, 1926. Price 80 fr. 

W. H. HunTER 
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ERRATA 


SMALL-SHOT EFFECT AND FLICKER ErFrect. Walter Schottky. Vol. 28, pp. 74-104. 
July, 1926.— 
Pages 79-80, Figs.: The abscissas of Figs. 3 and 4 should be labelled “‘v’’ instead of 
ag 
Page 80, Fig. 4: An arrow 5 mm to the right of letter D is omitted. 
Page 81, line 1 of footnote 8: should read ‘‘The cooling effect’’ instead of ‘‘This.”’ 
Page 88, line 10: should read ¢, instead of #. 
Page 88, line 12: The expression on line 12 should be numbered (8). 
Page 89, line 1: should read Eq. (9) instead of Eq. (7). 
Page 89, Eq. (11): should read No instead of Nj. 
Page 90, line 3: should read ¢, instead of t. 
Page 90, last paragraph: Omit “Since” and put “for’’ instead of “‘it follows, that.” 
Page 93, Figs. 6a and 6b: The figure labelled 6a should be 6b and vice versa. 
Page 100, two lines before Eq. (29): should read @, instead of 0. 
Page 102, one line before Eq. (32’): should read Qoo instead of go. 
Page 102, Eq. (33): should read M instead of 14. 


PHYSICAL PROPERTIES OF WELL SEASONED Mo AND TA AS A FUNCTION OF TEMPERA- 
TURE. A. G. Worthing. Vol. 28, pp. 190-202. July, 1926.—The radiation intensities 
for tantalum as given in Table IV, page 200, should be corrected to read as follows: 


Temperature Radiation intensity 7 
in degrees K in watts/cm?* 

1600 7.3 

1800 12.8 

2000 21.2 

2200 33.4 

2400 50.7 

2600 75. 


2800 106. 
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Hall effect in Bi films, T. F. Hargitt—28, 1034 
In As, N.C. Little—28, 418 
Theory, E. H. Hall—28, 392 


Hall Effect (see Galvanometric Effects) 
Heat of Dissociation 
Of He, from band spectrum, E. E. Witmer—28, 
1223 
Of Oz, Nz, CO, NO, R. T. Birge, H. Sponer—28, 
259 
Heat of Reaction 
Of Na—Hg and K—Hg amalgams, F. E. Poin- 
dexter—28, 208 
Heaviside Layer 
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Ionization by Electron Impact (see also Potentials, 


Critical) 
In Hg vapor, critical potentials, E. O. Lawrence 
—28, 947 
In NO, analysis of ions formed, T. R. Hogness, 
E. G. Lunn—28, 849(A) 
Ionization by Radiation (see also Photo-electric Ef- 
fect) 
In Cs, K, A, Ne, F. L. Mohler—28, 46 
In Cs vapor, efficiency, E. M. Little—28, 848(A) 
Ionization, Natural (see also Cosmic Rays) 
As function of depth in snow-fed lakes, R. A. 
Millikan, G. H. Cameron—28, 851 
In spherical containers, theory, J]. W. Broxon—28, 
1071 
Ions (see also Mobility) 
Passage through small orifice in charged plate, 
L. Tonks, H. M. Mott-Smith, I. Langmuir—28, 
104 
Theory of collectors in gaseous discharges, H. M. 
Mott-Smith, I..Langmuir—28, 727 
Isotopes 
Of Mg, Ni, K, from infra-red absorption bonds, 
E. K. Plyler—28, 284 


Luminescence : 
Of BaBr, under a, 8, vy, radiation, L. E. Smith 
—28, 431 
Luminosity 
Of comets, H. Zanstra—28, 428(A) 
Magnetic Properties 
Magnetic moments of alkali metal atoms, J. B. 
Taylor—28, 576 
Magnetostriction in Fe, Ni and permalloy, L. W. 
McKeehan, P. P. Cioffi—28, 146. 
Magnetostriction in permalloy, significance, L. W 
McKeehan—28, 158 
Permeability of Fe in high frequency fields, G. R. 
Wait—28, 848(A) 
Susceptibility of metallic oxides, E. H. Williams 
—28, 167 
Magnetostriction (see Magnetic Properties) 
Melting Point 
Of Ta, A. G. Worthing—28, 174 
Metastable Atoms 
In Hg vapor, critical potentials, H. A. Messenger 
—28, 962 
Michelson-Morley Experiment 
Miller’s repetition, relation to relativity, L. Page, 
C. M. Sparrow—28, 384 


Test for existence, G. Breit, M. A. Tuve—28, , Mobility of Ions 


554 
Impedance, Acoustic (see Acoustics) 


Acetylene ions in air, H.A. Erikson—28,428(A),372 
In corona discharge, W. M. Young—28, 129 
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Molecular Structure (see also Heat of Dissociation) 

Energy states and moments of inertia 

In Co, R. T. Birge—28, 1157 

In Cu, Al, Au, Ag hydrides, E. Hulthén and R. V. 
Zumstein—28, 13 

In diatomic molecules, R. S. Mulliken—28, 481, 

In iodine, from resonance spectrum, E. C. Kemble, 
E. E. Witmer—28, 633 

In O2, 02+, CO, CO*, No, N2*, NO, R. T. Birge and 
H. Sponer—28, 259 

Rotation of molecules, theory, D. M. Dennison— 
28, 318 ° 


Nodal Motion (see Acoustics) 


Penetrating Radiation 
Absorption coefficient in snow-fed lakes, R. A. 
Millikan and G. H. Cameron—28, 851 
Permeability (see Magnetic Properties) 
Photo-electric Effect 
In crystals, effect of recombination, W. H. Wise 
—28, 57 
In Cs, K, A, Ne, F. L. Mohler—28, 46 
In Cs vapor, efficiency, E..M. Little—28, 848(A) 
Of hot oxide-coated filaments, W. H. Crew—28, 
1265 
Photographic Sensitivity 
To low speed electrons, K. Cole—28, 781 
Physical Properties 
Of Mo and Ta as function of temperature, A. G. 
Worthing—28, 190; corrections—28, 1331 
Pianoforte 
Acoustics of, R. N. Ghosh—28, 1315 
Polarization of Radiation 
Excited by electron impact in Hg, J. A. Eldridge, 
H. F. Olson—28, 847(A), 1151 
Of characteristic x-rays, J. B. Bishop—28, 625 
Of scattered x-rays, P. A. Ross—28, 425(A) 
Positive Ions 
Impact on metals, secondary electrons, W. J. 
Jackson—28, 524 
In discharge in NO, analysis, T. R. Hogness and 
E. G. Lunn—28, 849(A) 
Potentials, Critical 
In Cs, K, A, Ne, from photo-electric effect, F. L. 
Mohler—28, 46 
In Hg, from band spectrum, E. E. Witmer—28, 
1223 
In Hg, vapor, precision determination, E. O. 
Lawrence—28, 947 
In Hg vapor, relation to intensity of spectrum 
lines, D. R. White—28, 1125 
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In Hg vapor, significance in terms of metastable 
atoms, H. A. Messenger—28, 962 

In NO, analysis of ions produced, T. R. Hogness 
and E. G. Lunn—28, 849(A) 

Of C and Ca for soft x-rays, K. T. Compton, 
C. H. Thomas—28, 601 

Proceedings of American Physical Society 

Oakland Meeting, June 17, 1926—28, 425 

Oakland Meeting, Supplementary Program—28, 
847 


Quantization in Space 

Effect on dielectric constant of HCI and NO, 
L. M. Mott-Smith, C. R. Daily—28, 976 

Of alkali metal atoms, J. B. Taylor—28, 576 

Quantum Theory 

Application of Pauli’s method of coordination, 
G. Breit—28, 334 

Dynamical model for complex atoms, J. C. Slater 
—28, 291 

Hydrogen spectrum, new quantum theory, C. 
Eckart—28, 927 

Operator calculus, solution of equations of quan- 
tum dynamics, C. Eckart—28, 711 

Rotation of molecules, new quantum theory, D. 
M. Dennison—28, 318 

Specific heat of hydrogen, comparison with experi- 
ment, E. Hutchisson—28, 1022 

Specific heat of hydrogen, relation to new quan- 
tum theory, J. H. Van Vieck—28, 980 

Spinning electron in hydrogen-like spectra, C. F. 
Richter—28, 849(A) 

Stark effect, from Schroedinger’s theory, P. S. 
Epstein—28, 695 

Undulatory theory of atomic dynamics, E. 
Schroedinger—28, 1049 


Radiation (see ‘also X-Rays, Spectra) 

Duration, in Hz under 10.2v electron impact, 
F. G. Slack—28, 1 

Interaction with matter, fluorescent exciting 
power, E. H. Kennard—28, 672 

Ionization efficiency in Cs vapor, E. M. Little 
—28, 848(A) 

Ionization in Cs, K, Ne, F. L. Mohler—28, 46 

Polarization when excited by electron impact, 
J. A. Eldridge, H. F. Olson—28, 1151 

Polarization when excited by electron impact, 
A. Ellett, J. A. Eldridge, H. F. Olson—28, 
847(A) 

Resonance, reflection and polarization; proposed 
experiment, A. E. Ruark—28, 427(A) 

Scattering by gaseous mixtures, L. A. Ramdas— 
28, 1030 
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Radiation (cont.) 
Time interval for appearance of spectrum lines 
of Cd, Zn, Mg, No, He, J. W. Beams—28, 475 
Time interval for appearance of spectrum lines of 
He, Hg, J. W. Beams, P. N. Rhodes—28, 1147 
Total, from Mo and Ta at temperatures up to 
melting point, A. G. Worthing—28, 190; cor- 
rections—28, 1331 
Total, from W filament, 3000°—3655°K, H. A. 
Jones—28, 202 
Radio (see Wireless) 
Radioactivity 
Luminescence of BaBr2 under a, 8, y radiation, 
L. E. Smith—28, 431 
Refractive Index 
Of Hg vapor, F. E. Klingaman—28, 665 
Reflectivity 
Of Mo and Ta as function of temperature, A. G. 
Worthing—28, 190 
Relativity 
Relation to Miller’s repetition of Michelson- 
Morley experiment, L. Page, C. M. Sparrow 
—28, 384 
Repetition of Trouton-Noble experiment, C. T. 
Chase—28, 378 
Resonance Potential (see Potentials, critical) 
Resonance Radiation (see Radiation, Resonance) 


Scattering of Radiation (see also Compton Effect’ 
X-rays (Scattering) ) 
Of light by gaseous mixtures at high pressure, 
L. A. Ramdas—28, 1030 
Shot Effect 
And flicker effect, theory, W. Schottky—28, 74; 
corrections—28, 1331 
In aperiodic circuits, N. H. Williams and H. B. 
Vincent—28, 1250 
Spark Discharge 
Characteristics, W. P. 
Brattain—28, 428(A) 
Specific Heats 
Of H:, comparison of theory with experiment, E. 
Hutchisson—28, 1022 
Of Hz, relation to new quantum theory, band spec- 
tra, chemical constant—J. H. Van Vieck—28, 
980 
Of Li and Na, 0° to —240°C, C. C. Bidwell—28, 
584 
Spectra, Absorption 
Of brucite and some sulphates, isotopic effect, 
E. K. Plyler—28, 284 
Of Cu, Ag, Au, Al vapors, E. Hulthén, R. V. 
Zumstein—28, 13 


Boynton and W. H. 
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Of organic compounds CH2, Cl,, CHCl:, CH:Bre, 
CHBrs, CH;I, CHale, band series, J. W. Ellis 
—28, 25 

Of organic dye solutions, relation to fluorescence, 
E. Merritt—28, 684 

Of Pd and Pt triads, W. F. Meggers, O. Laporte 
—28, 642 

Spectra, Band 

Intensity distribution in band systems, theory, 
E. Condon—28, 1182 

Of CO, R. T. Birge—28, 1157 

Of diatomic molecules, interpretation of CuH, 
CH, and CO band-types, R. S. Mulliken—28, 
481 

Of diatomic molecules, terms of form B(j?—¢*), 
R. S. Mulliken—28, 1202 

Of H:2, combinations in the ultra-violet, G. H. 
Dieke, J. J. Hopfield—28, 849(A) 

Of H2, continuous spectrum, W. H. Crew, and 
E. O. Hulburt—28, 936 

Of Hz, relation to critical potentials and heat of 
dissociation, E. E. Witmer-—28, 1223 

If Hz, relation to specific heat, J. H. Van Vleck 
—28, 980 

Of iodine, interpretation of resonance structure, 
E. C. Kemble, E. E. Witmer—28, 633 

Of metallic hydrides, E. Hulthén and R. V. Zum- 
stein—28, 13 

Of organic compounds, J. W. ‘Ellis—28, 25. 

Relation to heat of dissociation of CO, NO, Ox, 
Ne, R. T. Birge, H. Sponer—28, 259 

Spectra, Line 

Effect of changes in potential and frequency on 
line spectra, J. A. Swindler—28, 1136 

Intensity in Stark effect of He, J. M. Dewey—28, 
1108 

Inverted multiplets, relativity doublets in complex | 
atoms, J. C. Slater—28, 291 

Of argon, hydrogen and oxygen, in discharge 
tube, F. R. Terroux—28, 1242 

Of Be; and Ber, series relations, I. S. Bowen, 

@ R.A. Millikan 28, 427(A), 256. 

Of C and Fe in extreme ultra-violet, wave-length 
standards, S. Smith, R. J. Lang—28, 36 

Of C, N, O, and Al, wave-length standards in 
extreme ultra-violet, I. S. Bowen, S. B. Ingram 
—28, 444 

Of Cu, series relations, A. G. Shenstone—28, 
449 

Of H, intensities in fine structure, W. V. Houston 
—28, 428(A) 

Of H, new quantum theory, C. Eckart—28, 927 





i 
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Spectra, Line (cont.) 
Of Hg, voltage intensity relations, D. R. White 
—28, 1125 
Of Pd and Pt triads, W. F. Meggers, O. Laporte 
—28, 642 
Of Yin and Zrry, series relations, I. S. Bowen and 
R. A. Millikan—28, 923 
Spinning electron in hydrogen-like spectra, C. F. 
Richter—28, 849(A) 
Time interval between appearance of lines of Cd, 
Zn, Mg, No, Ho, J. W. Beams—28, 475 
Time interval between appearance of lines of 
He and Hg, J. W. Beams, P. N. Rhodes—28, 
1147 
Spectroscopy, Methods and Technique 
Standard wave-lengths in extreme ultra-violet, 
I. S. Bowen, S. B. Ingram—28, 695 
Standard wave-lengths in extreme ultra-violet, 
S. Smith, R. J. Lang—28, 36 
Stark Effect 
Dielectric constant of H from second order term, 
E. Aylesworth—28, 847(A) 
From standpoint of Schroedinger’s quantum the- 
ory, P. S. Epstein—28, 695 
Theory of intensities for He, J. M. Dewey—28, 
1108 
Static Machine 
Three inductor, theory, A. W. Simon—28, 142 
Wimshurst’s, theory, A. W. Simon—28, 545 


Temperature Scale 
For tungsten, H. A. Jones—28, 202 
Terrestrial Magnetism and Electricity 
Relation of terrestrial electrostatic distrubances 
to solar disturbances, F. Sanford—28, 429(A) 
Thermal Conductivity 
Of Liand Na from 65° to —240° C, C. C. Bidwell 
—28, 584 
Thermal Emissivity 
Of Mo and Ta, as a function of temperature, 
A. G. Worthing—28, 190; corrections—28, 1331 
Of Ta, Pt, Ni, and Au as a function of tempera- 
ture, A. G. Worthing—28, 174 
Thermal Expansion 
Of Mo and Ta as a function of temperature, A. G. 
Worthing—28, 190; corrections—28, 1331 
Thermionic Emission of Electrons 
Effect of H, atmosphere on velocity distribution, 
C. del Rosario—28, 769 
Effect of light, W. H. Crew—28, 1265 
Of Cs on tungsten and oxidized tungsten, J. A. 
Becker—28, 341 





SUBJECT INDEX 


Shot-effect in aperiodic circuits, N. H. Williams, 
H. B. Vincent—28, 1250 
Small shot effect and flicker effect, W. Schottky 
—28, 74; corrections—28, 1331 
Work function of oxide-coated platinum, variation 
with temperature, M. S. Glass—28, 521 
Thermionic Emission of Positives 
From Cs on tungsten and oxidized tungsten, J. A. 
Becker—28, 341 
Thermomagnetic Effects 
In As, N. C. Little—28, 418 
Trouton-Noble Experiment 
Repetition, C. T. Chase—28, 378 


Valence 
Magnetic theory, E. H. Williams—28, 167 
Vapor Pressure 
Of solid Na and solid K amalgams, F. E. Poin- 
dexter—28, 208 
Velocity Filter 
For electrons and ion, W. R. Smythe—28, 1275 
Viscosity 
Flow of liquids through capillaries, N. E. Dorsey 
—28, 833 


Wireless 
Existence of the conducting layer; test, G. Breit, 
M. A. Tuve—28, 554 
Work Function (see Thermionic emission of elec- 
trons) 


X-Rays 

Absorption 

Effect of temperature, in Ag and Ni, H. S. Read 
—28, 898 

In certain elements from C to U, A0.08 to 4.0A, 
S. J. M. Allen—28, 907 

K absorption of Ca in calcite, gypsum and fluorite, 
G. A. Lindsay, G. D. Van Dyke—28, 613 


Energy 

Efficiency of x-ray tube, H. M. Terrill—28, 
438 

Of high velocity electrons, M. W. White—28, 247 
Isochromats 


Of Cu in different directions relative to cathode 
stream, W. W. Nicholas—28, 425(A) 
Polarization 

Of characteristic x-rays, J. B. Bishop—28, 625 

Of scattered x-rays, P. A. Ross—28, 425(A) 
Reflection 

From powdered crystals, effect of crystal size, 
R. J. Havighurst—28, 882 
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X-Rays (cont.) 


, ; : Soft X-Rays 
From powdered NaCl, NaF, LiF, CaFs, intensi- From C, Cu, W, improvements in technique, K. T, 
ties, R. J. Havighurst—28, 869 Cc 
Ee . ompton, C. H. Thomas—28, 601 
From the principal atomic planes of powdered het 
NaCl, relative intensities, L. Harris, S. J. Tec — ae 
Bates, D. A. MacInnes—28, 235 Analysis of fluctuations in a high voltage d. c. 
Refraction system, L. P. Dickinson—28, 429(A) 
By small particles, R. von Nardroff—28, 240 In soft x-ray measurements, K. T. Compton, C. H. 
Scattering (see also Compton effect) Thomas—28, 601 
By Cu, spatial distribution of intensity, G. E. M. X-Ray Spectra 
Jauncey, A. W. co ay sop . Intensity distribution in Ka doublet of fluores- 
gray ee | "ae a Se cent x-rays, Zn to I, Y. H. Woo—28, 427(A) 
Polarization of scattered x-rays, P. A. Ross— K absorption edge of Ca in calcite, gypsum and 


28, 425 (A) fluorite, G. A. Lindsay, G. D. Van Dyke—28, 613 
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PREPARATION OF PRELIMINARY ABSTRACTS 


An article will not be accepted for publication in THe PuysicaL REVIEW unless the 
manuscript is accompanied by an adequate abstract for publication at the beginning of 
the article. This abstract is intended to aid the reader by furnishing an index and a 
brief summary of the contents of the article. Besides serving these purposes it should 
also be suitable for reproduction in abstract journals so as to make it unnecessary for 
the editors of these journals to have another abstract prepared. 


As an index it should be complete; all the subjects, major and minor, concerning 
which new information is presented, should each be given, with sufficient precision 
so that any reader can tell from the abstract whether the article contains anything of 
interest to him. The subject indexes of abstract journals are fundamental in reference 
work. These indexes are prepared exclusively from the abstracts and whatever is omittted 
from the abstracts cannot be included in the index and may thus be lost. The writer 
of an abstract should therefore feel himself under an important obligation to his scientific 
colleagues to make sure that the abstract is accurate and complete, at least as an index. 


Asa summary the abstract should give briefly the conclusions of the article, important 
advances in experimental technique and theory, and all numerical results of general 
interest that may be conveniently given including all that might belong in a hand book 
and table of constants. It should give all the information that readers who are not 
specialists in the particular field involved might desire to know about the article thus 
saving them the time and trouble in referring to the article itself. Experience has shown 
that in general the length of the abstract should be from four to eight percent of the 
length of the article. 


Tue PuysicaL REviEw 1923-1925 contains many examples of adequate abstracts. 
Most of these contain paragraph titles and subtitles which indicate the subjects con- 
cerning which new information is given and it is requested that authors include such 
subtitles when all the information contained in the article does not refer to the subject 
indicated by the title of the article. Such subtitles may be frequently avoided by re- 
wording the title so as to make it more precise. 
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Siemens & Halske 
Precision Millivolt — 


and Voltmeter 


is used largely by Physi- 
cists, Electrical, and Elec- 
trochemical Engineers in 
Research Laboratories. It 
is different in design, con- 
struction and _ characteris- 
tics from any _ other 
d.c. measuring instrument 
made. 

As a Millivoltmeter the range 
is 0 to 45 mv., with resistance of 
10 ohms; and as a Voltmeter 
the range is 0 to 3 volts, with a 
resistance of 1000 ohms. All 
ranges are compensated for tem- 
perature changes; it is accurate 
and it holds its calibration. 


Illustrated Catalog ro15-R will be 
sent on request. 
Write for copy 
JAMES G. BIDDLE 


Scientific Instruments 
1211-13 Arch Street, PHILADELPHIA 





Price 


Cat. No. Description 
560001 Precision Millivolt and Voltmeter 
for 45 millivolts and 3 volts, 150 
scale divisions. Complete with 
eS eer $74.25 
560006 Precision Combined Manganin 
Shunt for .015, .03 and .075 
amperes 
560007 Ditto, for .15, .3 and .75 amperes.$13.50 
§60008 Ditto, for 1.5, 3 and 7.5 amperes. $14.40 
560009 Ditto, for 15 and 30 amperes... .$15.30 
560010 Precision Manganin Shunt for 75 
IEE: incocnetnessteensed wake $ 9.00 
§60021 Combined Multiplier for 15, 30, 
75, 150 and 300 volts.......... $36.00 


The abore prices are net f.o.b, Philadelphia 














Cross section notebooks 
for rough curves 


We have two sizes: 


The 8x10 book has 150 


pages and is graduated five squares to the inch. 


The price is ninety-five cents postage paid. 


The smaller size 7x8™% is graduated four 


squares to the inch and sells for seventy-five 


cents postage paid. 


CORNELL CO-OPERATIVE SOCIETY 


BARNES HALL 


ITHACA, N. Y. 
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(Published on the 15th day of each month) 
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with the co-operation of the 
NATIONAL PHYSICAL LABORATORY 
Price, Single Copies, 2s. 6d. 

*Annual Subscription, 30s. including postage.* 
Send Subscriptions to the 
Cambridge University Press, Fetter Lane, London, E. C. 4 








CONTENTS OF SEPTEMBER ISSUE 
(Vol. III, No. 12) 


Sound Pulse Photography us applied to the Study of Architectural Acoustics. By A. H. 
Davis and N. Fleming. 


The Use of the Hot Wire Detector in determining the Path of Vortices. By FE. Tyler. 

On the Technique of Making Thin Celluloid Films. By James Taylor. 

The Use of Glass Electrodes. By Phyllis M. Tookey Kerridge. 

On Some Sensitive Reflecting Flow-meters. By R. M. Archer. 

New Instruments. 

Laboratory and Workshop Notes. 

Review. 

Tabular Information on Scientific Instruments: XII. Permanent Magnet Voltmeters and 
Ammeters. 

Index to Volume IIT. 





This Journal is devoted to the needs of workers in every branch of science and manu- 
facture involving the necessity for accurate measurements. Its scope includes Physics 
and Chemistry, Optics and Surveying, Meteorology, Electrical and Mechanical Engineer- 
ing, Physiology and Medicine. 


*Volume IV commences with the October number. This volume only will contain 
15 parts and the Annual Subscription will be 37/6. .Vols. I, II and III can be obtained 
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BECBRO 


Laboratory 
Rheostats 





Screw Adjustment Type 


“BECBRO” Rheostats carried in stock include numerous ratings. 

Included in the stock sizes are tubular types of length 20”; 16”; 8”; the resistance 
element being Wire or Ribbon. 

ch tube has a slider adjustment which varies the resistance by very small steps from 
Zero to total value of the unit. 

The approximate total resistance of these stock rheostats vary from 0.3 ohm to 30,000 
ohms per unit, and have corresponding current capacities of 25 amperes down to 0.1 
ampere. : : 

Rheostats of more or less special construction include the Single Tube equipped with 
two rods and two sliders; Single and Double Tube equipped with Screw Adjustment (see 
cut); Double and Triple Tubes mounted as a Unit; Non-Inductive Wound Tubular and 
Stone Types. : 

“BECBRO” Carbon Compression Rheostats with corresponding Normal Ratings of 
250; 1000; 1500; 3000 Watts. 


Write for Catalog P-20 


BECK BROS. aoe 
3640-42 North Second Street Philadelphia, Pa. 
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A NEW METHOD 


of Recording Frequency 


Bulletin No. P-985, issue of 1926, describes the new 
L. & N. Frequency Recorder, of which advance 
announcement was made in the 1925 N.E.L.A. Meter 
Committee report. Extremely sensitive, it records on 
a very open scale. 


It is accurate to 745 cycle at 60 cycles and is perma- 
nent in calibration. 


It has negligible temperature coefficient. 


Write for Bulletin P-985 






LEEOS & NORTHRUP COMPANY 
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It takes long prac- 
tice, skill and 
judgment to 

make PYREX 


















PYREX 


Industrial Equipment 


Wherever visibility or chemical 
stability is deésirable—or where 
corrosion or heat resistence is a 
factor, PYREX equipment is 
replacing metal installations in 
more and more industrial plants. 


The services of specially trained 
engineers are available without 
cost or obligation. Write for in- 
formation. 


* PYREX equipment 


for general laboratory use: 


Beakers 

Flasks 

Test Tubes 
Combustion Tubes 
Condensers 

Funnels 

Graduates 
Graduated Cylinders 


son he, 
Cane. 
ce \) 


waa 


*Trade Mark Reg. U’. S. Pat. Off. 








Generations of research with 
materials and equipment 
produced this glassware 


‘THE glasses and products trade-marked PYREX 
(Reg. U. S. Pat. Off.) are made by the largest 
manufacturer of technical glassware in the world— 
Corning Glass Works. PYREX laboratory glass- 
ware was developed out of specialized knowledge 
founded on generations of experience. 


Trained craftsmen—not merely “glass-blowers” 
—highly specialized mechanical processes and keen, 
intelligent inspection, all are applied to maintain 
the high quality of PYREX laboratory glassware. 


Impressive evidence of faithfulness to this code 
is the confidence of chemists everywhere in the 
uniform hégh quality and dependability of PYREX 
laboratory equipment. 


Highly resistant to heat, to sudden cooling, and 
of high chemical stability, PYREX laboratory 
glassware is used in leading laboratories here and 
abroad. Because of its toughness and resistance 
under exacting conditions, it will long outlast other 
glassware—eliminating the annoyance and needless 
expense of constant replacement. Write for latest 
catalog. 


CORNING GLASS WORKS 


Laboratory Glassware Division: Corning, N. Y. 
New York Office: 501 Fifth Avenue 


Largest makers of technical glassware in the world 
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Interchangeable slit systems 





Used in obtaining diffraction 
patterns of powdered crystals 
mounted in capillary tube. 
Gives a beam identical with 
that given by the former type 


of slit system. 





Used in obtaining diffraction 
patterns of thin sheets of a 
substance transparent to 
x-rays. ‘ 





Used with a filter in deter- 
mining preferred orientations 
of rolied metals, etc. Without 
a filter, is suitable for the 
Laue method. 


~a new important feature of the 
GE Xray Diffraction Apparatus 





This apparatus provides 
the best methods for the 
accurate determination of 
most crystal structures, 
for supplementing ordi- 
nary metallographic meth- 
ods, and in some cases for 
qualitative chemical anal- 
ysis of solids. 


These three types of slit systems can be used 
interchangeably in the improved G-E X-ray 
Diffraction Apparatus, which has been altered to 
provide for this feature. 


In the above view of these slits, the white area 
represents the slit that defines the x-ray beam; 
the black area represents the larger, bell-shaped 
slit, the edges of which stop the stray rays that 
would fog the film. 


The ability of this apparatus to take diffraction 
patterns of several types of specimens makes its 
use most advantageous in research and factory- 
control work. 


Address the Special Products Section at Sche- 
nectady for complete information. 


GENERAL ELECTRIC 


GENERAL ELECTRIC COMPANY, SCHENECTADY, N.1 Y., SALES OFFICES IN PRINCIPAL CITIES 
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PHOTO-ELECTRIC CELLS—Pure sur- 
face of electrolytic sodium in extremely 
i} high vacuum gives perfect stability with 
minimum fatigue under most exacting 
conditions. May be used on wide range of 


voltage. 





ROBERT C. BURT 


: Scientific Instruments 
327 S. Michigan Ave., PASADENA, CALIF. 

















Wire As Fine As You 
Want It 


E HAVE Platinum wire as fine as .00025 M/M (.00001”). 
Ye Palladium wire, Platinum 90%-Rhodium 10%, Gold 60%- 
Palladium 40%, Gold, Silver, Copper and Aluminum wires 

as fine as .0025 M/M (.0001”). 


| Wire so fine cannot be drawn bare. It can be made only by the 
Wollaston process. By this method, before drawing, the wire is 
covered with a jacket of another metal. This composite wire is then 
reduced to the possible limit of fineness. When put to practical use, 
the jacket is dissolved off, leaving the minute core. Directions for 
doing this are included with each shipment. 


{| We can supply bare-drawn wire as fine as .0175 M/M (.0007”). 


{ Consult us about your wire needs. Our experience and our skill 
are at your service. 


BAKER & CO., INC. 
54 Austin Street, Newark, N. J. 
30 CHURCH ST., NEW YORK 5 SO. WABASH AVE., CHICAGO 
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Western Electric 
Cathode Ray Oscillograph Tube 






Pattern of Frequency 
Match 100 & 400 cycles— 
on Oscillograph Screen. 


Pattern of Damped Os 
cillating Discharge of 
Condenser through an 
Inductance. 


No. 224-A Vacuum 
Tube in No. 122-A 
Vacuum Tube Socket 


Known also as the Western Electric No. 224-A Vacuum Tube, 
the instrument illustrated is a low potential Cathode Ray 
Oscillograph Tube of the hot filament type, superior to high 
voltage tubes in sensitivity, reliability and ease of operation. 


| By means of this tube, it is possible to obtain graphic repre- 


sentations for determining and measuring, regardless of fre- 
quency, the performance characteristics of electrical apparatus 
and also of mechanical apparatus which by its motion is 
capable of affecting an electrical circuit. Due to the practical 
absence of inertia in the moving system of the tube it can 
follow frequencies up to millions of cycles per second. 


Write for a copy of descriptive bulletin T-722-2 
Distributed by 


ELECTRIC COMPANY 


1 SUCCESSOR TO Western Electric suppiy DEPARTMENT 

Scientific Equipment Division 
9 East 41st Street New York, N. Y. 
30 North Michigan Boulevard Chicago, Ill. 
910 Cherry Street Philadelphia, Pa. 
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The Improved Type of (Compton 


Quadrant Electrometer 





Write for descriptive circular 


CHARLES R. STRYKER 


KINGSTON, NEW JERSEY, U. S. A. 
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Contemporary Physics 

By Karl K. Darrow, Member of 
the Technical Staff, Bell Tele- 
phone Laboratories. The chief 
phenomena upon which contem- 
porary atomic theories are based. 
Published September 1926. $6.00 


Transmission Circuits 
for Telephonic Com- 


munication 
By K. S. Johnson, Member of 
the Technical Staff, Bell Tele- 
phone Laboratories. The theory 
and practical principles of trans- 
mission circuits and lines. Price 
$5.00 


X Rays and Electrons 


By Arthur Compton, Professor 
of Physics at the University of 
Chicago. Important original in- 
vestigations on the subject, as 
well as the valuable contribu- 
tions of other scientists. Pub- 
lished October 1926. $6.00 


Theory of Vibrating 
Systems and Sound 


By Irving B. Crandall, Member 
of the Technical Staff, Bell Tele- 
phone Laboratories. Published 
August 1926. $5.00 


D. VAN NOSTRAND CO., 8 Warren Street, New York City 








Back Numbers Wanted of the 
PHYSICAL REVIEW 


We will pay $1.50 each for copies of the January, 


February, April and May issues of Volume 7, 1916; 


also $0.75 for copies of the January 1922 issue. 


Send to the Physical Review, 1500 University Ave. 


S. E., Minneapolis, Minnesota. 
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Optimus Plating Barrel and Cylinders made by A, P. Munning & Co., Matawan, N. J. 


Bakelite Laminated 
for electro-plating equipment 


Plating barrels are sub- 
jected to rough usage and 
also to chemical action 
during their long immer- 
sion in the bath. Few 
materials will stand up in 
this trying service. 
Because Bakelite lami- 
nated is unaffected by 
plating baths, will not 
warp and is extremely 
tough and strong, the A. 
P. Munning Company are 
using it for making plat- 
ing barrels for certain 
classes of work. 


Bakelite laminated is re- 
placing wood fibre, rub- 
ber, porcelain, metal and 
other materials for a wide 
variety of parts. It is 
furnished in sheets, tubes 
and rods in a great variety 
of sizes, and may be 
drilled, die-stamped or 
machined. Our engineers 
and research laboratories 
are always glad to cooper- 
ate with manufacturers in 
adopting Bakelite to their 
particular needs. 


Write for Booklet 12 


BAKELITE CORPORATION 


247 Park Ave., New York, N. Y., Chicago Office: 636 W. 22nd St. 
BAKELITE CORP. OF CANADA LTD., 


_BAKE 





Manulectured by Bakehte 


163 Dufferin Street, Toronto, Ont. 


LITE 


©. 8. PAT. OFF. 


- 





THE MATERIAL OF \C9O/ A THOUSAND USES 


“The regutered Trade Mert and Symbol shown sbove 
Corporation Under the copra! “B oa the mumencel mgn for infinsty of unhamited 
Corporstsen' “ 


quantity It aymbohaee the white number of present and (utuie were of Babeite 
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